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1.  INTRODUCTION 


This  report  describes  in-house  research  perfonned  by  the  Analytical  Structural  Mechanics 
Branch  to  develop  and  refine  computational  methods  for  simulating  the  nonlinear  response  of 
thin  aircraft  skins  exposed  to  high-level  aero-acoustic  pressure  fluctuations. 

In  the  late  1990’s  the  Structures  Division  began  a  project  called  Durability  Patch  to 
experimentally  evaluate  the  performance  of  damped,  adhesively  bonded  patches  to  repair  sonic 
fatigue  damage  in  aircraft  skin  panels.  Although  the  project  was  primarily  experimental,  some 
effort  was  made  to  predict  the  nonlinear  response  of  the  test  articles  using  finite  element  analysis. 
It  quickly  became  evident  that  linear  analysis  was  not  accurate  for  the  high  acoustic  levels  being 
investigated  and  that  full-order  nonlinear  analysis  was  much  too  computationally  expensive.  It 
was  clear  at  that  point  that  an  analysis  and  simulation  tool  was  needed  that  could  accurately 
capture  the  nonlinear  response  with  reasonable  computational  cost.  The  concept  of  the  nonlinear 
reduced-order  model  (ROM)  was  adopted  from  earlier  work  and  refined  and  demonstrated  in  this 
project. 

This  report  is  divided  into  four  major  section.  Section  2  presents  a  brief  background  on  sonic 
fatigue,  the  development  of  prediction  tools  for  acoustic  response  leading  up  to  the  nonlinear 
ROM  concept,  and  a  discussion  of  the  basic  technical  challenges  to  be  addressed.  Section  3 
gives  a  detailed  description  of  the  methods  developed  for  building  nonlinear  ROM's  including 
the  effects  of  thermal  loading  and  acoustic  coupling.  Section  4  describes  several  applications  of 
nonlinear  ROM’s  to  a  series  of  example  problems  beginning  with  a  simple  clamped-clamped 
beam  and  culminating  with  a  curved  panel  with  thennal  loading.  The  applications  include 
numerical  examples  and  experiments.  For  each  application,  a  ROM  is  used  to  generate  response 
predictions  which  are  compared  to  numerical  and  experimental  data.  Finally,  Section  5  presents 
conclusions  derived  from  the  development  and  application  of  the  ROM  concept. 

This  project  resulted  in  several  major  contributions  to  the  state  of  the  art  of  nonlinear  acoustic 
response  prediction.  These  contributions  include  a  method  for  synthesizing  modal  membrane 
displacements  from  computed  bending  displacements,  an  efficient  approach  for  including 
acoustic  coupling  effects  in  a  ROM,  and  an  extensive  quantity  of  experimental  acoustic  response 
data  from  well-characterized  experiments.  To  the  authors'  knowledge,  this  project  was  the  first 
to  compare  a  high  fidelity  prediction  of  the  response  of  a  test  article  in  an  acoustic  progressive 
wave  facility  to  measured  data.  This  comparison  resulted  in  the  important  realization  that  the 
acoustic  characteristics  of  a  test  facility  can  significantly  alter  the  response  of  a  test  article! 

The  primary  conclusion  of  this  project  is  that  nonlinear  ROM’s  can  provide  a  very  accurate 
prediction  of  the  response  of  thin  skin  panels  to  combined  acoustic  and  thermal  loads.  What  this 
really  means  is  that  a  nonlinear  ROM  with  less  than  10  degrees  of  freedom  can  be  a  very 
accurate  approximation  of  a  nonlinear  finite  element  model  with  thousands  of  degrees  of 
freedom.  However,  a  nonlinear  ROM  can  never  provide  a  better  prediction  than  the  finite 
element  model  from  which  it  is  computed.  Moreover,  a  ROM  cannot  account  for  the  effect  of 
physics  that  are  not  included  in  the  full-order  model. 


This  project  has  significantly  advanced  the  capability  to  predict  the  response  of  future  air 
vehicles  to  extreme  aeroacoustic  environments.  However,  improvements  to  the  methods  for 
computing  nonlinear  ROM’s  are  still  needed.  One  of  the  most  important  areas  for  improvement 
is  in  the  selection  of  a  modal  basis  for  the  ROM.  Current  methods  require  either  a  trial  and  error 
approach  or  a  short  simulation  of  a  full-order  model.  In  addition,  more  work  is  needed  in  the 
application  of  nonlinear  ROM’s  to  structures  with  thennal  loads.  Only  moderate  success  was 
achieved  in  this  project  applying  ROM’s  to  a  heated,  curved  panel.  Finally,  the  ultimate 
improvement  to  acoustic  response  prediction  is  the  development  of  methods  that  can  directly 
predict  nonlinear,  random  response  statistics  without  the  need  to  perfonn  time  simulations  as  an 
intennediate  step. 
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2.  BACKGROUND 


2.1  Sonic  Fatigue  and  Nonlinear  Response 

Sonic  fatigue  has  been  a  concern  for  many  Air  Force  aircraft  since  the  introduction  of  the  jet 
engine.  High-level  acoustic  loads  can  produce  cracks  in  thin,  stiffened,  aircraft  skins  or  panels. 
The  acoustic  input  is  typically  a  band-limited  random  excitation  due  to  jet  engine  exhaust, 
turbulent  boundary  layer  or  separated  flow.  Fatigue  occurs  when  there  are  lightly  damped 
resonant  vibration  modes  of  the  skins/panels  within  the  excitation  bandwidth.  The  dynamic 
response  becomes  highly  nonlinear  for  large  response  amplitudes. 

Sonic  fatigue  problems  range  from  nuisance  cracking  of  secondary  structures  to  flight  safety 
critical  failures  of  primary  structures.  Maintenance  and  repair  due  to  sonic  fatigue  cracks  in 
secondary  structures  like  leading  edges,  fairings  or  flap  skins  have  been  estimated  to  cost  the  Air 
Force  more  than  $20M  per  year  [1],  The  upper-outer  wing  skin  (UOWS)  of  the  F-15  is  a  good 
example  of  sonic  fatigue  in  primary  structures.  The  F-15  UOWS  was  originally  designed  for  a 
8,000  hour  life.  However,  sonic  fatigue  cracks  limited  the  initial  service  life  to  only  250  hours 
[2]. 


Future  hypersonic  vehicles  will  face  an  even  more  critical  challenge  from  sonic  fatigue.  Large 
thennal  stresses  from  aerodynamic  heating  will  couple  with  aerodynamic  loads  and  extreme 
acoustic  pressures  to  produce  a  combined  environment  very  conducive  to  sonic  fatigue.  Even 
cracks  in  secondary  structures  can  produce  catastrophic  structural  failure.  Therefore,  accurate, 
computationally  efficient  analysis  and  simulation  methods  are  needed  to  ensure  that  future  air 
vehicle  structures  can  meet  their  design  lives  in  extreme  operating  environments. 


The  response  of  thin  air  vehicle  skins  exposed  to  aeroacoustic  pressures  can  be  highly  nonlinear. 
The  structural  response  is  characterized  by  geometric  nonlinearity  as  defined  by  von  Karman 
large  deflection  theory.  The  two-dimensional  straight  beam  with  clamped  ends  shown  in  Figure 
1  is  used  here  as  an  example.  Axial  (membrane)  and  transverse  (bending)  displacements  u,  and 
v,  occur  in  coordinate  directions  x,  and  y,  respectively.  The  nonlinear  strain-displacement 
equation  for  the  beam  is 


du  1  j dv 
'x  dx  +  2  { dx  J  ’ 


(1) 


Figure  1.  Straight  Beam  with  Clamped  Ends 


3 

Approved  for  public  release;  distribution  unlimited. 


where  ex  is  the  membrane  strain,  the  first  term  on  the  right  hand  side  is  linearly  dependent  on 
membrane  displacement,  and  the  second  term  is  nonlinearly  dependent  on  bending  displacement. 

Equation  1  creates  nonlinear  coupling  between  bending  and  membrane  displacements.  This 
nonlinearity  is  manifested  in  the  behavior  of  the  beam  in  Figure  1  as  stiffness  that  varies  as  the 
cube  of  bending  displacement.  A  one-mode  dynamic  model  of  the  beam  is  given  by  Duffing's 
equation, 


q  +  con2q  +  a  q3  =f(t),  (2) 

where  q  is  a  modal  coordinate,  con  is  the  natural  frequency,  a  is  the  cubic  stiffness  coefficient  and 
the  double  over-dots  denote  two  differentiations  with  time.  The  cubic  nonlinear  stiffness  term  in 
Equation  2  results  in  classic  hard  spring  behavior  which  causes  the  resonant  frequency  of  the 
one-mode  model  to  increase  with  amplitude.  The  physical  mechanism  at  play  is  the  transfer  of 
strain  energy  from  relatively  soft  bending  deformation  to  relatively  stiff  membrane  deformation 
with  increasing  bending  displacement. 

The  geometric  nonlinearity  produces  interesting  characteristics  in  the  response  of  thin  skin 
panels  to  broadband  aeroacoustic  loading.  First,  the  nonlinearity  tends  to  limit  the  maximum 
response  amplitude.  This  is  illustrated  in  Figure  2,  which  shows  the  root  mean  square  (RMS) 
strain  at  the  edge  of  an  aluminum  panel  exposed  to  increasing  levels  of  acoustic  pressure. 
Measured  strain  is  plotted  as  a  function  of  overall  sound  pressure  level  (OASPF).  An 
extrapolation  of  the  linear  strain  is  plotted  in  the  figure  for  comparison.  The  measured 
(nonlinear)  response  is  essentially  capped  at  high  sound  pressure  levels. 


Figure  2.  RMS  strain  vs  sound  pressure  level  for  an  aluminum  alloy  panel 

The  second  characteristic  of  nonlinear  acoustic  response  is  the  broadening  of  resonant  peaks. 
This  is  shown  in  Figure  3.  The  power  spectral  density  (PSD)  of  strain  at  the  edge  of  an 
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aluminum  test  panel  is  plotted  for  four  levels  of  acoustic  excitation.  The  response  at  147  dB 
OASPL  is  nearly  linear  and  is  characterized  by  narrow  resonant  peaks  typical  of  a  lightly 
damped  structure.  As  the  sound  pressure  level  is  increased  to  165  dB,  the  resonant  peaks 
broaden  considerably.  In  linear  response,  broadening  of  a  resonant  peak  is  indicative  of 
increased  damping.  Indeed,  early  studies  of  sonic  fatigue  behavior  attributed  this  peak 
broadening  to  nonlinear  damping  [3].  Later,  it  was  shown  by  Re  inhall  and  Miles  [4]  that  peak 
broadening  could  be  observed  in  the  response  of  a  stiffened  panel  with  random  acoustic 
excitation  and  no  damping!  Peak  broadening  is  simply  the  averaged  response  of  a  system  with 
amplitude  dependent  resonances  excited  by  a  loading  with  randomly  varying  amplitude. 


Figure  3.  Strain  PSD  for  an  aluminum  alloy  panel  at  several  sound  pressure  levels 

The  third  characteristic  of  nonlinear  response  is  the  shifting  of  response  peaks  to  higher 
frequencies  with  increasing  load  level.  This  is  also  illustrated  in  Figure  3.  This  characteristic  is 
again  the  result  of  a  system  with  hard  spring  nonlinearity.  As  the  excitation  amplitude  is 
increased,  the  structure  stiffens,  increasing  the  average  frequency  of  the  response.  Finally, 
nonlinear  response  of  a  structure  can  affect  other  response  statistics.  Figure  4  shows  probability 
density  functions  (PDF)  of  displacement  and  strain  for  a  beam  with  clamped  ends  excited  by 
random  base  motion.  The  excitation  level  is  high  enough  to  cause  significant  nonlinearity.  The 
response  of  a  linear  system  to  a  band  limited  random  load  with  Gaussian  amplitude  distribution 
should  also  be  Gaussian.  This  is  obviously  not  the  case  in  Figure  4.  Both  the  displacement  and 
strain  PDF's  show  a  marked  departure  from  normal  distributions.  It  is  important  that  an  analysis 
method  for  predicting  nonlinear  acoustic  response  be  able  to  capture  these  salient  characteristics. 

The  nonlinear  acoustic  response  of  curved  panels  can  be  more  complex  than  that  of  flat  panels. 
Curvature  adds  linear  coupling  to  the  equations  of  motion  in  addition  to  the  nonlinear  coupling 
from  large  amplitude  response.  This  linear  coupling  produces  normal  mode  shapes  which 
possess  both  bending  and  membrane  displacements.  In  contrast,  the  normal  modes  of  flat  plates 
contain  either  bending  or  membrane  displacements  exclusively.  Furthermore,  curved  structures 
can  exhibit  nonlinear  softening  resulting  from  quadratic  nonlinear  effects.  Nonlinear  softening  is 
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physically  expressed  as  resonant  frequencies  that  decrease  with  increasing  response  amplitude 
and  RMS  response  amplitude  that  grows  at  a  higher  rate  than  linear  response.  The  latter  effect  is 
non-conservative. 
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Figure  4.  Probability  density  functions  of  displacement  and  strain  for  a  clamped  beam 

Temperature  changes  can  have  a  significant  effect  on  the  acoustic  response  of  skin  panels. 
Thermal  stresses  resulting  from  the  constrained  thermal  expansion  of  flat  panels  under  heating 
induce  linear  stress  softening  which  will  reduce  resonant  frequencies  and  ultimately  cause 
buckling.  The  post-buckled  panel  can  then  oscillate  about  the  buckled  position  under  acoustic 
loading  or  snap-through  dynamically  if  the  acoustic  loading  is  high  enough.  The  response  of 
curved  panels  to  applied  temperatures  is  more  complex.  Thermal  stresses  produce  stress 
stiffening  and  a  change  in  the  geometry  which  can  cause  resonant  frequencies  to  increase  or 
decrease  depending  on  the  specific  problem.  Thermal  stress  directly  affects  linear  stiffness,  but 
the  acoustic  response  of  curved  or  post-buckled  panels  is  still  greatly  affected  by  nonlinearity. 

2.2  Prediction  Capability 

Since  the  late  1950's,  the  Air  Force  has  conducted  research  to  understand  the  phenomenon  of 
sonic  fatigue  and  develop  analysis  methods  to  aid  in  the  design  of  fatigue  resistant  structures. 

The  earliest  work  was  primarily  experimental  with  some  effort  on  analysis  methods  based  on 
analytical  models  of  beams  and  plates.  The  early  work  culminated  in  the  publication  of  a  sonic 
fatigue  design  guide  [5]  in  1975.  The  response  prediction  methods  in  the  report  employed  linear 
plate  and  shell  theories  and  were  based  on  the  assumption  that  a  single  vibration  mode 
dominated  the  response.  They  did  not  include  nonlinear  or  multi-mode  effects. 

Methods  for  predicting  the  response  of  structures  to  acoustic  loading  improved  significantly  with 
the  advent  of  practical  finite-element  modeling  (FEM)  tools  in  the  1980's.  Linear  frequency 


6 

Approved  for  public  release;  distribution  unlimited. 


domain  techniques  allowed  computation  of  linear  response  with  stochastic  loading.  Linear 
modal  models,  retaining  only  a  few  low  frequency  modes,  enabled  very  efficient  computation  of 
structural  response.  Although  these  methods  produced  accurate  and  efficient  linear  predictions, 
they  could  not  account  for  nonlinear  effects. 

Nonlinear  finite-element  codes  came  of  age  in  the  1990's,  offering  hope  for  accurate  nonlinear 
prediction  of  acoustic  response.  The  finite-element  equations  of  motion  including  geometric 
nonlinearity  are  (neglecting  damping) 

M  w+\K+Kl(w)+K2(w,w)]w  =  J{i),  (3) 

where  w  is  the  time-varying  vector  of  nodal  displacements,  M  and  K  are  the  linear  mass  and 
stiffness  matrices,  respectively,  K1  is  the  quadratic  nonlinear  stiffness  matrix  (a  linear  function 
of  the  nodal  displacements),  and  K2  is  the  cubic  nonlinear  stiffness  matrix  (a  quadratic  function 
of  the  nodal  displacements.)  The  vector,  J{t),  represents  the  nodal  forces  as  a  function  of  time. 
Although  nonlinear  models  of  the  form  of  Equation  3  provided  accurate  results,  computational 
cost  became  a  primary  obstacle.  The  nonlinearity  necessitated  direct  time  integration  of  the 
model.  The  nonlinear  stiffness  matrices,  K1  and  K2,  can  be  very  large — many  thousands  of 
degrees  of  freedom  (DOF).  The  nonlinear  matrices  are  functions  of  the  instantaneous 
displacement  and  thus  must  be  updated  at  every  time  step.  In  addition,  the  time  step  must  be 
very  small  to  capture  high  frequency  dynamic  response.  These  facts  coupled  with  the  need  to 
compute  relatively  long  time  records  (10’s  of  seconds)  resulted  in  computational  costs 
prohibitively  high  for  the  methods  to  be  used  in  design  trade  studies. 

Equivalent  linearization  [6]  was  adapted  for  the  sonic  fatigue  problem  to  circumvent  the 
computational  burden.  A  linear  model  that  produces  the  same  mean  squared  response  replaces 
the  nonlinear  FEM.  Equivalent  linearization  was  a  popular  sonic  fatigue  research  topic  at  the 
turn  of  the  millennium  and  was  adapted  for  use  with  commercial  codes  [7].  However,  the  major 
drawback  with  equivalent  linearization  is  that  only  a  single  statistic  is  matched — the  mean 
squared  response  value.  The  predicted  time  and  frequency  response  from  the  equivalent  model 
differs  significantly  from  the  full  nonlinear  response. 

The  methods  described  above  have  served  the  air  vehicle  designer  reasonably  well  over  the  years 
since  the  1 950’s,  but  methods  with  high  accuracy,  spatial  resolution  and  computational  efficiency 
are  needed  for  the  design  of  future  air  vehicles  to  be  flown  in  extreme  hypersonic  environments. 
The  nonlinear  reduced-order  model  (ROM)  promises  to  meet  these  goals. 

2.3  Nonlinear  Reduced-Order  Models 

Nonlinear  ROM’s  provide  an  analysis  method  for  acoustic  response  that  captures  the  geometric 
nonlinearity  and  offers  very  efficient  computation  for  direct  time  integration.  This  section  will 
present  an  overview  of  nonlinear  ROM's  including  historical  development,  technical  challenges, 
and  implementation  approaches. 

Finite-element  models  with  a  large  number  of  degrees  of  freedom  (DOF)  can  be  reduced  to  a  low 
order  system  of  modal  equations  using  the  classic  modal  transformation.  The  linear  finite- 
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element  equations  are  given  by  neglecting  the  nonlinear  stiffness  terms  in  Equation  3  as 


Mw+K  w  (4) 

The  linear  equations  of  motion  can  be  uncoupled  by  transforming  the  physical  coordinates,  w,  to 
modal  coordinates,  q. 


Mt)  =  2  y/i  q£t),  (5) 

i=l 

where  m  is  the  number  of  DOF  in  the  FEM.  The  normal  mode  shapes  (eigenvectors),  y/i,  are  the 
basis  vectors  in  the  modal  expansion.  The  normal  modes  are  computed  from  the  eigensolution  of 
the  homogeneous  form  of  Equation  4.  The  solution  also  produces  the  natural  frequencies, 

The  mode  shapes  are  scaled  so  that 

'FIM'F=  I  and  X¥,KX¥=K  =  diagio)2 ,  eh,  ...,  coj),  (6) 

where  I  is  the  identity  matrix.  Typically  only  a  few  low  frequency  modes  are  retained  in  the 
expansion  and  the  displacement  vector  is  approximated. 

For  a  linear  problem,  the  /th  uncoupled  modal  equation  can  be  obtained  by  substituting  Equation 
5  into  Equation  4  and  pre-multiplying  by  y/,  resulting  in 

cjr  +2£rcorqr  +a>,2qr  =  y/rr  J{t).  (7) 

A  term  with  the  modal  damping  ratio,  Q,  has  been  inserted  into  the  equation  at  this  point  to 
model  the  energy  dissipation.  For  a  nonlinear  problem,  the  equation  for  the  Ah  mode  can  be 
written  generally  as 


(jr  +2£r(0,qr  +a>r  qr  '  7( (j /. (j  ' . (jn )  y/:  ,/(7 )•  (8) 

where  0,  represents  a  nonlinear  function  of  the  modal  coordinates.  Note  that  only  n  modes  have 
been  retained  in  the  modal  expansion.  The  nonlinear  modal  equations  differ  from  the  linear 
modal  equations  in  that  they  are  coupled  through  the  nonlinear  function.  Typically  for  structural 
applications,  the  nonlinear  function  has  quadratic  and  cubic  terms.  The  most  general  form  of  the 
nonlinear  function  is 


6r  =2 7  22  Br(iJ)  qtqj  +Z  X  X A r( ij, k) q,  qj q/t ,  (9) 

i=l  j=i  i=l  j=i  k=j 

where  the  quadratic  coefficients,  Br,  and  the  cubic  coefficients,  Ar,  belong  to  the  Ah  modal 
equation  and  have  indices  to  denote  which  group  of  terms  they  multiply. 

The  nonlinear  ROM  given  in  Equation  8  has  several  computational  advantages  over  the  full- 
order  FEM.  First,  typically  less  than  ten  DOF  are  retained  in  the  modal  model  compared  to 
many  thousands  in  the  FEM.  Second,  the  nonlinear  coefficients  in  Equation  9  are  constants  that 
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are  evaluated  only  once  when  the  model  is  formed.  Finally,  the  step  size  used  in  direct  time 
integration  can  be  larger  that  that  used  with  a  full  model  since  the  ROM  does  not  contain  high 
frequency  modes. 

The  nonlinear  ROM  is  integrated  in  time  with  appropriate  time  dependent  loading  to  compute 
time  histories  of  the  modal  displacements.  Time  histories  of  selected  physical  displacements  are 
then  computed  from  the  modal  displacements.  Element  strains  are  computed  from  the  physical 
displacements  using  finite-element  strain-displacement  equations.  Strains  can  also  be  computed 
directly  from  the  modal  displacements  using  a  derived  nonlinear  strain  function  [8,9]. 

The  most  comprehensive  early  work  in  the  development  of  nonlinear  ROM’s  is  that  of  Nash  [10] 
in  1977.  The  form  of  the  nonlinear  modal  equations  he  presented  is  used  in  most  of  the  current 
methods.  Although  considerable  research  was  performed  in  the  1980’s  and  1990’s  on  acoustic 
response  prediction,  effort  on  nonlinear  ROM's  didn’t  become  significant  until  the  mid  1990’s. 

At  that  time  groups  at  Old  Dominion  University  (ODU)  and  NASA  Langley  Research  Center  led 
the  development.  The  studies  by  Mei  and  Moorthy  [11]  and  Shi  and  Mei  [12]  represent 
significant  work  in  nonlinear  ROM’s.  The  NASA  group  developed  an  ingenious  method  for 
evaluating  the  nonlinear  stiffness  tenns  in  a  ROM  based  on  static  nonlinear  enforced 
displacement  solutions  from  a  commercial  finite-element  code  [13].  In  the  UK,  McEwan,  et  al., 
presented  an  effective  method  that  also  used  results  from  a  commercial  finite-element  code  [8,9]. 
However,  their  method  used  nonlinear  applied  loads  solutions  instead  of  enforced  displacements. 
The  authors  began  studying  nonlinear  ROM’s  in  the  early  2000’s.  They  developed  improvements 
[14]  to  the  method  of  McEwan,  and  validated  the  method  with  several  experimental  studies  [15- 
18].  Other  significant  contributions  to  the  development  of  nonlinear  ROM's  include  studies  by 
Mignolet  and  collaborators,  see  [19,  20]  for  example. 

There  are  four  key  challenges  to  the  implementation  of  nonlinear  ROM’s  for  the  acoustic 
response  prediction  problem — modal  basis  selection,  condensation  of  membrane  displacements, 
evaluation  of  nonlinear  stiffness  coefficients,  and  acoustic  coupling  effects.  These  challenges 
will  be  discussed  in  detail  in  the  next  sections. 

2.3.1  The  Modal  Basis 

The  modal  basis  used  with  a  nonlinear  ROM  will  have  a  significant  effect  on  the  accuracy  of 
acoustic  response  prediction  for  stiffened  aircraft  panels.  Typically,  low-frequency  modes 
involving  bending  displacements  are  of  primary  importance  in  the  response.  However  as  a  thin 
skin  undergoes  large  displacement,  it  also  stretches.  The  geometric  nonlinearity  couples  bending 
displacements  with  membrane  displacements  through  quadratic  stiffness  terms.  Therefore,  the 
modal  basis  must  include  independent  membrane  vectors  to  accommodate  the  induced 
membrane  displacements.  Membrane  modes  are  not  directly  excited  by  acoustic  loading  in  most 
cases.  They  respond  quasi-statically  through  nonlinear  coupling.  Straight  beams  and  flat  plates 
possess  independent  bending  and  membrane  modes;  panels  with  curvature  or  asymmetric 
composite  laminates  do  not.  In  these  cases,  the  low  frequency  modes  that  are  directly  excited 
may  contain  both  bending  and  membrane  displacements.  However,  additional  basis  vectors  will 
still  be  required  to  fully  capture  the  membrane  effects. 
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Pure  bending  and  membrane  modes  do  not  generally  exist  for  any  built-up  or  curved  structure. 
The  low  frequency  modes  that  have  predominantly  bending  motion  will  be  referred  to 
generically  as  bending  modes.  The  higher  frequency  modes  that  have  predominantly  membrane 
motion  will  be  referred  to  generically  as  membrane  modes. 

Assuming  linear  response,  the  modal  basis  should  include  all  bending  modes  which  would  be 
excited  by  the  acoustic  loading.  For  example,  given  a  spatially  symmetric  acoustic  pressure  field 
with  energy  in  the  0-500  Hz  bandwidth,  only  symmetric  modes  up  to  500  Hz  should  be  included 
in  the  basis.  However,  if  the  response  is  assumed  to  be  nonlinear,  this  basis  would  be 
inadequate.  First,  nonlinear  modal  coupling  can  cause  modes  above  the  loading  bandwidth  to  be 
excited.  In  addition,  nonlinear  effects  can  cause  anti-symmetric  modes  to  be  excited  by 
symmetric  loading.  So,  a  good  approach  is  to  include  in  the  basis  all  bending  modes  with 
frequencies  up  to  1.5-2  times  the  maximum  frequency  in  the  loading.  Trial  and  error  may  be 
required  to  add  or  delete  modes  to  achieve  an  accurate  ROM  with  a  minimum  number  of  modes. 
Recent  work  by  Rizzi  and  Przekop  [21]  and  Przekop,  et  al.  [22]  explored  a  structured  approach 
to  identification  of  a  modal  basis  including  membrane  vectors.  The  approach  is  based  on  proper 
orthogonal  decomposition  (POD)  of  a  short  time  record  of  full-order  model  response.  Proper 
orthogonal  modes  are  then  identified  from  the  time  record  and  a  set  of  nonnal  modes  is  selected 
based  on  modal  assurance  criterion  (MAC)  values  compared  to  the  POD  modes. 

Several  approaches  have  been  investigated  for  selecting  membrane  basis  vectors  for  a  nonlinear 
ROM.  The  first  approach  is  to  simply  neglect  the  membrane  basis  and  include  only  bending 
modes  in  the  model.  The  nonlinear  ROM  will  have  cubic  nonlinear  terms  that  are  too  large 
resulting  in  a  model  which  is  too  stiff.  The  second  approach  is  to  form  a  membrane  basis  from 
nonnal  membrane  modes.  For  straight  beams  or  planar  structures,  these  are  nonnal  modes  that 
involve  only  in-plane  motion  and  are  much  higher  in  frequency  than  the  bending  modes  included 
in  the  model.  Although  nonnal  membrane  modes  are  relatively  easily  to  find  for  a  planar 
structure,  a  decision  on  which  and  how  many  modes  to  include  is  difficult.  As  the  structure 
becomes  more  complex  or  non-planar,  nonnal  modes  may  contain  both  membrane  and  bending 
displacements,  making  it  very  difficult  to  identify  a  membrane  basis  set.  Including  nonnal 
membrane  modes  in  the  ROM  can  cause  integration  instability  if  the  time  step  of  integration  is 
too  large  due  to  the  potentially  high  frequencies  of  the  membrane  modes.  The  stability  concerns 
and  additional  computational  burden  due  to  the  larger  modal  model  can  be  alleviated  through 
modal  condensation,  which  will  be  explained  in  a  following  section. 

A  third  approach  to  forming  a  membrane  basis  is  to  synthesize  the  necessary  vectors.  Hollkamp 
et  al.[24]  introduced  the  concept  of  a  companion  membrane  mode.  A  companion  membrane 
mode  is  generated  for  each  bending  mode  in  the  model  using  a  nonlinear  finite-element  static 
solution.  The  linear  force  due  to  the  enforced  displacement  of  a  selected  bending  mode  is  found. 
This  force  is  scaled  and  applied  to  the  FEM  in  a  nonlinear  static  solution.  A  nonlinear  deflected 
shape  containing  both  bending  and  membrane  displacement  is  then  computed.  The  bending 
mode’s  projection  on  the  nonlinear  deflected  shape  is  then  removed  through  a  Gram-Schmidt 
procedure  leaving  only  the  induced  membrane  displacement.  A  companion  mode  provides  a 
membrane  basis  to  span  the  nonlinear  membrane  response  of  a  single  bending  mode.  If  the 
nonlinear  ROM  contains  multiple  bending  modes,  the  companion  modes  will  not  be  orthogonal 
to  each  other  and  will  not  fonn  a  complete  membrane  basis  due  to  nonlinear  coupling  among  the 
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bending  modes.  Mignolet  and  Radu  [19-20]  describe  a  procedure  to  compute  dual  modes, 
similar  to  companion  modes,  which  produces  a  more  complete  membrane  basis.  Hollkamp  and 
Gordon  [14]  presented  an  approach  for  synthesizing  a  complete  membrane  basis  for  a  nonlinear 
ROM.  The  approach,  tenned  estimated  membrane  basis,  is  based  on  the  assumption  that  a 
complete  set  of  membrane  modal  displacements  can  be  fonned  from  quadratic  combinations  of 
the  bending  modal  displacements.  The  approach  was  originally  intended  for  recovering 
membrane  modal  displacements  from  computed  bending  displacements.  Finally,  Shi  and  Mei 
[12]  proposed  an  approach  for  computing  a  nonlinear  ROM  which  doesn’t  use  a  membrane  basis 
explicitly,  but  does  compute  a  basis  as  part  of  the  model  formulation.  Their  approach  is 
analogous  to  the  estimated  membrane  basis  of  [14]  but  is  perfonned  in  physical  coordinates 
rather  than  modal  coordinates. 

2.3.2  Condensation  of  Membrane  Effects 

The  previous  section  discussed  means  of  forming  a  membrane  basis  for  a  nonlinear  ROM. 
Membrane  condensation  is  the  elimination  of  membrane  modes  by  incorporation  of  membrane 
effects  directly  in  the  bending  equations.  In  an  early  work,  Nash  [10]  describes  an  approach  for 
linking  a  high  frequency  membrane  mode  to  a  low  frequency  bending  mode.  The  equations  of 
motion  for  the  two  modes  are 

qi  +  coi2qi  +  A, (1,1,1)  qi  +  Bj(l,2)  q,  q2  =fi(t),  (10) 

q2  +  co2q2  +  B2(l,l)  q/  =  0 ,  (11) 

where  q\  and  q2  are  the  modal  coordinates  of  a  bending  mode  and  a  membrane  mode, 
respectively,  co\2  and  <x>2  are  the  modal  stiffnesses,  the  A  and  B  terms  are  cubic  and  quadratic 
nonlinear  stiffness  coefficients,  respectively,  and  fi(t)  is  time-varying  modal  force.  Mass 
nonnalized  modal  vectors  are  assumed  and  damping  is  neglected.  The  membrane  mode  in 
Equation  1 1  is  assumed  to  respond  quasi-statically  so  the  inertial  term  can  be  neglected.  Also, 
there  is  no  direct  force  applied  to  the  membrane  mode,  so  it  can  be  thought  of  as  being  forced  by 
the  nonlinear  coupling  term,  B2(l,l).  So,  the  membrane  modal  displacement  can  be  expressed  in 
tenns  of  the  bending  displacement  as 


42  =  ~ 


B2(U)  2 


(12) 


Substituting  Equation  12  into  Equation  10  yields 

qi  +  mqi  +  [a^I.1,1)  -^P-BjiU^q/  =f,(t).  (13) 

The  effect  of  the  membrane  mode  is  condensed  into  the  bending  mode  equation  by  softening  the 
cubic  stiffness.  This  condensation  process  eliminates  the  need  to  explicitly  include  the 
membrane  mode  in  the  basis.  Although  Equation  13  applies  to  one  bending  mode  and  one 
membrane  mode,  a  general  fonn  of  the  condensation  process  can  be  used  to  condense  the  effects 
of  several  membrane  modes  into  several  bending  equations  [24], 
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Another  approach  to  membrane  condensation,  employed  by  Shi  and  Mei  [12],  uses  static 
condensation  (Guyan  reduction)  in  physical  coordinates.  The  finite-element  equations  of  motion 
given  by  Equation  3  can  expressed  in  partitioned  form  as 


~Mh  0  l\wb 

_  0  4/ in  _  \yVfn 
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where  the  mass  matrix  and  the  linear,  quadratic  and  cubic  stiffness  matrices  have  been 
partitioned  by  bending  and  membrane  DOF.  If  we  again  assume  that  the  membrane  response  is 
quasi-static,  the  lower  partition  of  Equation  14  becomes 

W»1  K,n  Klmb  Wb ■  (15) 


The  membrane  DOF  have  been  expressed  in  tenns  of  the  bending  DOF  in  an  analogous  fashion 
to  Equation  12.  The  bending  equations  in  modal  coordinates  with  condensed  membrane  DOF 
can  be  derived  with  some  additional  manipulation.  This  approach  suffers  from  the  fact  that  the 
structure  being  modeled  must  have  DOF  that  can  be  partitioned  into  bending  and  membrane 
components.  This  limits  its  applicability  to  planar  structures  or  non-planar  structures  that  can  be 
modeled  in  curvilinear  coordinates. 


McEwan  [8-9]  presented  a  method  to  generate  a  nonlinear  ROM  using  only  bending  modes.  In 
this  method,  tenned  implicit  condensation  [24],  the  coefficients  of  the  cubic  nonlinear  terms  are 
identified  from  the  results  of  static  nonlinear  solutions  using  applied  forces  proportional  to 
combinations  of  bending  basis  vectors.  The  results  of  the  nonlinear  static  solutions 
(displacement  vectors)  contain  the  membrane  stretching  effects  of  large  displacements. 

Therefore,  the  identified  nonlinear  cubic  coefficients  are  implicitly  softened  by  the  membrane 
displacements. 

Nonlinear  ROM’s  which  use  membrane  condensation  contain  only  bending  modal  equations.  So, 
time  integration  of  these  models  produces  only  bending  modal  displacements.  Thus,  an 
additional  operation  is  necessary  to  recover  membrane  displacements.  This  can  be  perfonned  in 
the  modal  or  physical  domains.  The  implicit  condensation  method  recovers  membrane  modal 
displacements  from  bending  modal  displacements  and  then  transforms  the  total  displacements  to 
the  physical  domain  using  a  modal  basis  consisting  of  the  bending  modes  and  a  set  of  estimated 
membrane  vectors  [14].  This  topic  is  discussed  in  more  detail  in  the  Section  3.  The  method  of 
Shi  and  Mei  [12]  performs  the  membrane  expansion  in  the  physical  domain  using  Equation  15 
after  the  bending  modal  displacements  have  been  transformed  to  the  physical  domain. 


2.3.3  Nonlinear  Stiffness  Evaluation 

The  evaluation  of  the  nonlinear  stiffness  coefficients  is  another  key  area  in  the  development  of 
nonlinear  ROM’s.  These  coefficients — the  A’s  and  B's  in  Equation  9 — can  be  computed  directly 
with  the  nonlinear  finite-element  equations  or  indirectly  through  a  series  of  static  nonlinear 
solutions.  Both  approaches  will  be  discussed  in  the  next  paragraphs. 
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The  direct  methods  for  evaluating  the  nonlinear  coefficients  are  of  two  general  types.  The  first 
type  is  that  of  Shi  and  Mei  [12],  in  which  the  finite-element  nonlinear  stiffness  is  directly 
evaluated  with  combinations  of  bending  modal  vectors.  The  resulting  matrices  are  then 
transformed  to  the  modal  domain  using  the  bending  modal  basis.  With  some  additional 
manipulation,  the  nonlinear  coefficients  are  computed.  The  second  type  of  direct  method  is  that 
investigated  by  Tiso  and  Jansen  [25].  Their  approach  computes  the  nonlinear  coefficients  from 
derivatives  of  finite-element  strain  energy  with  respect  to  the  modal  coordinates. 

The  indirect  approaches  are  based  on  nonlinear  static  solutions  of  the  finite-element  equations 
using  either  applied  modal  loads  or  enforced  displacements.  The  method  originally  developed 
by  McEwan  [8-9],  and  refined  by  the  authors  [14,  24],  uses  the  applied  loads  approach.  This 
method,  termed  the  implicit  condensation  (IC)  method,  starts  by  generating  a  series  of  load 
vectors  as  combinations  of  the  bending  modes.  The  load  vectors  are  scaled  so  that  they  result  in 
physically  meaningful  displacements  applied  in  nonlinear  static  solutions.  The  load  vectors  are 
designed  to  exercise  the  FEM  in  the  large  displacement  regime  to  so  that  the  resulting 
displacement  vectors  contain  a  rich  participation  of  nonlinear  response.  The  displacement 
vectors  resulting  from  the  nonlinear  solutions  are  then  transformed  to  the  modal  domain  where 
an  identification  scheme  is  used  to  estimate  the  nonlinear  coefficients.  A  significant  advantage 
of  using  applied  modal  loads  is  that  membrane  basis  vectors  are  not  required.  The  nonlinear 
static  deformation  of  the  FEM  to  bending  modal  loads  naturally  contains  induced  membrane 
displacements.  One  drawback  to  this  method  is  that  the  results  can  be  sensitive  to  the  number 
and  scaling  of  the  applied  modal  load  cases.  The  development  of  this  approach  is  discussed  in 
detail  in  Section  3. 

The  other  indirect  method  was  developed  by  Muravyov  and  Rizzi  [13,  26].  Their  approach  uses 
linear  combinations  of  modal  basis  vectors  as  enforced  displacement  vectors  in  a  series  of 
nonlinear  static  solutions  of  the  FEM.  These  solutions  fonn  a  set  of  induced  nodal  force  vectors 
which  are  then  transfonned  to  the  modal  domain.  Finally,  an  ingenious  method  is  used  to 
determine  the  nonlinear  coefficients  through  a  series  of  arithmetic  manipulations.  The  primary 
advantage  of  this  approach  is  that  the  nonlinear  coefficients  are  detennined  (as  opposed  to 
estimated)  so  that  they  are  insensitive  to  the  scaling  of  the  enforced  displacements.  The 
disadvantage  of  this  method  is  that  the  enforced  displacement  vectors  must  span  the  range  of 
membrane  displacements  due  to  large  deformations.  So,  the  modal  basis  must  contain 
membrane  vectors. 

2.3.4  Acoustic  Coupling 

Nearly  all  the  early  work  in  ROM’s  for  acoustic  response  prediction  treated  the  loading  as  an 
uncoupled  pressure,  neglecting  the  re-radiation  of  sound  from  the  structure.  One  notable 
exception  is  Dowell  [27]  in  which  linear  modal  models  of  a  structure  and  an  acoustic  domain  are 
formed  independently  and  then  coupled.  The  approach  was  shown  to  accurately  approximate  the 
response  of  a  flexible  wall  coupled  to  an  interior  sound  field  and  excited  by  an  exterior  field. 
However,  the  approach  is  limited  to  response  levels  at  which  the  structure  and  acoustic  fields 
behave  linearly. 

The  need  for  structural-acoustic  coupling  in  nonlinear  response  prediction  methods  was  not  well 
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understood  until  recently.  This  was  true  because  no  one  had  compared  predictions  from  a  high 
fidelity  model,  either  full-  or  reduced-order,  to  experimental  results  at  sound  pressure  levels  high 
enough  to  cause  nonlinear  response.  An  experimental  study  by  the  authors  [17]  compared  the 
measured  acoustic  response  of  a  thin  aluminum  alloy  plate  in  an  acoustic  progressive  wave  test 
facility  to  predictions  from  a  nonlinear  ROM.  The  plate  was  mounted  in  the  sidewall  of  the 
progressive  wave  duct  and  was  excited  by  acoustic  energy  traveling  down  the  duct.  The  ROM 
predictions  did  not  compare  well  with  the  experiment.  The  ROM  of  the  plate  had  been  validated 
previously  with  experimental  data  from  a  base  excitation  test  [16],  so  the  poor  results  were  a 
surprise.  The  predictions  were  improved  with  the  addition  of  nonlinear  damping  to  the  ROM,  but 
there  was  no  physical  justification  for  the  nonlinear  damping.  In  a  second  experiment  [18],  the 
differential  pressure  between  the  front  and  back  surface  of  the  plate  was  measured  and  applied  to 
the  ROM  instead  of  the  front  side  pressure  only,  as  had  been  done  in  the  first  experiment.  The 
results  from  the  ROM  with  modified  loading  agreed  much  more  closely  with  the  test.  It  was  then 
determined  that  un-modeled  acoustic  coupling  was  the  likely  source  of  the  model  error.  The 
physical  phenomenon  not  captured  in  the  ROM  was  determined  to  be  coupling  of  resonant 
modes  of  the  plate  to  axial  acoustic  standing  waves  (modes)  of  the  duct.  The  duct  was  found  to 
possess  heavily  damped  axial  acoustic  modes  at  1 5  Hz  intervals  across  the  frequency  spectrum  of 
the  acoustic  loading.  The  broadband  nonlinear  response  of  the  plate  modes  coupled  with  these 
duct  modes  effectively  adding  significant  damping  to  the  lightly  damped  modes  of  the  plate. 

Two  approaches  to  building  coupled,  nonlinear  structural  acoustic  ROM’s  were  investigated  by 
the  authors.  In  the  first  study  [28],  modes  of  a  coupled  structural-acoustic  FEM  were  used  to 
generate  a  coupled  ROM.  Non-symmetry  and  non-proportional  damping  in  the  finite-element 
equations  resulted  in  complex  modal  equations  with  left  and  right  eigenvectors.  This  approach 
proved  to  be  impractical  due  to  the  complex  mathematics.  A  second  approach  [29],  based  on 
Dowell's  work  [27],  was  developed.  In  this  approach,  modes  of  the  uncoupled  plate  and  duct 
models  were  combined  to  form  a  coupled  modal  model.  Geometric  nonlinearity  was  added  to 
the  structural  model.  Results  from  this  coupled  ROM  agreed  well  with  the  experimental  data. 
More  detail  on  the  coupled  ROM  formulations  is  presented  in  Section  3. 
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3.  METHODS  DEVELOPMENT 


This  section  describes  developments  and  refinements  of  the  methods  for  computing  nonlinear 
ROM’s  perfonned  under  this  project.  The  bulk  of  the  work  is  focused  on  the  IC  method.  The 
basis  IC  method  is  described  first  including  details  of  load  case  selection  and  the  concept  of 
constrained  IC.  The  addition  of  an  estimated  membrane  basis  to  the  IC  method,  resulting  in  the 
implicit  condensation  and  expansion  (ICE)  method  is  covered  next.  Explicit  condensation  of 
membrane  effects  is  then  presented.  The  remaining  sections  discuss  thennal  effects,  acoustic 
coupling,  and  implementation  of  the  ICE  method  including  an  example  problem. 

A  fundamental  characteristic  of  large  amplitude  nonlinear  structural  response  is  the  membrane 
displacement  induced  by  finite  bending  displacement.  One  way  to  capture  the  membrane 
displacements  in  a  ROM  is  to  explicitly  include  a  membrane  basis.  In  the  previous  section,  it 
was  shown  that  it  is  possible  to  condense  the  membrane  modes  into  the  bending  modes, 
softening  the  nonlinear  coefficients  of  the  bending  modes.  The  IC  method  similarly  seeks  to 
incorporate  the  membrane  effects  directly  into  the  nonlinear  bending  terms  through  an  estimation 
process.  The  IC  method  uses  static  load  cases  to  estimate  the  nonlinear  coefficients.  The  static 
cases  use  applied  loads  with  membrane  stretching  allowed  to  occur  in  the  solution  process.  The 
resulting  displacements  have  membrane  effects  naturally  in  them.  Parameters  estimated  from  the 
displacements  will  have  the  softening  effects  implicitly  incorporated.  The  major  advantage  of 
the  method  is  that  a  membrane  basis  is  not  used  in  the  construction  of  the  ROM.  The  resulting 
ROM  contains  only  bending  modes.  Time  integration  of  the  ROM  results  in  simulated  bending 
modal  amplitudes.  The  effects  of  membrane  stretching  upon  the  simulated  bending 
displacements  are  implicitly  included  because  the  nonlinear  bending  coefficients  have  been 
softened  in  the  estimation  process.  The  physical  displacements  spanned  by  the  membrane  modes 
cannot  be  directly  obtained  since  there  is  no  membrane  basis.  As  a  result,  accurate  strains  cannot 
be  recovered  from  displacement  using  the  finite-element  strain-displacement  equations. 

The  ICE  method  is  a  variant  of  the  IC  method.  The  purpose  of  the  ICE  method  is  to  complement 
the  IC  method  with  membrane  displacement  estimates  to  enable  finite-element  based  stress/strain 
recovery.  ICE  uses  the  bending  modal  displacements  resulting  from  time  integration  of  an  IC 
model  with  an  additional  post-processing  step  to  recover  membrane  displacements.  The  static 
load  cases  are  used  to  estimate  a  membrane  basis  based  upon  an  assumed  functional  relationship 
between  membrane  and  bending  modal  amplitudes. 

3,1  Estimating  the  Bending  Coefficients  with  Implicit  Condensation 

One  of  the  major  tasks  in  the  use  of  any  of  reduced-order  methods  is  the  detennination  of  the 
nonlinear  coefficients.  The  IC  method  does  not  directly  involve  manipulation  of  the  finite  - 
element  nonlinear  stiffness  matrix  to  detennine  the  coefficients.  The  method  is  an  indirect 
method,  since  it  detennines  the  coefficients  from  finite-element  solution  results.  Access  to  the 
internal  workings  of  the  finite-element  code  is  not  required.  The  method  estimates  the 
coefficients  from  a  set  of  static  nonlinear  solutions  from  any  suitable  finite-element  code.  Code 
that  implements  the  method  is  external  to  the  finite-element  program. 
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The  initial  steps  in  the  IC  method  are  straightforward.  First,  a  FEM  of  the  structure  is 
constructed.  Second,  a  normal  modes  analysis  is  performed  on  the  FEM.  The  appropriate  modes 
are  selected  from  the  linear  modal  set  to  detennine  the  linear  portions  of  the  ROM.  These  are 
usually  the  bending  modes.  A  set  membrane  modes  is  not  explicitly  included.  Thus  the  basis  is  a 
truncated  set  of  the  bending  mode  shapes, 

%  =  \W  y/2 ...  (16) 

The  IC  method  is  an  applied  loads  method.  An  appropriate  set  of  static  loads  must  be  selected 
and  applied  to  the  FEM.  More  information  on  the  selection  process  will  be  discussed  later.  At 
this  point,  assume  that  static  load  cases  have  been  selected  and  nonlinear  solutions  from  a  FEM 
have  been  obtained.  The  next  step  is  the  estimation  of  the  nonlinear  coefficients. 

Recall  that  the  ROM  can  be  written  as 

q  +  C  q  +  Kq  +  &yqI,q2,  ...,qn)  =  %  Tf(t )  =  f(t),  (17) 

where 

w-'Fbq,  (18) 

and  q  is  a  vector  (n  x  1)  of  generalized  displacements  or  modal  amplitudes  and  the  dimensions 
of  'F/,  are  m  x  n.  The  dimensions  of  the  reduced  matrices  C  and  K  are  n  x  n.  The  reduced  force 

vector,  f(t),  is  time  varying  with  dimensions  of  n  x  1.  The  static  form  of  Equation  17  can  be 
written  as 

0(q1,q2,...,q„)=f-Kq.  (19) 

The  nonlinearity  appears  as  an  internal  force  vector  function,  0 ,  with  dimensions  of  n  x  1 .  The 
nonlinearity  is  expressed  as  a  function  of  the  n  generalized  displacements  (scalar  functions  of 

time).  The  function  for  the  rth  equation  is  given  by  Equation  9.  Since  K  is  diagonal,  Equation  19 
can  be  written  for  each  mode.  The  equation  for  the  rth  mode  is 

0r{qi,q2,-,qn)  fr~  (Or  qr >  (20) 

which  is  valid  for  each  of  the  static  load  cases.  For  instance  for  the  Mi  static  load  case,  we  can 
write  Equation  20  as 

B,{1,1)  qi2\k]+ B,{1,2)  qi  q2[k\+ B,{1,3)  qj  qs[k]  +  ...+B,{n,n)  q„2[k\+  A, {1,1,1 )  q/[k] 

+  A, {1,1, 2)  qf  q2[k]+Ar(l,l,3)  qf  +  ...  +  Ar(n,n,n )  qn3[k]=  fr[k]  -  cor~  q,[k],  (21) 

where  the  notation  qr[k\  represents  the  modal  amplitude  of  the  rth  mode  for  the  Mi  load  case. 
The  individual  modal  amplitudes  from  each  load  case  can  be  detennined  from  the  inverse  of 
Equation  18  as 

q[k]  =  %*w[k], 
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(22) 


where  w[k\  is  the  vector  of  displacements  from  the  Mi  load  case  and  the  superscript  #  denotes 
the  pseudo-inverse. 


We  can  write  Equation  2 1  for  the  N  static  load  cases  as 


r  Br(l,l) 

Br(l,2) 


qi[l]  qiqrfi]  ...qnflj 
qf  [2]  qiqi[2]  ...  q„2[2] 


qi[l]  qi2q2[lj 
qi3[2]  qi2  qi[2] 


Lqf[N] qiq2[N]  ...  q„2[N]  qi[N]q2q2[N]  ...  qn3[NJJ 


Br(n,n) 
Ar(l,  1,1) 
Ay(  1,1,2) 


'  fjl] -0)2 qr[l]' 
f r[2]  -  co,2  qr[2] 


>=< 


h  (23) 


v.  fr[N]~  co2  qr[N]J 


'-Ar(n,n,n)J 


or  in  matrix  fonn 


G  xr  =  b, . 


(24) 


The  parameters  for  the  rth  mode  can  be  found  through  the  use  of  the  pseudo-inverse  of  the  modal 
data  matrix,  G,  as 


xr  =  G#  b, . 


(25) 


Note  that  G  does  not  depend  on  r,  so  only  a  single  pseudo-inverse  has  to  be  constructed  to 
determine  the  nonlinear  parameters  for  all  the  modes. 

The  IC  method  as  presented  includes  all  the  possible  nonlinear  terms.  In  some  cases,  some  of 
the  terms  can  be  neglected  and  Equation  23  can  be  easily  modified  to  eliminate  any  negligible 
tenns.  For  the  case  of  a  flat  plate  or  beam,  the  quadratic  tenns  can  be  neglected  since  the 
bending  modes  are  not  coupled  through  the  quadratic  terms.  The  method  as  proposed  by 
McEwan  [8,  9]  restricted  the  nonlinear  function  to  cubic  stiffness  terms.  Terms  involving 
coupling  between  three  modes  were  also  neglected.  Cubic  terms  involving  three  modes  will  be 
referred  to  as  triple  cubic  terms.  The  nonlinear  function  with  these  restrictions  can  be  written  as 


n  n-1  n 

6,=I  Ay(i,i,i)q)+  ID  (A ,.( i,  i,j)q2qj  +A  r(  ij^qy2}  .  (26) 

i~  /  i=l  j=i+l 

In  the  case  of  a  curved  structure,  the  bending  modes  are  coupled  to  each  other  through  the 
quadratic  terms  and  cubic  terms.  Triple  cubic  terms  can  be  neglected  since  the  entire  matrix  of 
coefficients  can  indirectly  account  for  coupling  between  three  modes.  However  in  practice,  it 
has  been  found  that  the  inclusion  of  the  triple  cubic  terms  in  the  estimation  process  sometimes 
produces  a  more  stable  integration  at  high  dynamic  input  levels.  In  general,  it  is  best  to  include 
the  triple  cubic  terms. 
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The  number  of  quadratic  terms  per  mode  in  the  IC  method  is 


where 


number  of  quadratic  terms  =  n  +  „Ch , 


n 


ck  = 


n! 

(n-k)!  k! ' 


The  number  of  cubic  terms  per  mode  is 

number  of  cubic  terms  =  n2  +  nCs , 

if  the  triple  cubic  tenns  are  included.  The  number  of  cubic  tenns  per  mode  is 

number  of  cubic  terms  =  n2, 


(27) 

(28) 


(29) 


(30) 


if  the  triple  cubic  tenns  are  neglected.  The  total  number  of  terms  increases  geometrically  as  the 
number  of  modes  increases.  For  a  ten  mode  model,  there  can  be  275  terms  per  mode  for  a  total 
of  2750  terms  for  all  the  modes. 


McEwan  [8,  9]  suggested  an  estimation  scheme  to  eliminate  some  of  the  coefficients.  The 
scheme  starts  with  the  terms  in  Equation  26  and  removes  unnecessary  terms  in  a  regression 
scheme.  The  coefficients  are  estimated  for  an  assumed  form  using  a  least  squares  algorithm  and 
the  static  solution  set.  Terms  in  the  nonlinear  model  are  eliminated  based  on  their  individual 
contributions  to  the  overall  static  solution  set.  The  process  is  repeated  until  a  correlation  factor 
becomes  minimally  acceptable.  The  goal  of  the  regression  procedure  is  to  build  the  ROM  with 
the  least  number  of  nonlinear  terms.  However,  the  final  model  is  sensitive  to  the  particular  static 
solution  set  used  in  the  regression  and  it  is  possible  that  important  terms  can  be  omitted  from  the 
final  model.  The  benefit  of  a  single  data  matrix  and  pseudo-inverse  is  lost  as  columns  of  the  data 
matrix  are  eliminated  as  coefficients  are  removed.  The  1C  method  used  here  foregoes  the 
coefficient  elimination  scheme.  The  total  integration  time  will  be  slightly  increased,  but  no 
important  dynamics  are  neglected. 

The  estimated  coefficients  from  Equation  25  for  each  mode  are  independent  from  the  other 
modal  coefficients.  However,  several  linear  dependencies  exist  between  nonlinear  terms  of 
different  modes.  The  dependencies  are 


A,(i,iJ)  =  3Aj(i,i,i),  AfJJ)  =  Afi,ij),  A{i,j,k )  =  AfijJ)  , 

Aj(i,j,k)  =  2A,(jJ,k)=  2A&JJ )  ,  (31) 


for  the  cubic  terms  and 


Bk(i,j)  =  Bi(j,k)=  Bfif),  and  BfiJ)  =  2B,{i,i),  (32) 

for  the  quadratic  terms.  In  the  implementation  of  the  1C  method  as  defined  by  Equation  25,  the 
dependencies  are  ignored.  Therefore,  the  resulting  set  of  coefficients  for  a  multi-mode  model  can 
be  mathematically  inconsistent.  An  improved  approach  can  be  implemented  that  identifies  the 
independent  coefficients  for  all  modes  in  a  single  operation.  The  dependent  coefficients  are  then 
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computed  in  a  second  step  using  Equations  31-32.  This  approach,  referred  to  as  constrained  IC, 
results  in  a  consistent  set  of  nonlinear  coefficients.  Anecdotal  evidence  suggests  that  constrained 
IC  models  are  somewhat  more  stable  when  integrated  at  very  high  sound  pressure  levels 
compared  to  models  using  the  original  formulation,  but  this  is  not  proven.  A  minor  drawback  to 
the  constrained  IC  approach  is  the  increased  order  of  the  estimation  problem  in  Equation  24 
which  can  increase  the  possibility  of  numerical  ill-conditioning  and  result  in  errors  in  the 
identified  coefficients. 


The  constrained  IC  method  is  demonstrated  by  example.  Assume  a  two  mode,  all  cubic,  model. 
There  are  four  cubic  coefficients  for  each  mode  for  a  total  of  eight  coefficients.  The  modal  data 
matrix  for  the  IC  method  would  look  like 


~qi[l]  qi2qi[l] 
qi3[2]  qf  q2[2J 


qi  q22Ji] 
qi  q:2 [2] 


q23[l]  "I 
q3[2] 


=  \gl  g2  g3  g4 ]  • 


L qi[N]  q,2  q2[N]  qiq22[N]  q2  [N]  J 


(33) 


where  the  g's  on  the  right  hand  side  of  Equation  33  denote  columns  of  the  data  matrix,  G. 

In  the  IC  method,  the  four  coefficients  for  each  mode  would  be  solved  independently  from  the 
other  modes.  We  can  write  the  two  solutions  together  as 


~glg2g3g4  0  0  0  0 
-  0  0  0  0  glg2g3g4  - 


r 


< 


A  ,(1,1,1) 
A,(l,l,2) 
Ai(l,2,2) 
Ai(2,2,2) 
A2(  1,U) 
A2(l,l,2) 
A2(l,2,2) 
A  2(2, 2, 2) 


>  = 


j 


(34) 


The  two  nonlinear  coefficients  that  are  not  related  to  other  coefficients  are 


A1(l,l,l)  =  a1, 

A2(2,2,2)  =  a5  .  (35) 

The  coefficient  dependencies  for  this  example  are 

A  ,(1,1, 2)  =  3A2(l,l,l)=3a2, 

A1(1,2,2)=A2(1,1,2)=  a  3, 

A2(l,2,2)  =  3A  ,(2,2,2 )  =  3  a4,  (36) 

There  are  three  dependencies,  thus  there  are  only  five  independent  coefficients.  The  independent 
coefficients  are  assigned  in  Equations  35-36.  Equation  34  can  be  rewritten  in  tenns  of  the 
independent  coefficients  as 
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(37) 


or  compactly  as, 


r 


a  i 
3  a  2 


~gig2g3g4  o  0  0  0~ 
-  0  0  0  0  g]  g2  g3  g4- 


< 


a  3 
a  4 
a  2 
a  3 
3(14 


> 


v  a5  J 


a  i 


gl3g2g3g4  0 
-  0  gl  g2  3g3  g4- 


a  ? 

a  4 


(38) 


The  five  independent  coefficients  can  be  found  by  forming  a  pseudo-inverse.  In  this  example,  the 
unconstrained  IC  method  requires  the  calculation  for  a  pseudo-inverse  of  a  N  x  4  matrix,  where 
N  is  the  number  of  load  cases  in  the  static  solution.  The  constrained  method  requires  calculation 
of  a  pseudo-inverse  of  a  2N  x  5  matrix. 

The  number  of  independent  quadratic  coefficients  in  the  constrained  IC  method  is 

number  of  independent  quadratic  coefficients  =  n  +  nC 3 .  (39) 

The  number  of  independent  cubic  coefficients  is 

number  of  independent  cubic  terms  =  n  +  nC2  +3(nC3)+  nC 4 ,  (40) 

if  the  triple  cubic  tenns  are  included.  The  number  changes  to 

number  of  independent  cubic  terms  =  n  +  nC 2  +3f„Cf  ,  (41) 

if  the  triple  cubic  terms  are  neglected. 

For  an  example  of  10  modes,  if  the  quadratic  and  all  the  cubic  terms  are  included,  there  are  275 
coefficients  per  mode.  The  unconstrained  IC  method  would  require  a  pseudo-inverse  of  an  Nx 
275  matrix.  This  same  pseudo-inverse  can  be  used  for  all  ten  modes  to  estimate  all  2750 
coefficients.  The  constrained  IC  method  would  estimate  coefficients  for  all  ten  modes  at  once, 
but  only  935  are  independent,  requiring  a  pseudo-inverse  of  a  1 03/  x  935  matrix. 

3.2  The  Load  Cases 

The  most  critical  part  of  the  IC  method  is  the  selection  of  load  cases.  The  quality  of  the 
nonlinear  estimates  depends  on  the  scaling  and  quantity  of  the  load  set.  The  set  must  exercise  all 
the  appropriate  nonlinear  effects  and  the  modes  that  are  in  the  ROM.  The  estimation  process 
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constructs  models  in  the  modal  domain  by  transforming  the  physical  displacements  into  modal 
displacements  using  modal  filtering.  A  load  set  based  upon  mode  shapes  will  enhance  the  modal 
filtering  process  and  insure  that  the  solution  set  will  contain  the  modal  amplitudes  required  to 
build  the  data  matrix.  Each  load  case  in  the  set  is  a  scaled  linear  combination  of  one,  two,  or 
three  of  the  modes  in  the  basis.  The  scaling  factors  are  chosen  based  upon  linear  estimates  of 
desired  displacements  at  one  or  more  locations  of  maxima  or  minima  as 


COi 


Wr 


Qi  {</>i}c 


(42) 


where  a,  is  the  force  scaling  factor  for  the  /th  mode,  wc  is  the  desired  linear  displacement  at  point 
c  and  {</>,} c  denotes  the  entry  for  node  c  in  the  /th  mode  shape.  The  desired  displacement  should 
be  large  enough  to  cause  nonlinear  effects.  Typically,  a  displacement  of  one  panel  thickness  is 
sufficient  for  the  primary  modes  to  become  nonlinear.  Higher  frequency  modes  generally 
require  lower  displacements.  If  the  desired  displacements  are  too  high,  the  finite-element 
program  may  fail  to  converge.  If  the  displacements  are  too  low,  the  displacements  will  be  in  the 
linear  range.  After  the  static  solutions  are  obtained,  the  resulting  nonlinear  modal  displacements 
can  be  extracted  and  compared  to  the  desired  modal  amplitudes  to  insure  that  the  nonlinear 
effects  are  reasonably  exercised.  A  trial  and  error  process  may  be  necessary  to  arrive  at  good 
load  scaling. 

A  good  choice  for  the  load  set  is  a  set  of  permutations  of  the  sums  and  differences  of  the  mode 
shapes  scaled  by  the  load  scaling  factor.  For  instance,  for  a  three  mode  model  without  triple 
cubic  tenns,  the  permutations  of  force  scaling  factors  would  be 


load  set  A  =  [{a  i, 0,0}, {0, as, 0}, {0,0, as},  {-a  i, 0,0}, {0, -a  2,0}, {0,0, -03}, 

{a  1,02, 0},  {-a  1,02, 0{,  {a /,  -a  2, 0},{-ai,  -02, 0}, 

{a  i,0, a  3},  {-a  i,0, as}, {a  i,0, -a  3},  {-a  i,0, -a  3}, 

{0,as,  03},  {0,-a2,  as},  {0,a2,  -03},  {0,-a2,  -03}],  (43) 

for  a  total  of  18  permutations.  In  general,  the  number  of  load  permutations  for  a  model  without 
triple  cubic  terms  is 


number  of  load  permutations  =2  n  +  4(nC'2).  (44) 

For  a  three-mode  model  with  triple  cubic  terms,  the  load  set  should  also  have  pennutations 
involving  three  modes 


load  set  B=  load  set  A  +[{01,02,03},  {01,-02,03},  {01,02,-03},  {01,-02,-03}, 

{-01,02,03},  {-01,-02,03},  {-01,02,-03},  {-01,-02,-03}],  (45) 


for  a  total  of  26  pennutations.  In  general,  the  number  of  pennutations  for  a  model  with  triple 
cubic  tenns  is 

number  of  permutations  =2  n  +  4{nCf)  +S(„Cy).  (46) 
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The  number  of  permutations  needed  to  identify  the  triple  cubic  terms  becomes  a  large  portion  of 
the  total  number  as  the  number  of  modes  increases.  For  a  ten  mode  model,  200  load  cases  would 
be  required  without  triple  cubic  terms  and  1 160  load  cases  would  be  required  with  triple  cubic 
tenns. 

In  some  cases,  the  estimation  process  may  provide  more  robust  models  if  multiple  sets  of 
pennutations  are  used  with  different  sets  of  scaling  factors.  This  was  found  to  be  true  for  curved 
structures  in  particular.  The  scaling  factors  may  also  have  to  be  adjusted  to  account  for  solution 
convergence  issues.  Sometimes  the  finite-element  solution  for  load  cases  involving  a  single 
scaling  factor  will  converge,  but  those  involving  two  or  three  diverge.  For  these  load  cases,  it  is 
recommended  to  divide  each  scaling  by  a  factor  of  two  or  three  depending  on  whether  two  or 
three  scaling  factors  are  use  in  the  pennutation. 

It  may  be  possible  to  decrease  the  number  of  permutations  by  omitting  some  based  upon  the  sign 
of  the  scaling  factors.  For  instance,  a  flat  plate  will  defonn  with  the  same  magnitude  in  an 
opposite  direction  for  load  cases  that  are  the  same  magnitude  but  have  opposite  signs.  However, 
this  is  not  true  for  curved  structures  and  any  built-up  structure.  In  general,  when  the 
unconstrained  IC  method  is  used,  it  is  recommended  to  use  all  permutations. 

The  constrained  method  may  offer  a  means  to  decrease  the  number  of  load  cases  required.  There 
are  some  triple  cubic  terms  that  are  related  by  dependencies  to  non-triple  terms.  There  may  be 
enough  infonnation  from  two  mode  loading  permutations  to  identify  those  terms.  The 
constrained  approach  was  used  successfully  with  load  set  solutions  that  omitted  three  mode 
pennutations  [30].  In  this  approach,  there  are  triple  cubic  terms  of  the  type,  Ai(i,j,k),  which  are 
not  related  to  non-triple  terms.  These  terms  were  most  likely  negligible  in  Reference  30. 

The  most  uncertain  aspect  of  the  IC  method  is  the  selection  of  load  cases.  As  a  general  rule,  a 
model  that  integrates  well  at  high  excitation  levels  has  been  properly  estimated.  Models  that  fail 
to  integrate  need  more  information  from  other  load  cases  to  get  better  estimates.  There  is  no 
restriction  on  the  number  of  load  cases  that  can  be  used  in  the  data  matrix  of  Equation  24. 

3.3  The  Expansion  Process  and  the  ICE  Method 

One  of  the  attractive  features  of  the  IC  method  is  that  a  membrane  basis  is  not  needed  in  the 
construction  of  the  ROM.  Unfortunately,  the  physical  displacements  spanned  by  the  membrane 
modes  cannot  be  directly  obtained  since  there  is  no  membrane  basis.  But  the  effects  of 
membrane  stretching  have  been  implicitly  condensed  into  the  model.  Therefore,  it  seems  logical 
that  membrane  displacements  can  be  somehow  extracted  from  the  results.  The  ICE  method  uses 
the  static  load  cases  to  estimate  a  membrane  basis  based  upon  an  assumed  relationship  between 
membrane  and  bending  modal  amplitudes.  The  membrane  displacements  are  recovered  from  the 
bending  amplitudes,  the  estimated  membrane  basis,  and  the  assumed  relationship  in  a  post¬ 
processing  expansion  step. 

The  IC  model  can  only  predict  those  displacements  spanned  by  the  bending  modes.  The 
predicted  displacement  is  an  approximation 
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w~wb=  Wb  q  ■ 


(47) 


Let's  assume  that  the  approximation  could  be  improved  by  adding  the  membrane  displacements 
to  the  bending  displacements 


w~Wb  +  h >m ,  (48) 

where  wm  is  a  full  length  vector  (in  x  1 )  in  physical  coordinates.  Notice  that  the  displacement 
vectors  in  Equation  48  are  not  partitioned.  Rather,  the  displacement  vector  is  separated  into  two 
additive  vectors.  Each  physical  DOF  has  an  entry  in  both  vectors.  Any  structure  can  be 
modeled.  In  the  case  of  a  planar  structure,  many  of  the  entries  will  be  zero  in  either  Wb  or  wm.  In 
the  case  of  a  curved  structure  modeled  in  a  Cartesian  coordinate  system,  the  vectors  will  be  fully 
populated. 

The  added  displacement  vector  can  be  decomposed  into  a  basis  set  and  generalized  amplitudes 

wm  =  T  r ,  (49) 

where  r  is  the  vector  of  generalized  membrane  amplitudes,  and  T  is  a  matrix  whose  columns  are 
membrane  basis  vectors.  The  membrane  basis  vectors  are  not  normal  membrane  mode  shapes 
except  for  the  simplest  structures.  But  let's  assume  that  the  membrane  basis  vectors  are 
orthogonal  to  the  columns  of  Wb.  The  number  of  generalized  membrane  amplitudes  has  not 
been  detennined  yet.  For  convenience,  let  that  number  be  k.  Therefore,  the  vector  dimension  of 
r  is  k  x  1  and  the  dimensions  of  T  are  m  x  k. 

The  expansion  process  by  which  T  and  r  are  derived  is  presented  here.  Recall  that  a  set  of  static 
solutions  are  used  in  the  IC  method  to  estimate  the  nonlinear  coefficients.  Those  static  solutions 
can  also  be  used  to  estimate  the  membrane  basis  set.  A  single  static  solution  is  represented  by 

w  ~  wb  +  Wm  =  Wbq  +  Tr.  (50) 

Considering  N  static  solutions,  the  equation  becomes 

W~WhQ  +  TR,  (51) 

where  the  columns  of  the  matrices,  W,  Q,  and  R,  correspond  to  the  individual  static  solution 
cases.  The  dimensions  of  W,  Q,  and  R ,  are  m  x  N,n  x  N,  and  k  x  N,  respectively. 

Noting  that  columns  of  T  are  orthogonal  to  the  columns  of  Wb,  the  modal  bending  amplitudes  in 
the  static  solution  set  are  found  by 


Q  =  (Wh*)  W , 


(52) 


Equation  5 1  can  then  be  rearranged  as, 


TR~W-  WhQ. 


23 

Approved  for  public  release;  distribution  unlimited. 


(53) 


If  the  matrix  of  generalized  membrane  amplitudes,  R,  were  known,  a  membrane  basis  set  could 
be  estimated  from 


T~  [W-  %Q]  R* .  (54) 

However,  the  generalized  membrane  amplitudes  are  not  defined  at  this  point. 

Since  membrane  effects  are  condensed  into  the  bending  equations  in  the  implicit  condensation 
method,  it  is  assumed  that  the  generalized  membrane  amplitudes  are  directly  related  to  the  modal 
bending  amplitudes.  The  form  of  the  relationship  must  be  defined  to  compute  the  estimated 
membrane  basis.  Recall  that  Equation  12  showed  that  for  a  single  bending-membrane  pair  of 
modes,  the  membrane  modal  amplitude  was  proportional  to  the  square  of  the  bending  modal 
amplitude.  Equation  15  shows  (for  a  structure  with  DOF  that  can  be  partitioned)  that  the 
membrane  DOF  are  forced  by  quadratic  combinations  of  the  bending  DOF.  It  will  also  be  shown 
in  the  next  section,  that  it  is  possible  to  condense  membrane  modal  amplitudes  into  the  bending 
equations.  The  resulting  modal  membrane  amplitudes  are  approximated  by  linear  combinations 
of  quadratic  terms  involving  the  modal  bending  amplitudes. 

A  quadratic  relationship  between  modal  bending  amplitudes  and  the  generalized  membrane 
amplitudes  is  assumed  in  order  to  estimate  a  membrane  basis.  The  generalized  membrane 
amplitudes  are  defined  as 

r  =  [qi2  qiq2  qiqs  -  qiq„  q22  q2q3  •••  q2qn  -  qn-i  qn-iqn  q,2  f  ■  (55) 


This  set  of  generalized  membrane  amplitudes  spans  all  the  possible  quadratic  combinations  of 
the  modal  bending  amplitudes.  The  number  of  quadratic  combinations  is 

k  =  n  +  11C2  (56) 

which  defines  the  number  of  generalized  membrane  amplitudes  and  the  number  of  columns  in  T. 
Given  the  modal  bending  amplitudes,  q„  from  the  static  load  cases,  a  set  of  generalized 
membrane  amplitudes  can  generated  from  Equation  55  and  the  membrane  basis  set  can  then  be 
estimated  from  Equation  54. 


The  estimated  membrane  basis  is  not  used  to  construct  the  ROM,  but  rather  to  expand  modal 
bending  displacement  results  to  obtain  estimated  membrane  displacements.  The  time  integration 
uses  the  low-order  bending  modes  model  from  the  IC  method.  The  time  integration  provides 
bending  modal  amplitudes.  After  the  time  integration  is  complete,  Equation  55  can  used  to 
estimate  generalized  membrane  amplitudes  from  the  modal  bending  amplitudes  for  any  given 
time.  The  estimated  membrane  basis  and  bending  modes  are  used  in  Equation  50  to  convert  the 
bending  modal  amplitudes  and  generalized  membrane  amplitudes  to  physical  displacement.  The 
estimation  of  membrane  displacements  is  a  post-processing  step  and  does  not  effect  the 
computations  required  to  perfonn  the  time  integration. 
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The  membrane  stretching  is  included  in  the  ICE  results.  The  final  post-processing  step  is 
stress/strain  recovery.  Stress/strain  recovery  can  be  accomplished  using  the  commercial  finite- 
element  software  directly  for  the  entire  model  by  applying  the  computed  nodal  displacements  as 
enforced  displacements  and  requesting  stress  or  strain  output.  If  the  stress/strain  time  history  is 
required  for  a  single  element,  a  single  dummy  element  can  be  constructed  or  it  may  be  more 
convenient  to  compute  strain  outside  the  finite-element  software. 

3.4  Explicit  Condensation  of  Membrane  Effects 

The  IC  method  is  just  one  of  many  methods  to  construct  the  nonlinear  ROM.  Other  methods 
explicitly  include  a  set  of  membrane  equations  in  the  ROM.  Notable  methods  include  those  by 
Rizzi  et  al.  [13,  21,  22,  26]  and  Mignolet  et  al.  [19,  20].  In  a  modified  approach,  the  membrane 
modes  could  be  condensed  explicitly  into  the  bending  equations.  The  frequencies  of  the  bending 
modes  are  much  lower  than  the  membrane  modes  and  hence,  a  condensed  ROM  could  be 
integrated  with  a  larger  time  step. 

Several  approaches  for  selecting  membrane  basis  vectors  are  discussed  in  the  following 
paragraphs.  The  first  option  is  to  use  the  normal  membrane  modes.  For  straight  beams  or  planar 
structures,  these  are  normal  modes  that  involve  only  in-plane  motion  and  are  much  higher  in 
frequency  than  the  bending  modes  included  in  the  model.  Although  normal  membrane  modes 
are  relatively  easily  to  find  for  a  planar  structure,  a  decision  on  which  and  how  many  membrane 
modes  to  include  can  be  difficult.  The  membrane  modes  are  not  directly  excited  by  the  external 
forcing,  but  are  only  excited  indirectly  through  quasi-static,  nonlinear  coupling  with  bending 
modes.  As  the  structure  becomes  more  complex  or  non-planar,  normal  modes  may  contain  both 
membrane  and  bending  displacements,  making  it  very  difficult  to  identify  a  membrane  basis  set. 

An  alternate  strategy  for  the  modeling  of  membrane  effects  is  to  synthesize  the  necessary 
membrane  displacement  vectors.  The  synthesized  modes  have  been  termed  companion 
membrane  [15]  or  dual  [19]  modes.  A  companion  membrane  mode  is  generated  for  each 
bending  mode  to  provide  a  basis  vector  for  the  membrane  stretching  induced  by  the  large 
displacement  nonlinearity.  The  companion  membrane  mode  is  generated  using  a  nonlinear  finite- 
element  static  solution.  The  linear  reaction  force  due  to  the  enforced  displacement  of  a  selected 
bending  mode  is  found.  This  force,  Ky/b ,  is  scaled  and  applied  to  the  finite-element  model  in  a 
nonlinear  static  solution.  A  nonlinear  deflected  shape,  y/ni,  containing  both  bending  and  induced 
membrane  displacement  is  then  computed  from 

[K+Kl (y/nl)  +K2 (y/ni,  y/n,)]  y/ni  =  aK y/b ,  (57) 

where  a  is  a  scalar.  The  bending  mode’s  projection  on  the  nonlinear  deflected  shape  is  removed 
through  a  Gram-Schmidt  procedure. 

The  companion  membrane  modes  are  representations  of  the  nonlinear  membrane  displacements 
resulting  from  large  amplitude  response  in  a  particular  bending  mode.  For  all  but  the  simplest 
structures,  a  companion  membrane  mode  will  not  be  a  nonnal  mode  of  the  structure.  Instead,  it 
will  be  a  linear  combination  of  several  nonnal  modes.  If  more  than  one  companion  membrane 
mode  is  used  in  the  nonlinear  modal  model,  the  companion  membrane  modes  may  not  be 
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orthogonal  to  each  other.  The  lack  of  orthogonality  is  not  a  concern  if  the  companion  membrane 
modal  displacements  are  condensed  into  the  bending  modal  displacements. 

There  is  a  family  of  methods  that  can  be  constructed  based  upon  how  the  membrane  modes  are 
obtained.  These  include  the  bending  and  (nonnal)  membrane  modes  method,  the  bending  and 
companion  modes  method,  the  bending  and  dual  modes  method,  and  a  bending  and  estimated 
membrane  modes  (BEM)  method  where  the  membrane  modes  are  determined  from  the 
procedure  outlined  in  the  previous  section.  Regardless  of  the  source  of  the  membrane  modes,  the 
membrane  equations  can  be  condensed  into  the  bending  equations. 

Modal  condensation  requires  expressing  the  membrane  modal  displacements  in  terms  of  the 
bending  modal  displacements.  Condensation  in  the  modal  domain  is  analogous  to  static 
condensation  in  the  physical  domain.  The  first  step  in  modal  condensation  is  to  partition  the 
ROM  into  bending  and  membrane  equations.  The  membrane  modes  are  not  directly  forced  and 
respond  quasi-statically.  Neglecting  the  acceleration  and  velocity  terms,  the  membrane  equations 
become 


Kmqm  0:.{  (j  1 ,  (f\  . . . ,  (j n )  0  , 


(58) 


where  qm  is  the  vector  of  membrane  modal  amplitudes  and  Km  is  the  linear  modal  membrane 
stiffness.  For  the  membrane  modes,  the  only  significant  terms  in  the  nonlinear  function  are  the 
quadratic  terms  coupled  to  the  bending  modes.  Equation  58  can  therefore  be  solved  for  the 
membrane  modal  amplitudes  and  the  expressions  substituted  into  the  bending  equations.  For 
example,  for  a  case  with  two  bending  modes  and  three  nonnal  membrane  modes,  the  solution  is 


\<13 

_  ;  " 

<14 

~Km 

V  qs. 

_ 

B3(1,1)B3(2,2)B3(1,2)- 
B4(l,l)  B4(2,2)  B4(l,2) 
Bs(l,l)  B 5(2,2)  B5(l,2)_ 


(59) 


where  the  subscripts  1  and  2  denote  the  bending  modes,  and  the  subscripts  5,  4,  and  5  denote  the 
membrane  modes.  When  substituted  into  the  bending  equations,  the  expressions  for  the 
membrane  modal  amplitudes  convert  the  quadratic  terms  involving  both  bending  and  membrane 
modes  to  cubic  terms  involving  one  or  more  of  the  bending  modes.  The  result  is  a  nonlinear 
model  with  only  bending  modes  where  the  resulting  cubic  terms  have  been  softened.  This 

condensation  approach  will  be  referred  to  as  general  condensation.  It  should  be  noted  that  Km 
in  Equation  58  will  be  a  diagonal  matrix  for  normal  membrane  modes  but  not  for  estimated 
membrane  modes. 

The  condensation  of  companion  membrane  modes  is  much  simpler  than  the  general  condensation 
of  normal  membrane  modes.  The  condensation  process  is  restricted  so  that  a  companion 
membrane  mode  can  only  affect  the  bending  mode  from  which  it  was  synthesized.  The 
condensation  for  a  bending  and  membrane  pair  is  described  in  Equation  12. 
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3.5  Thermal  Effects 


Many  of  the  structures  that  are  exposed  to  high  acoustic  loading  are  also  exposed  to  thennal 
loading.  Thermal  expansion  is  a  major  concern  in  many  cases.  Although  thermal  expansion 
causes  primarily  compressive  stresses,  panels  can  buckle,  curved  panels  can  bow  out  into  the  air 
stream,  and  tensile  stresses  can  develop  from  dissimilar  materials  or  non-uniform  temperature 
distributions.  Our  concern  is  the  thennal  effect  upon  vibration  response  and  in  particular  the 
ROM. 

The  thermal  effect  is  typically  modeled  in  the  structural  FEM  with  the  addition  of  two  terms, 

Mw  +  [K  -  Kaj{AT)  +K1(w)  +K2(w, w)]w=f  +  fAT,  (60) 

where  KAj{AT)  is  the  change  in  linear  stiffness  due  to  induced  thennal  stresses  and  /at  is  the 
thennal  force  vector.  The  thermal  force  vector  is  a  vector  of  equivalent  nodal  forces  due  to  the 
thennal  expansion.  The  corresponding  ROM  becomes 

q  +  C q  +  KTq  +  6(q1,q2,...,qn)=  %T  (f +f at),  (61) 

where  a  modal  damping  matrix  has  been  added  and  the  linear  modal  stiffness  at  temperature  is 
defined  as 

Kt  =  %\K  -  Kaj(A  T))'Fh  =  K-KAT.  (62) 

For  a  flat  structure,  the  thermal  force  vector  acts  in  the  plane  of  the  structure  and  is  orthogonal  to 
the  bending  modes.  Hence  there  is  no  static,  out-of-plane  displacement  due  to  the  thermal  load. 
The  thermal  stress  does  affect  the  stiffness,  and  buckling  can  occur  when  the  stiffness  matrix 
becomes  singular.  The  nonlinear  coefficients  are  not  a  function  of  the  thermal  stress  and  the 
mode  shapes  do  not  change  appreciably  with  thermal  load.  The  total  effect  of  thermal  loading  on 
the  ROM  for  a  flat  structure  is  simply  a  change  in  natural  frequencies. 

For  a  structure  with  curvature,  the  thennal  force  causes  the  structure  to  deform.  The  ROM — 
Equation  61 — is  still  valid  as  the  structure  statically  deforms.  The  nonlinear  coefficients  do  not 
change,  since  they  are  not  a  function  of  the  thermal  stress.  However,  the  modal  stiffness  matrix, 

Kt,  is  not  diagonal.  The  mode  shapes  are  defined  based  on  a  non-thermally  loaded  structure. 
These  mode  shapes  are  termed  the  cold  modes;  the  model  defined  by  Equation  61  is  tenned  the 
cold-modes  model;  and  the  model  with  no  thennal  effects  is  termed  the  stress-free  model.  The 
cold  modes  are  not  an  optimal  basis  for  either  the  static  or  dynamic  deformation  of  a  structure 
with  thermal  stress.  More  modes  are  necessary  in  the  cold-modes  model  to  represent  these 
deformations. 

Alternatively,  a  hot-modes  model  can  be  formed  at  a  particular  thermal  loading  condition.  The 
displacement  vector  is  recast  as  the  displacement  minus  the  static  displacement  due  to  the 
thermal  load 

x  =  w-w0 .  (63) 
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The  FEM  is  rewritten  as 


Mx+[K  +  Kl(x)+  K2  (jc,jc)]x  =  f,  (64) 

where  the  linear  stiffness,  K,  is  the  updated  stiffness  matrix  for  the  defonned  state  which  is 
different  from  K.  The  nonlinear  stiffness  functions,  K1  and  K2,  are  also  different  from  the 
previous  nonlinear  functions.  A  ROM  can  be  built  to  approximate  Equation  64.  This  is  the  hot- 
modes  model.  Mathematically,  the  hot-modes  model  has  the  same  form  as  the  stress-free  model, 
but  has  different  mode  shapes,  natural  frequencies,  and  nonlinear  coefficients. 

A  ROM  can  be  built  with  Equation  64  and  a  set  of  hot  modes  using  virtually  the  same  the 
procedure  described  above  for  a  stress-free  model.  The  thermal  load  is  applied  in  the  normal 
modes  solution  and  in  conjunction  with  the  static  load  cases.  The  resulting  static  deflections 
used  to  estimate  the  model  have  to  be  referenced  to  the  static  displacement,  wo .  The  applied 
loads  used  in  the  estimation  routine  do  not  contain  the  thermal  forces. 


The  cold-modes  model  is  an  extension  of  the  stress-free  model.  The  nonlinear  coefficients, 
mode  shapes,  and  natural  frequencies  are  the  same.  Only  the  thermal  force  vector  and  linear 
modal  stiffness  at  temperature  need  be  determined.  Both  can  be  detennined  indirectly  from 
static  results  from  the  FEM.  The  thennal  force  vector  is  found  by  constraining  the  model  at  all 
DOF  ( w  =  0 )  and  applying  the  thennal  field.  Equation  60  becomes 


which  can  be  solved  as 


0=f+fAT, 

fAT=-f- 


(65) 

(66) 


The  thermal  force  vector  is  the  opposite  of  the  applied  force  necessary  to  constrain  the  structure 
from  expansion.  This  applied  load  is  found  as  the  reaction  force  in  commercial  finite-element 
codes.  The  linear  modal  stiffness  at  temperature  can  be  computed  directly  in  a  custom  finite 
element  code.  However,  if  the  ROM  is  computed  from  a  commercial  code,  the  linear  modal 
stiffness  is  estimated  from  additional  applied  load  cases  at  temperature.  A  more  direct  approach 
is  to  determine  the  linear  stiffness  from  enforced  displacement  solutions.  This  procedure  was 
first  used  by  Mignolet  and  Radu  [19]  and  is  utilized  by  the  RANSTEP  approach  [26], 

Consider  the  static  version  of  Equation  60,  pre-multiplied  by  Wj 

nT  [K  -  Ka1{AT)+K1(w)+K2(w,w)]w  =  %\f+ fir) .  (67) 


Let  the  enforced  displacement  vector  equal  an  arbitrary  scalar  multiple  of  a  single  bending  mode 
shape 

w  =  qt  ¥ .  (68) 

Equation  67  evaluated  at  this  displacement  is 

q>  %T  [K -  Ka1{A T)]  Vi  +  qf  %TK1{  ¥)  ¥i  +  q?  K2( ¥i,  ¥)  ¥  =  %r(f+fAT) ,  (69) 
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which  can  be  rewritten  as 


qi  { KT}i  +  qf  at  +  qf  bj  =fi 


(70) 


by  redefining  some  of  the  vector  terms.  A  second  equation  is  written  for  an  enforced 
displacement  of  in  the  opposite  direction  ( w  =  -qt  y/f) 

-qt  {Kt}  i  +  qf  «;  -  qf  b,  =f2  (71) 


A  third  equation  is  written  for  a  second  arbitrary  enforced  displacement  ( w  =qi  y/f) 


qt  {KT}i  +  qf  a,  +  qf  bt  =f3 


(72) 


Equations  70-72  are  the  same  expressions  (with  different  notation)  as  in  [19,  26].  These 
equations  can  then  be  solved  to  detennine  the  /th  column  of  the  linear  modal  stiffness  at 
temperature  as 


{KT}i  = 


1 


qi  qi  ~  qi  qi 


~\-^(q3+qf  q,)fi+^(q 


qi1  qt)f2  +  qf  ff- 


(73) 


Each  column  of  the  linear  stiffness  matrix  at  temperature  is  determined  by  a  set  of  reaction  forces 
from  enforced  displacements  solutions.  The  total  number  of  enforced  displacement  solutions 
required  for  determination  of  the  entire  matrix  is  three  times  the  number  of  bending  modes. 


Once  the  linear  modal  stiffness  at  temperature  is  detennined,  the  change  in  the  linear  modal 

stress  stiffness,  KAT,  can  be  determined  by  Equation  62.  The  change  in  the  stiffness  is  useful, 
because  it  and  the  thermal  force  are  proportional  to  the  thermal  load.  If  the  thermal  load  varies 

in  magnitude,  but  not  spatially,  KAT  and  fAT  can  be  scaled  proportionally.  The  linear  modal 
stiffness  at  temperature  can  then  be  detennined  for  another  thennal  load  without  another  set  of 
enforced  displacements. 


3.6  Acoustic  Coupling  using  Uncoupled  Mode  Shapes 

The  previous  derivations  have  not  considered  interaction  between  structural  dynamics  and  the 
dynamics  of  the  surrounding  acoustic  environment.  The  models  are  structural  ROM’s;  acoustic 
effects  enter  the  models  only  as  an  excitation  pressure  that  is  modeled  as  an  external  structural 
force.  However,  any  structure  produces  sound  as  it  vibrates.  The  sound  radiated  by  the  structure 
will  change  the  effective  loading  and  alter  the  structural  response. 


Two  approaches  for  including  acoustic  coupling  in  a  nonlinear  ROM  were  investigated  in  this 
project.  One  approach  uses  uncoupled  mode  shapes  of  the  structure  and  the  acoustic 
environment.  This  approach  was  originally  studied  by  Dowell,  et  ah,  [27].  The  derivation 
begins  with  the  coupled  structural-acoustic  FEM  in  a  displacement-pressure  formulation  [31] 


~MS  0  " 

H+ 

1 

_ i 

M  + 
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where  Ms  is  the  structural  mass  matrix,  Ma  is  the  acoustic  mass  matrix,  Ks  is  the  structural 
stiffness  matrix,  Ka  is  the  acoustic  stiffness  matrix,  S  is  the  structural-acoustic  coupling  matrix,/, 
is  the  vector  of  external  structural  forces,/,  is  the  vector  of  external  acoustic  forces,  p  is  the 
acoustic  fluid  density,  w  is  the  vector  of  structural  displacements,  and  p  is  the  vector  of  acoustic 
pressures.  The  formulation  by  Craggs  [31]  does  not  include  a  damping  matrix.  One  has  been 
added  here  for  completeness.  The  nonlinear  structural  stiffness  matrices  have  been  omitted  from 
the  equations  at  this  point. 

The  equations  of  motions  can  be  transformed  using  the  uncoupled  structural  and  acoustic  mode 
shapes.  The  uncoupled  structural  modes  are  obtained  from  a  structure-only  FEM.  The  uncoupled 
acoustic  modes  are  obtained  from  an  acoustic-only  FEM  or  the  undamped,  coupled  model  with  a 
constrained  structure.  The  physical-to-modal  transformation  is 


o  0]  W 


(75) 


where  (Pis  a  truncated  set  of  uncoupled,  mass  normalized,  acoustic  mode  shapes  and  a  is  the 
vector  of  acoustic  modal  coordinates.  The  coupled  structural-acoustic  equations  can  be 
transformed  to  modal  space  as 


q  +  Cs  q  +  Ks  q  =  Dr  a  +  WhT fs(t), 

(76) 

and 

a+  Ca  a  +  Ka  a  =  -pD  q  +0  Tfa(t), 

(77) 

where  the  modal  coupling  matrix  is  defined  as 

D  =  0tS%.  (78) 


The  acoustic  modal  stiffness  matrix,  Ka,  is  a  diagonal  matrix  constructed  from  the  acoustic 
natural  frequencies  in  a  manner  analogous  to  the  construction  of  the  structural  modal  stiffness 

matrix.  The  acoustic  modal  damping  matrix,  Ca,  is  defined  as 

Ca  =  0TCa  0.  (79) 

The  acoustic  modal  damping  matrix  may  not  be  diagonal,  since  the  acoustic  matrix  damping,  Ca, 
is  not  necessarily  proportional  to  the  acoustic  mass  and  stiffness  matrices.  The  structural  modal 

stiffness  and  damping  matrices,  Ks  and  Cs,  respectively,  are  the  same  as  those  used  in  Equation 
17. 

The  use  of  linear,  coupled,  modal  equations  to  describe  the  structural-acoustic  interaction 
problem  can  be  found  in  literature  [27,  32].  The  concept  is  extended  here  to  describe  nonlinear 
response  dynamics.  Equation  76  becomes  nonlinear  by  adding  the  nonlinear  terms  from  the 
structural  ROM  to  obtain  a  set  of  coupled  equations 
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q  +  Cs  q  +  Ks  q  +  0(q,,  q2, ....  qn  )  =DT  a  +  W7 fs{t), 
a  +  Ca  d  +  Ka  a  =  -p D  q  +@ Tfa(t), 


(80) 


(81) 

Conversely,  Equation  80  can  be  viewed  as  augmenting  the  structural  ROM  with  terms  to  couple 
it  to  an  acoustic  modal  equation.  The  important  fact  is  that  the  nonlinear  function  in  Equation  80 
is  the  same  as  the  nonlinear  function  in  Equation  17.  That  is,  the  coefficients  can  be  directly 
imported  from  the  structural  ROM. 

The  modal  coupling  matrix,  D ,  needs  to  be  determined  to  build  the  coupled  modal  equations. 

This  matrix  can  be  determined  directly  with  access  to  the  finite  element  code  using  Equation  78 
or  indirectly  from  results  from  commercial  codes  using  a  linear  coupled  FEM.  The  first  step  in 
implementing  the  indirect  approach  is  to  constrain  the  structure  (h>  =  w  =  w  =  0).  The  top 
equation  in  Equation  74  becomes 


-sTP=m. 


(82) 


If  a  harmonic  acoustic  pressure  is  enforced  on  the  structure  proportional  to  the  /th  uncoupled 
acoustic  mode,  </>L,  at  an  arbitrary  frequency,  a>.  Equation  82  becomes 

-ST(/,i^=\fs}ier  (83) 

where  {/i} .  denotes  the  magnitude  of  the  external  force  (the  reaction  force)  at  the  structural 
DOF.  The  reaction  force  can  be  readily  extracted  from  most  commercial  codes.  The  coupling 
matrix  is  found  by  enforcing  each  of  the  uncoupled  acoustic  modes,  one  at  a  time,  and  extracting 
the  reaction  forces.  The  coupling  matrix  is  thus  detennined  from 

dt=  nTsT0  =-rhT  [  {f,}1  \fs}2  {fs}3 ...  (84) 

where  na  is  the  number  of  acoustic  modes  in  the  ROM 


3.7  Acoustic  Coupling  using  Mode  Shapes  of  the  Coupled  System 

A  logical  approach  to  building  a  coupled  structural-acoustic  ROM  is  to  use  the  modes  of  the 
coupled  system.  The  coupled-modes  approach  is  investigated  in  this  section.  The  approach  is 
applied  to  the  problem  of  a  structure  coupled  to  an  exterior  acoustic  domain,  as  is  the  case  for  a 
skin  panel  on  the  outer  surface  of  an  aircraft.  The  approach  is  academically  interesting,  but 
ultimately  proved  to  be  impractical  due  the  complex  mathematics  required.  An  application  of 
this  method  is  presented  in  Section  4.6. 1 . 

The  fundamental  benefit  of  the  classic  modal  model  is  that  the  resulting  equations  of  motion  are 
uncoupled.  Unfortunately,  the  equations  of  motion  for  the  coupled  structural-acoustic  system  in 
Equation  74  can  not  be  uncoupled  using  the  modes  of  the  coupled  system.  However,  an 
uncoupled  modal  system  can  be  obtained  using  a  state  space  formulation.  This  approach  is 
described  below.  The  potential  benefit  of  the  coupled  modes  approach  is  that  only  a  few 
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structure-dominated  modes  of  the  coupled  system  should  be  required  to  achieve  an  accurate 
ROM.  This  is  true  because  the  acoustic  pressure  portion  of  a  structurally  dominated  mode  is  the 
acoustic  radiation  pattern  for  the  structural  mode.  An  additional  acoustic  basis  is  not  needed  to 
capture  the  radiation.  The  uncoupled  modes  approach,  in  contrast,  requires  many  modes  of  the 
acoustic  domain  to  capture  the  sound  radiation  from  the  structure  since  these  modes  are 
computed  independently  of  the  structure.  The  complexity  in  the  coupled  formulation  derives 
from  the  fact  that  the  combined  mass  and  stiffness  matrices  in  Equation  74  are  unsymmetric  due 
to  coupling  tenns,  pS  and  ST.  As  a  result,  each  coupled  mode  will  have  a  left  and  right 
eigenvector.  An  additional  complication  of  the  coupled  modes  approach  is  that  the  eigenvectors 
will  be  complex  due  to  non-proportional  damping. 

The  modes  of  a  structure  coupled  to  an  exterior  domain  of  air  will  be  of  two  general  classes: 
structure-dominated  and  acoustic-dominated.  An  unbounded  acoustic  domain  does  not  possess 
nonnal  modes  like  an  enclosed  cavity  does.  However,  when  the  outer  surface  of  the  domain  is 
modeled  with  infinite  elements,  computational  acoustic  modes  exist.  The  structure-dominated 
modes,  as  the  classification  implies,  primarily  involve  motion  of  the  structure  with  induced 
acoustic  radiation  in  the  air.  These  modes  are  lightly  damped  and  the  damping,  in  the  absence  of 
any  structural  damping,  is  due  to  acoustic  radiation.  The  acoustic-dominated  modes  are  generally 
heavily  damped,  even  critically  damped,  and  can  involve  motion  of  the  structure.  These  are  not 
standing  waves  as  would  occur  in  an  enclosed  cavity  but  provide  a  mathematical  basis  to 
represent  the  acoustic  pressure  field. 

The  coupled  equations  of  motion  can  be  expressed  in  state  space  form  as  originally  shown  by 
Foss  [33]  as 

Ax  +B  x  =  f  (85) 


The  state  space  matrices  are 


A  = 


Cc  M~ 
Mc  0  _ 


and  B  = 


Kc  0 
_  0  -Mc_ 


(86) 


where  sub-matrices  Mc,  Cc,  and  K,  are  the  coupled  system  matrices  from  Equation  74.  The  state 
space  displacement  vector,  x,  and  load  vector,  /  are 

x  =  [  n>TpT  wTpTf  and  /  =  [f/faT  0  0]T.  (87) 

The  state  space  equations  of  motions  are  transfonned  to  the  modal  domain  using  the  complex 
eigenvectors  of  the  coupled  system.  The  eigenvalue  problem  is 

-B  X  =  X  A  X  and  -Z  B  =  X  Z  A  (88) 

where  X  is  the  matrix  of  right  eigenvectors,  Z  is  the  matrix  of  left  eigenvectors  and  X  is  the 
diagonal  matrix  of  eigenvalues.  The  eigenvalues  of  the  coupled  system  must  either  be  real  or 
complex  conjugate  pairs.  When  an  eigenvalue  is  real,  the  mode  is  critically  damped  and  the 
associated  eigenvector  will  also  be  real.  When  eigenvalues  occur  as  a  complex  conjugate  pair, 
the  mode  is  under-damped  and  the  associated  eigenvectors  will  occur  as  a  complex  conjugate 
pair.  Here,  a  complex  conjugate  pair  of  eigenvectors  will  be  referred  to  as  a  single  mode. 
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The  state  space  equations  in  the  modal  domain  have  the  fonn 


A  q  +B  q  =  f  (89) 

where 

A  =  ZrAX,  B=ZtBX,  and  f=ZT  /.  (90) 

The  vector  of  state  space  modal  coordinates,  q ,  is  computed  from  the  physical  coordinates  by 


x  =  X  q  . 


(91) 


Note  that  the  right  eigenvectors  are  used  to  transform  the  physical  coordinates,  while  the  left 
eigenvectors  are  used  to  transform  the  external  forces.  Finally,  the  eigenvectors  can  be 
nonnalized  so  that 

ZtAX  =  I  and  ZTBX=-k  (92) 

where  I  is  the  identity  matrix  and  Equation  89  simplifies  to 

q-Aq  =  f,  (93) 

which  is  a  set  of  uncoupled  first-order  equations. 

The  normalized  state  space  fonn  of  the  equations  of  motion  in  Equation  93  constitute  a  ROM  of 
the  coupled  linear  system  if  the  eigenvector  matrices  are  truncated  to  include  just  a  few 
dominant,  low-frequency  modes  of  the  structure.  The  equations  of  motion  must  now  be  modified 
to  include  the  nonlinear  geometric  stiffness  terms  used  in  the  structure-only  model.  The  resulting 
reduced-order  equations  of  motion  with  nonlinear  stiffness  becomes 

q-Aq+m  =  f  (94) 

The  nonlinear  modal  force  term,  6(q),  has  the  form 

0.q)=  ZT  {K1+K2)  X ,  (95) 


A  A 

where  Z  and  X  are  the  upper  halves  of  the  left  and  right  eigenvector  matrices,  respectively.  Not 
surprisingly,  Equation  95  has  the  same  form  as  the  nonlinear  stiffness  function  in  the  structure- 
only  model.  Note  that  nonlinear  acoustic  behavior  is  not  considered  in  this  approach,  but  could 
potentially  be  added  in  the  future.  Writing  Equation  94  for  a  single  complex  mode  neglecting 
quadratic  nonlinear  terms  yields  the  conjugate  pair  of  equations 

qr  -Xr  qr  +Ar(r,r,r)  q3  +Ar(r,r,s)  q,2qr  +Ar(r,s,s )  qr  (q,-  )2  +Ar(s,s,s)  (qr  )3  =  f  r  (96) 

q,  -Xr  q,  +As(r,r,r)  qr  +As(r,r,s)  q,~qr  +As(r,s,s)  qr  (qr )  +As(s,s,s)  (qr )  =fr  (97) 
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where  an  *  denotes  the  complex  conjugate  and  the  rt h  and  5th  equations  correspond  to  the 
equations  for  conjugate  pairs.  There  are  8  nonlinear  coefficients  in  Equations  96-97  for  the 
complex  conjugate  pair  of  first  order  equations  while  a  real,  second  order  model  would  have  one 
equation  with  only  one  nonlinear  term!  This  fact  suggests  that  it  should  be  possible  to  condense 
Equations  96-97  into  one  equation  with  a  single  nonlinear  coefficient.  However,  this 
condensation  was  not  derived. 

The  nonlinear  stiffness  coefficients  in  Equations  96-97  can  be  evaluated  using  the  IC  procedure. 
Only  the  nodal  DOF  of  the  structure  are  used  to  evaluate  the  nonlinear  coefficients.  The 
nonlinear  stiffness  coefficients  are  complex-valued  since  the  modal  vectors  used  to  compute 
them  are  complex. 

The  coupled  modes  approach  to  the  acoustic  coupling  problem  is  mathematically  complicated. 
The  uncoupled  modes  approach  is  much  simpler  to  implement.  And  although  many  acoustic 
modes  are  required  in  the  ROM,  the  acoustic  modal  equations  are  linear  and  can  be  integrated 
with  little  additional  computation  cost.  The  drawback  of  the  uncoupled  approach  is  that  the 
modal  damping  matrix  is  not  diagonal  when  infinite  acoustic  elements  or  absorbing  boundaries 
are  used  in  the  model.  Hence  a  damping  value  is  difficult  to  assign  to  a  particular  mode.  If 
damping  values  are  needed,  the  uncoupled  equations  can  be  recast  as  a  first  order  set  of 
equations  in  state  space  form  and  a  complex  eigensolution  performed. 

3.8  Implementation 

Details  of  the  implementation  of  the  nonlinear  ROM’s  investigated  in  this  project  are  presented 
in  this  section.  A  simple  example  of  the  ICE  approach  applied  to  a  clamped-clamped  beam  is 
also  presented. 

The  IC  method  is  an  indirect  method  in  that  a  ROM  is  computed  from  nonlinear  static  solutions 
of  the  FEM.  The  general  implementation  of  an  indirect  method  is  shown  schematically  in  Figure 
5.  The  indirect  methods  build  ROM's  and  perform  time  integration  in  a  computing  environment 
separate  from  the  finite  element  code.  The  finite  element  code  does  not  need  to  be  altered  to 
implement  the  methods. 

The  IC  and  ICE  methods  were  initially  implemented  using  the  MSC.Nastran  [34]  finite-element 
code  and  later  converted  to  Abaqus  [35].  They  were  also  implemented  using  an  in-house  finite- 
element  code  written  in  MATLAB  [36].  The  computing  environment  used  to  build  and  integrate 
the  models  was  MATLAB.  When  the  computing  environment  is  separate  from  the  finite-element 
code  a  major  part  of  the  effort  is  writing  input  files  for  the  FE  code  and  reading  the  FE  results 
into  the  computing  environment.  Input  and  output  with  MSC.Nastran  is  straightforward  since  the 
results  can  be  written  in  ASCII  format  as  a  "punch"  file.  Implementation  with  Abaqus  required  a 
series  of  Python  [35]  programs  to  translate  the  data  from  the  binary  output  database  format  to  an 
ASCII  format. 

The  first  step  in  the  process  of  building  an  ICE  ROM  is  to  perform  a  normal  modes  analysis. 
Frequencies  and  mode  shapes  are  read  into  the  computing  environment  and  used  to  build  the 
static  load  cases.  The  loads  are  used  as  input  to  nonlinear  static  solutions  in  the  finite-element 
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code  to  provide  displacement  results.  The  displacement  results  are  read  into  the  computing 
environment  and  the  nonlinear  coefficients  are  estimated.  The  model  at  this  point  is  in  the  form 
of  Equation  17. 


Finite-Element  Preprocessor 


Finite-Element  Code 


Figure  5.  Procedure  for  an  indirect  method 


If  applied  temperatures  are  present  and  a  cold  modes  approach  is  used,  a  set  of  enforced 
displacement  solution  is  also  run  in  the  finite-element  code  to  provide  reaction  forces  and  the 
thermal  forces  necessary  to  determine  the  linear  modal  stiffness  at  temperature.  The  model 
would  be  in  the  form  of  Equation  6 1 . 


If  a  coupled  structural-acoustic  model  is  needed,  the  uncoupled  acoustic  modes  are  extracted 
from  a  normal  modes  analysis  of  the  acoustic  domain,  and  the  coupling  coefficients  determined 
from  a  set  of  enforced,  harmonic,  acoustic  solutions  and  Equation  84.  The  model  would  be  in  the 
form  of  Equations  80-81.  The  model  may  contain  a  thermal  stiffness  matrix  if  a  cold  modes 
approach  is  necessary  for  the  structural  part  of  the  model. 


The  ROM,  whether  it  contains  a  thermal  component,  a  coupled  acoustic  component,  or  neither, 
is  a  modal  model  with  nonlinear  terms.  The  equations  are  second-order  differential  equations 
with  a  nonlinear  component.  The  equations  can  be  written  at  any  time  step  k  as 


M a[k]  +  C  v[/i]+  K  u[k]+  K„i  u\k]=f[k]  (98) 

where  the  M,  C,  and  K  matrices  generically  represent  whichever  linear,  or  coupled  linear,  modal 
mass,  damping,  or  stiffness  matrices  are  in  the  ROM.  The  forcing  function  is  also  represented  by 
a  generic  vector,/  The  modal  acceleration,  velocity,  and  displacement  are  represented  by  the 
vectors  a,  v,  and  u.  In  the  case  of  a  coupled  problem,  the  modal  displacement  vector  would  also 
contain  the  acoustic  modal  displacement  (i.e.  the  modal  pressures).  The  nonlinear  function  is 
represented  by  the  last  term  on  the  left  hand  side.  A  matrix  of  the  nonlinear  coefficients  is 
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represented  by  Ka\  and  the  appropriate  quadratic  and  cubic  combinations  of  the  modal 
displacements  are  in  a  vector  represented  by  u  . 

Given  a  dynamic  forcing  function,  the  model  can  be  directly  integrated  to  provide  the  modal  time 
response.  There  are  many  methods  available  to  perform  the  time  integration.  The  method  used  in 
this  report  is  a  version  of  the  Newmark  family  of  methods.  Specifically,  the  method  was  a 
modification  of  the  Hilber,  Hughes  and  Taylor  (HHT)  algorithm  or  the  so-called  alpha  method 
[37].  The  modification  entailed  an  incorporation  of  the  nonlinear  terms  into  the  method.  In  HHT, 
two  integration  coefficients  depend  on  the  constant,  a, 

y=  1/2  (1-2 a)  and  /?=  1/4  (1-a)2 .  (99) 

In  this  implementation  of  the  method,  the  alpha  coefficient  was  set  to  zero  to  provide  integration 
with  average  acceleration  and  no  artificial  or  numerical  damping.  If  the  differential  equations  are 
linear,  selection  of  zero  for  alpha  also  guarantees  unconditional  stability.  Initial  velocity  and 
displacements  are  needed  to  start  the  integration,  these  can  be  input  to  the  algorithm,  but  usually 
they  are  assumed  to  be  zero.  An  initial  estimate  of  the  acceleration  is  also  required,  this  is  found 
from  an  approximation  of  Equation  98  as 


a[0 ]  =  M~’  (f[l]-Cv[0]-Ku[0]+Kn,u[0]).  (100) 

During  each  time  step,  k,  in  the  integration,  there  are  vectors  of  constants  that  are  based  upon  the 
previous  values  of  acceleration,  velocity,  and  displacement  and  the  current  force.  These  are 

aconstant[k]=  ( 1 +  a)  M~'  f\k\-  aa[k-l],  (101) 

vcons,ant[k]=  „[£_/]  +  At(  J  .y)  a[k.]]  ,  (102) 

uconstant[k]=  ^  ^  +  ^ +(//2)(At)2  {1-2/3)  Ct[k-1],  (103) 


where  At  is  the  time  step.  The  initial  estimate  of  the  acceleration,  velocity,  and  displacement  at 
each  time,  is  the  value  at  the  previous  time.  The  algorithm  updates  the  estimates  at  each  time,  k, 
using 


ai+1[k]  =  acons,ant[k]  -( 1  +  a)  M1  (Cv  \k]  -  K  ii[k\  +  Kn,  u\k]),  ( 1 04) 

vi+1[k\  =  vcons,ant[k\  +  At  yai+I\k\  ,  (105) 

u i+1  [ k ]  =  uconstant[k\ +(At)2  / 3  ai+1[k],  ( 1 06) 

where  the  superscript  i  denotes  the  previous  estimate  and  i+1  denotes  the  updated  estimate.  The 
algorithm  iterates  at  the  time  step  until  some  convergence  criteria  is  met.  The  convergence 
criteria  used  is 

|  (ujl+I[k]  -  UjXk\)/ u/+1[k\  |  <s,  (107) 
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for  all  modes  j,  where  s  is  the  tolerance.  Typically,  the  tolerance  is  set  to  0.001.  When  the 
tolerance  is  met,  the  updated  estimates  become  the  value  of  acceleration,  velocity,  and 
displacement  at  time  k,  as  well  as,  the  initial  estimates  at  the  next  time  step  and  the  algorithm 
marches  forward  in  time. 

The  forcing  function  is  evaluated  at  the  beginning  of  each  time  step  and  is  held  constant  until 
convergence  is  achieved  for  that  step.  The  forcing  function  is  usually  an  acoustic  load. 

However  for  a  structure-only  model,  the  force  appears  as  a  mechanical  force  not  an  acoustic 
pressure.  Therefore,  the  acoustic  pressure  has  to  be  converted  to  equivalent  nodal  forces.  This 
was  also  done  for  the  coupled  structural-acoustic  model.  The  pressure  in  the  coupled  model 
therefore  represents  the  response  of  the  acoustic  domain  to  the  vibratory  motion  of  the  structure. 

The  acoustic  loads  used  in  this  report  were  Gaussian  random  time  histories  with  a  specified 
overall  sound  pressure  level  (OASPL)  in  decibels  (dB) 

OASPL  =  20  logI0  (108) 

■*  ref 

where  Prms  is  the  root-mean-squared  acoustic  pressure  in  a  specified  frequency  band,  and  Prefis  a 
reference  pressure  ( Pref=  2 •  1 0"5  Pa  or  2.9-10"  psi).  The  spectrum  level  was  considered  to  be 
constant  in  the  frequency  band,  although  there  is  no  requirement  for  a  constant  spectrum  level. 

In  order  to  produce  a  time  domain  pressure  signal,  first,  a  complex  Discrete  Fourier  Transform 
(DFT)  was  generated  with  the  proper  spectrum  level  but  with  a  unifonn  random  phase  at  each 
frequency  bin.  The  inverse  of  the  DFT  was  then  calculated.  The  resulting  time  series  is 
Gaussian  [38]. 

The  acoustic  pressure  on  the  surface  of  a  flight  vehicle  skin  can  have  complex  amplitude  and 
phase  content.  However,  the  pressure  is  often  assumed  to  be  a  plane  wave  with  either  normal  or 
grazing  incidence  to  simplify  response  prediction.  Sonic  fatigue  testing  is  often  performed  in  a 
progressive  wave  duct,  which  provides  a  plane  wave  acoustic  environment  with  grazing 
incidence,  often  referred  to  as  a  traveling  wave.  The  pressure  amplitude  in  a  traveling  wave 
varies  with  time  in  the  propagation  direction  but  is  spatially  unifonn  in  the  direction  nonnal  to 
the  propagation  direction.  The  scheme  for  simulating  traveling  wave  acoustic  loading  used  in 
this  project  was  adopted  from  [11].  In  this  scheme,  the  panel  is  divided  into  zones  based  upon 
the  relative  propagation  speed  of  the  wave  and  the  sample  rate  of  the  integration.  The  pressure  is 
considered  spatially  uniform  in  each  zone.  The  pressure  amplitude  varies  randomly  in  a  zone, 
but  the  pressure  is  time  conelated  across  the  various  zones  since  it  is  marching  in  time.  The 
pressure  can  be  uniform  across  the  entire  panel  in  some  cases.  A  uniform  pressure  field  is  often 
considered  simply  because  it  is  easier  to  model.  In  the  uniform  case,  the  loading  is  simulated  as 
a  spatially  unifonn  pressure  with  the  amplitude  of  the  pressure  varying  in  time.  A  uniform 
pressure  field  can  directly  excite  only  the  symmetric  modes  of  a  structure.  Anti-symmetric 
modes  can  be  excited  parametrically  if  coupling  exists  between  the  symmetric  and  anti¬ 
symmetric  modes.  A  traveling  wave  can  directly  excite  symmetric  and  anti-symmetric  modes. 

Recall  that  the  integration  scheme  is  unconditionally  stable  for  linear  systems.  However,  the  set 
of  equations  that  is  being  integrated  is  nonlinear.  A  very  fine  step  size  was  required  to  keep  the 
integration  stable,  typically  the  sample  rate  used  in  this  report  was  between  10kHz  and  100kHz. 
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Since  the  forcing  function  is  random,  a  long  time  history  is  necessary  to  generate  good  statistical 

averages.  The  time  history  length  typically  ranged  between  60  and  100  seconds.  For  a  model 

8 

with  ten  modes,  sampled  at  100kHz,  with  a  100  second  time  history,  there  are  a  total  of  10 
samples  of  modal  amplitudes  in  a  record.  That  seems  like  a  lot  of  data,  but  it  is  very  compact 
considering  that  the  data  stored  for  a  FEM  with  100  thousand  DOF  would  be  10  "  data  samples. 

3.9  Implementation  Example 

A  clamped-clamped  beam  example  problem  is  used  in  this  section  to  demonstrate  the 
implementation  of  the  method.  The  example  is  from  Section  4.1  and  Reference  24.  The  beam  is 
rigidly  clamped  at  both  ends  and  is  9.0  inches  long,  0.5  inch  wide,  and  0.03 1  inch  thick.  The 
beam  material  is  steel  with  a  Young’s  modulus  of  29.7  Mpsi,  a  shear  modulus  of  1 1.6  Mpsi,  and 
a  mass  density  of  7.36- 10"4  lb-s2/in4.  The  beam  is  free  from  preload  and  is  to  be  subjected  to  a 
uniform  random  acceleration  with  a  flat,  band-limited  (0-500  Hz)  spectrum.  The  input  is  capable 
of  exciting  only  the  symmetric  bending  modes  of  the  beam. 

A  2-D  FEM  with  20,  2-node  beam  elements  is  used  to  model  the  example  problem.  Only  half  of 
the  beam  is  modeled,  using  symmetry,  since  the  inertial  loading  could  only  excite  symmetric 
bending  modes.  MSC.Nastran  is  the  finite-element  code  used  to  model  the  beam.  A  normal 
modes  analysis  is  capable  of  producing  only  the  symmetric  modes  of  the  beam.  The  first  two 
modes  occur  at  79.0  Hz  and  427  Hz  and  are  the  only  modes  in  the  bandwidth  of  interest.  The 
ROM  for  the  IC  method  contains  only  these  two  modes.  Since  the  beam  is  flat,  there  is  no 
quadratic  coupling  expected  between  these  two  modes  so  only  cubic  nonlinear  terms  are 
included  in  the  model.  The  form  of  the  model  becomes 

qi  +2Qa>ipi  +cofqi  +A/(1 , 1,l)qi3+A  i(l,  1 ,2)q  3 q2+A  i(l ,2,2)q tq2'  +A  i(2,2,2)q23  =fi(t)  (109) 

q2  +2Q0J2P2  +ct>2~q2  +A20 , 1 ,  l)q  i3  +A2(1 , 1 ,2)q  f  q2+A2(l  ,2,2)q  iq2~  +A2(2,2,2)q23  =f2(t)  (1 10) 

The  amplitudes  for  the  load  cases  are  detennined  using  Equation  42.  The  desired  linear 
displacements,  wc,  are  referenced  to  the  center  of  the  beam,  and  are  twice  the  beam  thickness  for 
the  first  mode  and  a  tenth  of  the  thickness  for  the  second  mode.  There  are  no  triple  cubic  terms 
for  a  two  mode  model.  The  number  of  load  cases  determined  by  Equation  44  is  eight,  which  are 


load  set  A=  [ {a /, 0}, {0, 02}, {-a /, 0}, {0, -02}, 
{a1,a2},{-a1,a2},{a1,-a2},{-a1,-a2}]. 


(Ill) 


The  coefficients  can  be  estimated  from  the  original  unconstrained  approach.  The  size  of  the 
modal  data  matrix  for  this  example  is  eight  by  eight.  This  matrix  is  inverted  once,  and  used  for 
each  of  the  two  modes.  The  estimated  coefficients  are  given  in  Table  1. 

Note  that  the  coefficients  in  the  table  are  based  on  mass-normalized  mode  shapes.  The 
coefficients  can  also  be  estimated  from  the  constrained  approach.  The  constrained  coefficient 
dependencies  for  this  example  are  given  in  Equation  36.  There  are  five  independent  coefficients 
in  this  example,  and  the  data  matrix  is  16  by  five.  For  comparison,  the  estimated  coefficients  for 
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the  constrained  approach  are  also  given  in  Table  1.  The  coefficients  for  this  simple  example  are 
nearly  equal. 


Table  1.  Estimated  coefficients  for  the  clamped  beam  example 


Parameter 

Unconstrained 

Constrained 

Ai(l, 1,1) 

8.97  x  1012 

8.97  x  1012 

Ahl, 1,2) 

2.08  x  1013 

2.03  x  1013 

Ai(l, 2, 2) 

8.33  x  1013 

8.20  x  1013 

Ai(2,2,2) 

4.62  x  1013 

5.33  x  1013 

A2(l,l,l) 

6.98  x  1012 

6.98  x  1012 

A2(  1,1,2) 

8.20  x  1013 

8.20  x  1013 

A2(l,2,2) 

1.59  x  1014 

1.60  x  1014 

A2(2,2,2) 

3.48  x  1014 

3.46  x  1014 
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4.0  APPLICATIONS 


The  nonlinear  reduced-order  modeling  methods  developed  in  this  effort  were  applied  to  several 
example  structures  to  determine  their  accuracy  and  computational  efficiency.  In  addition,  a  few 
simple  numerical  examples  of  coupled  structural-acoustic  response  were  also  investigated.  The 
example  structures  included  two  straight  beams,  a  curved  beam,  a  rectangular  plate,  and  a  curved 
panel.  Full-order  finite  element  simulations  were  performed  on  each  example  and  experiments 
were  performed  on  all  of  the  example  structures  except  the  curved  beam  to  generate  response 
data  to  compare  with  ROM  predictions.  This  section  presents  detailed  descriptions  of  the 
example  structures,  nonlinear  ROM  development,  test  procedures  and  a  comparison  of  ROM 
predictions  with  full  order  simulations  and  experimental  data. 

4.1  The  9-Inch  Clamped-Clamped  Beam 

The  first  example  problem  studied  in  this  effort  was  a  straight  beam  with  clamped  ends.  This 
was  the  simplest  structure  that  exhibited  the  nonlinear  characteristics  present  in  sonic  fatigue. 
Nonlinear  ROM’s  were  generated  for  a  perfectly  clamped  beam  using  several  of  the  methods 
described  in  the  previous  sections.  Nonlinear  stiffness  coefficients  and  random  response  were 
computed.  A  steel  test  article  was  fabricated  and  tested  with  random  base  excitation  on  an 
electrodynamic  shaker.  Reduced-order  models  were  computed  for  the  experimental  model  with 
measured  boundary  stiffnesses.  Details  of  the  experiment,  ROM  development,  and  comparison 
of  results  are  presented  in  the  following  paragraphs.  This  work  was  originally  presented  in 
References  [15,  24,  39]. 

The  beam  used  in  the  example  problem  is  the  same  beam  as  in  the  example  in  Section  3.7.  The 
beam  was  free  from  preload  and  was  subjected  to  a  random  base  motion.  The  input  was 
Gaussian  with  a  flat,  band-limited  (0-500  Hz)  spectrum.  Root  mean  square  input  acceleration 
levels  of  0.5,  1,  2,  4  and  8  g’s  were  used  in  the  simulations.  The  input  spectrum  excited  the  first 
two  symmetric  bending  modes  of  the  beam.  These  two  modes  occurred  at  79.0  Hz  and  427  Hz 
in  the  linear  FEM.  Modal  damping  ratios  of  0.003  and  0.005  were  assumed  for  these  two  modes, 
respectively. 

4.1.1  Reduced-Order  Models 

Nonlinear  ROM’s  of  the  beam  with  perfectly  clamped  ends  were  generated  using  five  methods. 
The  first  method,  referred  to  as  the  bending  modes  method,  includes  only  bending  modes  in  the 
nonlinear  modal  model.  This  method  is  based  on  the  approach  described  in  [13]  and  uses  the 
enforced  displacement  procedure  to  evaluate  nonlinear  stiffness  coefficients.  The  second  method 
is  the  bending  and  membrane  modes  (BM)  method.  This  method  uses  bending  and  nonnal 
membrane  modes  to  compute  the  nonlinear  coefficients.  The  enforced  displacement  procedure  is 
again  used  to  compute  the  nonlinear  coefficients.  Generalized  condensation  is  then  used  to 
incorporate  the  membrane  modes  into  the  bending  equations  for  time  integration.  The  third 
method  is  the  companion  modes  method.  It  uses  pairs  of  bending  and  companion  membrane 
modes  in  the  basis  set.  The  enforced  displacement  procedure  is  used  to  compute  the  nonlinear 
coefficients.  Modal  condensation  is  then  used  to  express  each  companion  membrane  mode  in 
terms  of  its  bending  mode  twin.  This  is  the  method  reported  in  [24].  The  fourth  method  is 
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referred  to  as  the  physical  condensation  method.  It  is  the  method  of  Shi  and  Mei  [12].  The  fifth 
and  final  method  evaluated  was  the  IC  method.  This  method  uses  the  applied  loads  procedure  to 
evaluate  the  nonlinear  coefficients  and  thus  uses  only  bending  modes  in  the  modal  basis.  This  is 
the  method  described  in  References  [8,  9,  24]  and  discussed  in  detail  in  Section  3. 

A  2-D  FEM  with  20,  two-node  beam  elements  was  used  to  model  the  perfectly  clamped  beam. 
Only  half  of  the  beam  was  modeled,  using  symmetry,  since  the  inertial  loading  could  only  excite 
symmetric  bending  modes.  MSC.Nastran  was  used  to  compute  the  necessary  solutions  for  all  the 
methods  except  the  physical  condensation  method.  This  method  used  an  in-house  code 
implemented  in  MATLAB.  The  first  six  nonnal  membrane  modes  were  used  in  the  BM  method. 
These  modes  had  frequencies  of  22.3  kHz,  44.8  kHz,  67.6  kHz,  90.8  kHz,  1 14  kHz,  and  139 
kHz.  A  companion  membrane  mode  was  generated  for  each  of  the  two  bending  modes  in  the 
companion  modes  method. 

The  candidate  methods  were  first  used  to  form  one-mode  ROM's.  The  first  bending  mode  was 
used  in  the  models  since  it  dominates  the  response  of  the  beam  to  base  excitation.  A  one-mode 
model  was  used  so  that  nonlinear  stiffness  coefficients  could  be  compared  to  published  analytical 
results  [40],  However,  the  one-mode  models  were  not  as  accurate  in  predicting  response  as  the 
two-mode  models  discussed  later.  The  companion  membrane  mode  or  normal  membrane  modes 
were  condensed  into  the  one-mode  model  according  to  the  particular  method. 

A  one-mode  version  of  the  nonlinear  modal  model  expressed  in  Equation  8  is  given  by 

qi  +2£1co,q1  +a>fqi  +AI(l,l,l)q13  =  y/iT  f(t)  (112) 

This  model  can  be  converted  to  an  equivalent  model  in  physical  coordinates  using  the  mode 
shape.  This  is  done  to  compare  the  models  obtained  from  the  candidate  methods  to  the  one 
derived  from  the  literature.  By  selecting  the  out-of-plane  displacement  at  the  center  of  the  beam, 
wc,  as  the  physical  coordinate  of  interest,  the  model  becomes 

wc  +2£1a>i  wc  +coi2wc  +  Ai(l,l,l)  wc3  =  y/lc  y/iT f(t)  (113) 

where  i///c  denotes  the  row  entry  of  the  first  mode  shape  vector  that  corresponds  to  the  center 
DOF.  The  cubic  coefficient  is  expressed  in  physical  units  and  is  denoted  as  A1  (1,1,1). 

An  analytical  value  for  the  cubic  nonlinear  coefficient  was  determined  by  curve  fitting  data 
found  in  [40]  for  frequency  ratios  at  several  amplitude  ratios.  The  curve  fit  procedure  found  in 
[41]  was  used  to  estimate  the  coefficient  from  an  approximation  to  the  nonlinear  backbone  curve. 
The  resulting  expression  for  the  cubic  coefficient  is 

2 

Al(l,l,l)  =  (0.0585)  %  (114) 

where  r  is  the  radius  of  gyration  and  (Oi  is  the  first  linear  natural  frequency.  The  cubic 
coefficient  was  detennined  and  is  presented  in  Table  2. 

The  cubic  coefficients  for  a  one-mode  model  computed  with  the  five  nonlinear  modal  methods 
are  presented  in  Table  2  in  physical  units.  The  analytical  value  from  Reference  [40]  is  included 
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for  comparison.  All  the  methods  except  the  bending  modes  method  produce  cubic  coefficients 
that  agree  well  with  the  analytical  value.  The  cubic  coefficient  from  the  bending  modes  method 
is  50%  higher  than  the  analytical  value.  That  is,  all  the  methods,  except  the  bending  modes 
methods,  have  softened  the  cubic  coefficient.  The  impact  of  the  difference  in  cubic  coefficients 
on  the  RMS  displacement  at  the  center  of  the  beam  is  also  shown  in  Table  2.  The  loading  was  a 
zero-mean,  normal,  8g  RMS,  0-500  Hz  band-limited,  base  motion  input.  All  the  methods  except 
for  the  bending  modes  method  yielded  values  of  0.047  or  0.048  in.  The  value  from  the  bending 
modes  method  was  somewhat  lower  at  0.044  in. 

Table  2.  Nonlinear  coefficients  for  single  mode  nonlinear  ROM’s 


A1  (1,1,1) 

displacement* 

Method 

(mV2) 

(in) 

analytical 

1.80T08 

— 

bending  modes 

2.70-108 

0.044 

bending  and  membrane  modes 

1.84-108 

0.048 

companion  modes 

1.84-108 

0.048 

physical  condensation 

1 .83  •  10s 

0.047 

implicit  condensation 

1.79-1 08 

0.047 

*  -  RMS  displacement  of  the  center  of  the  beam  for  a  simulated  8g,  0-500  Hz  random  load. 


The  power  spectral  densities  of  beam  center  displacement  were  estimated  for  each  of  the 
methods.  The  PSD’s  for  the  IC  and  the  bending  modes  method  are  shown  in  Figure  6.  The  PSD 
of  the  predicted  response  for  the  other  three  methods  are  essentially  the  same  as  that  for  the  IC 
method  and  are  omitted  from  the  figure  for  clarity.  The  results  shown  in  Table  2  and  Figure  6 
show  that  the  higher  value  for  the  cubic  coefficient  obtained  when  the  membrane  stretching  is 
neglected  (the  bending  modes  method)  results  in:  1)  a  lower  RMS  value,  2)  a  lower  peak  in  the 
PSD  of  the  response,  3)  a  peak  that  is  shifted  higher  in  frequency,  and  4)  a  broader  peak. 

Traditionally,  a  single-mode  model  is  thought  to  be  adequate  to  model  the  response  of  most 
stiffened-skin  aircraft  structures  since  they  are  assumed  to  respond  predominantly  in  their  first 
mode.  However,  a  multi-mode  nonlinear  model  has  terms  that  couple  the  first  mode  to  higher 
modes  in  the  model.  In  the  clamped-clamped  beam  example  problem,  nonlinear  coupling  terms 
can  cause  response  in  the  second  mode  to  affect  the  first  mode  and  vice  versa.  It  is  shown  here 
that  the  nonlinear  coupling  terms  in  a  two-mode  model  will  affect  the  response  in  the  first  mode. 
It  will  also  be  shown  that  the  way  in  which  the  membrane  stretching  is  modeled  affects  the 
magnitude  of  the  coupling  terms  and  thus  affects  the  predicted  response. 

A  two-mode  nonlinear  ROM  has  the  form 

qi  +2Qco1q1  +cofq ;  +A1(l,l,l)q13+A1(l,l,2)q12q2+A1(l,2,2)q1q22+A1(2,2,2)q2  =fi(t)  (115) 

q2  +2£2co2q2  +co22q2  +A2(J,  1,  l)q,3+A2(I,  1 ,2jq r?q2+A2(1 ,2,2)q ,q22+A2(2,2,2)q/  =f2(t)  (116) 

where/i  and  f2  are  modal  force  components.  Note  that  there  are  no  quadratic  nonlinear  terms 
since  they  have  been  condensed  into  the  cubic  tenns.  The  modal  equations  are  transformed  to 
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physical  coordinates  by  selecting  the  out-of-plane  displacement  at  the  center  of  the  beam  as  the 
coordinate  of  interest.  The  two-mode  nonlinear  coefficients  for  the  five  modeling  methods  were 
computed  and  converted  to  physical  units.  The  coefficients  are  listed  in  Table  3. 


Figure  6.  The  PSD  of  the  response  of  the  center  of  the  beam  due  to  an  8g,  0-500  Hz  base 

excitation  using  one-mode  models. 


Table  3.  Nonlinear  coefficients  from  the  two-mode  models. 


Coefficient* 

(in'Y2) 

bending 

modes 

bending  & 
membrane 
modes 

Method: 

companion 

modes 

physical 

condensation 

implicit 

condensation 

A1  (1,1,1) 

2.70-108 

1.84-108 

1.84-108 

1.83- 108 

1.82-  10s 

Al(l,l,2) 

6.41  TO8 

4.92- 108 

6.41- 108 

4.90- 108 

4.79- 108 

A1  (1,2,2) 

5.56T09 

2.17-109 

5.56-109 

2.17- 109 

2.16- 109 

Al(2,2,2) 

4.31  109 

1.68-109 

4.31-109 

1.68- 109 

1.36- 109 

A2  (1,1,1) 

1.6810s 

1.29-  10s 

1.68-  10s 

1.23-  10s 

1.26-  10s 

A2(l,l,2) 

4.36-109 

1.70- 109 

4.36-109 

1.63- 109 

1.67-109 

A2(l,2,2) 

1.011010 

3.94T09 

1.01  - 1010 

3.79- 109 

3.66- 109 

A2(2,2,2) 

2.44T010 

1.50- 1010 

1.50- 1010 

1 .45  - 1 0 10 

9.03-109 

*-  the  coefficients  are  from  nonlinear  modal  models  written  in  physical  coordinates 
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Th q  A i(  1,1,1)  coefficient  for  the  bending  modes  method,  shown  in  Table  3,  is  still  50%  larger 

than  the  coefficients  from  the  other  methods.  The  A /( 1 ,1 ,1)  coefficients  for  the  two¬ 

mode  models  all  agree  with  the  corresponding  one-mode  cubic  terms  in  Table  2.  The 
coefficients  for  the  companion  modes  method  are  identical  to  those  from  the  bending  modes 
method  except  for  two  values.  Simple  condensation  restricted  the  condensation  of  the 
companion  membrane  modes  from  affecting  the  cross  coupling  terms.  Thus  only  the  primary 

cubic  terms,  Ai(l,l,l)  and  A2(2, 2, 2),  were  softened  by  the  companion  membrane  modes.  All  the 
coefficients  of  the  BM  modes  method  were  affected  by  general  condensation.  Before 
condensation  of  the  membrane  modes,  the  nonlinear  coefficients  of  the  bending  modes  in  the 
BM  method  are  exactly  the  same  as  those  from  the  bending  modes  method.  After  condensation, 
all  of  the  coefficients  are  different  from  the  bending  modes  method.  Only  the  primary  cubic 

tenns,  Ai(l,l,l)  and  A 2(2, 2,2),  from  the  BM  method  agree  with  the  companion  modes  method. 
Thus,  the  softening  of  the  primary  nonlinear  tenns  is  the  same  for  the  two  methods.  The 
coefficients  from  the  physical  condensation,  IC,  and  the  BM  methods  are  all  very  similar.  These 
three  methods  use  very  different  means  of  modeling  the  membrane  stretching  and  very  different 
means  of  extracting  the  nonlinear  coefficients.  Yet,  the  coefficients  from  the  physical 
condensation  method  vary  only  slightly  from  the  coefficients  from  the  BM  method.  The 

coefficients  from  the  IC  method  vary  a  bit  more;  only  the  A2(2,2,2)  term  is  significantly  different 
from  the  other  two  methods. 

Simulations  were  run  using  the  two-mode  models.  Response  was  calculated  for  the  same  input 
as  the  single-mode  model  (a  zero-mean,  normal,  8g  RMS,  0-500  Hz  band-limited,  base  motion 
input).  The  PSD  of  the  beam  center  displacement  is  shown  in  Figure  7  for  the  IC,  companion 
modes,  and  bending  modes  methods.  The  PSD’s  from  the  physical  condensation  method  and  the 
BM  method  are  omitted  from  the  figure  since  they  are  essentially  the  same  as  the  PSD  plot  from 
the  IC  method,  as  one  would  expect  from  the  similarity  of  their  model  coefficients.  The  PSD’s 
for  the  bending  modes  method  and  companion  modes  method  are  very  similar  to  their  respective 
single-mode  PSD  plots  shown  in  Figure  6  with  variations  occurring  only  at  the  higher 
frequencies.  Thus,  the  two-mode  models  for  the  bending  modes  method  and  companion  modes 
methods  simply  added  response  for  the  second  mode  when  compared  to  the  one-mode  models. 
Little  coupling  between  the  two  modes  occurs  with  these  models.  However,  with  the  IC, 
physical  condensation,  and  the  BM  methods,  coupling  between  the  two  modes  did  occur.  The 
PSD  from  the  IC  method  is  significantly  different  from  the  PSD’s  of  the  bending  modes  method 
and  the  companion  modes  method.  The  first-mode  peak  is  significantly  narrower  and  the 
amplitude  of  the  second  mode  is  raised  in  the  PSD  for  the  IC  method.  This  indicates  that 
vibration  energy  from  the  first  mode  has  been  transferred  to  the  second  mode. 

The  RMS  displacements  for  the  8g  load  case  simulations  are  given  in  Table  4.  The  only  value 
that  is  significantly  different  from  the  others  is  the  value  for  the  companion  modes  method.  The 
close  agreement  between  the  RMS  values  for  the  bending  modes  method  and  the  other  methods 
masks  the  fact  that  their  PSD’s  are  significantly  different.  RMS  displacements  for  simulations 
with  2g  loading  are  also  listed  in  Table  4.  At  this  reduced  input  level  the  RMS  displacements  for 
each  of  the  methods  are  now  nearly  equal.  Figure  8  shows  the  PSD’s  for  the  2g  simulation  cases. 
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Note  that,  again,  the  PSD’s  for  the  physical  condensation  method  and  the  BM  method  agree 
closely  with  the  IC  method  and  are  not  shown  for  the  sake  of  clarity.  Differences  in  the  PSD 
plots  can  be  seen,  but  they  are  much  smaller  than  for  the  8g  load  case. 


Figure  7.  The  PSD  of  the  response  of  the  center  of  the  beam  due  to  an  8g,  0-500  Hz  base 

excitation  using  two-mode  models. 


Table  4.  The  RMS  displacement  of  the  center  of  the  beam  from  simulations. 


Case 

bending 

modes 

(in) 

bending  & 
membrane 
modes 
(in) 

Method: 

companion 

modes 

(in) 

physical 

condensation 

(in) 

implicit 

condensation 

(in) 

8g  loading 
(Ci=0.3%,  ^2=0.5%) 

0.043 

0.043 

0.046 

0.042 

0.042 

2g  loading 
(Ci=0.3%,  ^2=0.5%) 

0.019 

0.020 

0.020 

0.020 

0.020 

8g  loading 
(?,=!%,  &=!%) 

0.031 

0.033 

0.032 

0.033 

0.032 
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Figure  8.  The  PSD  of  the  response  of  the  center  of  the  beam  due  to  a  2g,  0-500  Hz  base 

excitation  using  two-mode  models. 

RMS  displacements  for  simulations  with  8g  loading  and  modal  damping  ratios  for  both  modes 
increased  to  0.01  are  also  listed  in  Table  4.  The  increased  damping  has  reduced  the  RMS 
displacements  compared  to  the  nominal  damping  case.  In  addition,  the  value  for  the  companion 
modes  method  is  nearly  equal  to  the  values  for  the  other  methods.  The  PSD’s  for  the  models 
with  increased  damping  are  shown  in  Figure  9.  The  added  damping  has  reduced  the  differences 
among  the  curves. 

4.1.2  Experiment  Design 

The  clamped  beam  experiment  described  here  was  designed  with  several  requirements  in  mind. 
First,  the  beam  must  have  two  symmetric  bending  mode  natural  frequencies  in  the  range  of  50- 
500  Hz.  The  test  fixture  should  be  rigid  compared  to  the  beam,  have  a  coefficient  of  thennal 
expansion  as  close  to  that  of  the  beam  as  possible,  and  allow  a  simple  procedure  to  introduce 
axial  preload  into  the  beam.  The  excitation  method  must  be  capable  of  applying  distributed 
loads  without  otherwise  affecting  beam  mass,  stiffness,  or  damping.  The  response  measurement 
system  must  be  capable  of  measuring  displacement  and  strain  at  the  beam  mid-span,  again 
without  significantly  affecting  beam  response. 
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Frequency,  Hz 

Figure  9.  The  PSD  of  the  response  of  the  center  of  the  beam  due  to  an  8g,  0-500  Hz  base 
excitation  using  two-mode  models.  The  damping  for  the  two  modes  is  increased  to  1%  of 

critical  for  this  plot. 

The  testing  was  conducted  utilizing  high-carbon,  spring-steel  beams  in  a  clamped-clamped 
configuration.  The  beams  were  12-in-long  precision-machined  feeler  gages,  with  an  effective 
length  of  9.0  in,  a  nominal  width  of  0.5  in,  and  a  nominal  thickness  of  0.03 1  in.  The  high-carbon 
steel  material  had  a  Young’s  modulus  of  29.7  Mpsi  and  a  mass  density  of  7.36 ■  1 0"4  lb-s2/in4. 

The  fixture  was  machined  from  A3  6  hot-rolled  steel,  with  a  configuration  similar  to  that  used  in 
Yamaki  and  Mora  [42].  The  beam  and  fixture  are  displayed  in  Figure  10.  The  specimens  were 
clamped  into  the  fixture  using  0.5  in-thick  end  caps  covering  a  1.5  in  length  of  each  beam  end. 
Clamping  force  was  applied  to  the  beam  via  two  bolts  at  each  end  tightened  to  70  in-lb.  A  0.025 
in-deep  groove  was  machined  into  the  mating  surface  of  the  fixture  in  order  to  ensure  proper 
beam  alignment  in  the  axial  direction.  A  thin  layer  of  cyanoacrylate  glue  was  applied  between 
the  beam  and  the  mating  surface  of  the  fixture  to  increase  the  rigidity  of  the  clamp.  Axial 
preload  could  be  added  to  the  beam  by  heating  or  cooling  the  beam  relative  to  the  fixture  before 
clamping. 

The  beam  and  fixture  were  designed  for  base  excitation  on  a  large  electrodynamic  shaker.  Base 
excitation  provided  distributed  inertial  loads  to  the  beam  without  the  need  to  attach  an  exciter 
directly  to  the  beam.  A  1200  lb  shaker  was  used  in  this  effort.  A  closed-loop  shaker  controller 
was  used  with  an  accelerometer  on  the  shaker  head  to  maintain  the  desired  RMS  input  level  and 
spectrum  shape  during  testing.  The  shaker  was  oriented  horizontally  so  that  the  beam  was 
positioned  in  a  vertical  plane  to  minimize  lateral  loading  due  to  gravity. 
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Figure  10.  Beam  specimen  and  fixture  mounted  on  the  electrodynamic  shaker. 

Mechanical  strains  at  the  mid-span  of  one  beam  specimen  were  measured  with  a  pair  of  resistive 
strain  gages  thermally  matched  to  the  beam.  The  gages  were  bonded  on  the  top  and  bottom 
surfaces  of  the  beam  in  a  ‘back-to-back’  symmetric  configuration,  oriented  in  the  axial  direction. 
This  configuration  was  used  in  order  to  distinguish  between  total,  bending  and  membrane  strain. 
A  miniature  differential  variable  reluctance  transducer  (DVRT)  with  signal  conditioner  and 
power  supply  was  selected  to  measure  the  dynamic  displacement  of  the  beam.  The  DVRT 
incorporates  a  plunger  rod,  which  slides  inside  a  core  housing  generating  a  voltage  proportional 
to  relative  displacement  between  the  plunger  and  core.  The  DVRT  had  an  overall  stroke  of  0.35 
in,  a  sensitivity  of  13.5  mV/0.001  in,  and  a  resolution  of  1.8- 10'4  in.  In  addition,  the  DVRT 
plunger  had  a  mass  of  only  25  mg,  which  was  negligible  compared  to  the  mass  of  the  beam.  The 
DVRT  housing  was  mounted  in  the  fixture,  aligned  perpendicular  to  the  surface  of  the  beam, 
while  the  0.020-in  diameter  DVRT  plunger  was  attached  to  the  beam  at  its  mid-span  with  a  small 
drop  of  epoxy.  The  DVRT  plunger,  attached  to  the  specimen  mid-span,  can  be  seen  in  Figure 
10.  Due  to  temperature  variations  expected  during  testing,  small  thermocouples  were  welded  to 
both  the  fixture  and  each  beam  approximately  0.5  in  from  one  end.  Of  particular  concern  were 
the  transient  thermal  effects  resulting  from  differences  in  the  thermal  mass  of  the  beam  and 
fixture.  Signals  from  the  shaker  table  accelerometer,  the  DVRT,  and  the  strain  gages  were 
monitored  and  recorded  with  a  multi-channel  digital  data  acquisition  system.  The  thermocouple 
readings  were  monitored  throughout  the  test  sequence  to  insure  no  significant  temperature 
variations  occurred. 

4.1.3  Characterization  Testing 

An  initial  series  of  tests  was  performed  with  several  clamped-clamped  and  cantilevered  beams  in 
the  test  fixture  to  verify  material  properties,  determine  actual  boundary  conditions,  investigate 
the  effect  of  axial  preload  on  linear  natural  frequencies,  and  characterize  the  cubic  nonlinear 
stiffness  coefficient.  The  accuracy  of  the  nominal  material  property  values  was  verified  by  test 
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and  FE  analysis  of  4-inch  and  5-inch  cantilever  beams  bolted  into  one  end  of  the  test  fixture.  It 
was  determined  that  the  small  differences  (<  2%)  between  measured  and  predicted  first  mode 
bending  frequencies  were  due  to  rotational  stiffness  of  the  fixture  rather  than  differences  between 
nominal  and  actual  Young’s  modulus  and  density  values  for  the  steel  beam  material. 

Tests  and  linear  analyses  were  perfonned  to  determine  the  actual  boundary  conditions  provided 
by  the  fixture.  Approaching  the  classical  boundary  conditions  for  a  clamped-clamped  beam 
requires  a  very  stiff  fixture.  This  is  especially  true  in  the  axial  direction  where  forces  from  mid¬ 
plane  stretching  due  to  large  displacements  can  be  very  high.  The  fixture  stiffness  in  the  axial 
direction  was  determined  from  measured  axial  mode  frequencies  of  a  clamped-clamped  beam 
and  predicted  frequencies  from  a  FEM.  The  first  two  axial  natural  frequencies  were  measured 
using  a  pair  of  small  piezoelectric  strain  actuators,  one  on  each  side  of  the  beam  near  one  end,  for 
excitation.  A  MSC.Nastran  model  of  the  beam  was  generated  with  linear  springs  connecting  the 
axial  degree  of  freedom  (DOF)  at  each  end  node  to  ground.  The  measured  frequencies  were  then 
used  to  tune  the  stiffness  coefficient,  Kx,  of  the  linear  spring  so  that  the  model  produced  the 
measured  frequencies.  A  value  of  2- 106  lb/in  resulted.  The  accuracy  of  this  value  was  verified 
by  static  analysis  of  a  detailed  MSC.Nastran  model  of  the  fixture.  The  rotational  stiffness  at  the 
beam  root,  Kt,  was  determined  from  measured  cantilever  beam  frequencies  and  a  MSC.Nastran 
model  with  rotational  springs  at  the  ends  by  the  same  approach  used  for  axial  stiffness.  A  value 
of  1000  in-lb/radian  resulted.  A  value  of  3  •  106  lb/in  was  determined  for  the  out-of-plane 
boundary  stiffness,  Ky,  from  static  analysis  of  the  detailed  fixture  model.  The  boundary  stiffness 
values  determined  for  the  test  fixture  are  listed  in  Figure  1 1  along  with  beam  dimensions  and 
material  properties. 


Length  =  9  in 

E  =  29.7  Mpsi 

Kx  =  2- 106  lb/in 

Width  =  0.5  in 

G=  11.6  Mpsi 

Ky=  3  TO6  lb/in 

Thickness=0.031  in 

p  =  7.36- 10"4  lb-s2/in4 

K,  =  1000  in-lb/radian 

Figure  11.  Idealized  model  of  the  beam  with  estimated  boundary  springs. 

The  linear  frequency  of  a  clamped-clamped  beam  will  change  due  to  thermal  or  mechanical 
preloading.  Some  amount  of  preloading  is  unavoidable  given  the  fixture  design.  Since  the 
preload  could  not  be  directly  measured,  the  effects  of  the  preload  were  measured  as  changes  in 
the  linear  first  mode  frequency  of  the  beam.  The  linear  frequency  can  be  estimated  using  a 
variation  of  a  procedure  proposed  by  Schudt  [41].  The  beam  is  assumed  to  vibrate  as  a  single 
degree  of  freedom  (SDOF)  system  with  a  cubic  nonlinearity.  The  SDOF  assumption  is  valid  at 
displacement  amplitudes  up  to  the  beam  thickness.  The  equation  of  motion  is  the  well  known 
Duffing  equation  with  a  cubic  hardening  spring  and  viscous  damping.  An  approximation  to  the 
frequency  backbone  curve  for  the  Duffing  equation  is  given  in  [41]  as 
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(117) 


Q2  =  co2  +^pA2 

where  a>o  is  the  linear  natural  frequency  of  oscillation,  Q  is  the  nonlinear  natural  frequency  of 
oscillation,  A  is  the  displacement  amplitude,  and  /?  is  the  cubic  stiffness  coefficient.  Points  on 
the  backbone  curve  can  be  obtained  experimentally  as  jump-down  frequency  and  amplitude  pairs 
obtained  from  sinusoidal  excitation  tests  [41].  The  backbone  curve  is  a  straight  line  when  plotted 
as  fl  versus  A2.  The  linear  natural  frequency,  a>n,  is  estimated  from  the  y-intercept  of  the 
straight  line. 

The  backbone  curve  can  also  be  obtained  from  free  response  data  [43].  A  free-response  test  is 
considerably  shorter  in  duration  than  hannonic  tests,  which  minimizes  the  temperature  variations 
during  testing.  In  a  typical  test,  the  beam  is  initially  deflected  near  its  mid-span  and  allowed  to 
vibrate,  decaying  freely.  Temporal  frequencies  and  amplitudes  are  estimated  using  a  variant  of  a 
method  proposed  by  Agneni  and  Balis  Crema  [44].  Here,  the  time  record  of  displacement  is 
converted  to  an  analytic  function  via  the  Hilbert  transform.  Small  segments  of  the  analytic 
function  are  analyzed  locally  as  linear  oscillation.  The  amplitude  and  frequency  of  each  small 
segment  are  estimated  and  plotted  as  a  point  on  the  backbone  curve.  Once  the  backbone  curve  is 
estimated,  the  procedure  proposed  by  [41]  is  used  to  extract  the  linear  frequency. 

The  primary  goal  of  the  free-response  test  was  to  estimate  the  linear  frequency,  but  two  other 
useful  estimates  can  be  extracted.  An  average  linear  viscous  damping  value  can  also  be  obtained 
from  free  decay  via  the  Hilbert  transform  [44]  and  the  cubic  stiffness  coefficient,  (3,  can  be 
extracted  from  the  slope  of  the  Q  versus  A“  plot.  The  estimated  cubic  stiffness  coefficient  is 
useful  in  comparisons  to  theoretical  and  analytical  models. 

There  are  many  assumptions  and  approximations  used  in  the  linear  frequency  estimation 
procedure.  The  free  response  is  assumed  to  be  a  single  mode  with  viscous  damping  and  only 
cubic  displacement  nonlinearity.  The  backbone  curve  relationship  for  the  assumed  Duffing 
equation  is  a  small  displacement  approximation.  The  conversion  of  the  free  response  signal  to  an 
analytic  signal  via  the  Hilbert  transform  is  a  numerical  approximation.  The  segmentation 
analysis  of  the  data  approximates  the  data  as  linear  response  over  a  short  time  period.  The 
estimation  procedure  was  tested  using  simulated  data  with  added  noise  and  perfonned  well,  but 
real  data  may  have  processes  and  occurrences  that  can  not  be  simulated  or  anticipated. 

4.1.4  Random  Response  Testing 

Three  beam  configurations  were  tested  in  the  study.  Case  A  was  a  beam  without  strain  gages 
and  had  no  intentional  axial  preload.  For  Case  B,  a  second  beam  with  strain  gages  was  tested, 
and  again,  there  was  no  intentional  preload.  Case  C  was  the  same  beam  with  strain  gages  used  in 
Case  B,  but  with  a  thermally  induced  tensile  preload.  The  preload  was  applied  by  heating  the 
beam  with  a  heat  gun  until  the  temperature  of  the  beam  was  approximately  10  °F  higher  than  the 
temperature  of  the  fixture.  The  beam  was  then  bolted  into  the  fixture  as  quickly  as  possible. 
Tensile  preload  developed  in  the  beam  as  it  cooled  to  an  equilibrium  temperature.  The  precise 
temperature  difference  between  the  beam  and  fixture  was  not  measured.  Beams  with  and 
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without  strain  gages  attached  were  tested  in  order  to  see  the  effects  of  the  gages  and  wiring  on 
the  dynamic  response.  For  all  configurations,  the  DVRT  was  attached  to  the  beam  mid-span  in 
order  to  record  the  dynamic  displacement. 

The  intent  of  the  random  vibration  portion  of  the  testing  was  to  record  random  displacement  for 
all  beam  configurations  and  to  also  record  strain  signals  for  Cases  B  and  C.  Five  inertial  load 
cases  with  nominal  RMS  shaker  table  accelerations  of  0.5,  1,  2,  4,  and  8  g’s  RMS  were 
performed  for  each  beam  configuration.  Actual  RMS  input  levels  varied  slightly  from  the 
nominal  values  due  to  limitations  of  the  shaker  controller.  A  flat  input  spectrum  with  band  limits 
of  20-500  Hz  was  utilized  for  Cases  A  and  B.  For  Case  C,  the  spectrum  was  extended  to  20-800 
Hz,  but  with  the  same  RMS  levels.  The  upper  frequency  limit  for  Case  C  was  raised  to  800  Hz 
in  order  to  capture  the  increased  third  bending  mode  frequency  resulting  from  the  tensile  preload. 

The  beams  were  extremely  sensitive  to  changes  in  temperature  relative  to  the  fixture.  Changes  in 
relative  temperature  manifested  themselves  as  changes  in  axial  preload  which  directly  affected 
linear  natural  frequencies.  So,  the  previously  described  free-response  test  was  accomplished 
before  and  after  each  random  load  case  to  measure  any  change  in  the  first  mode  frequency  and 
thus  any  change  in  preload.  Parameters  of  a  Duffing  equation  were  estimated  from  frequency 
backbone  curves  computed  from  the  free-response  tests.  The  backbone  curve  should  be  a 
straight  line  when  plotting  the  square  of  the  nonlinear  frequency  versus  the  square  of  the 
amplitude.  Figure  12  shows  results  for  a  typical  free-response  test.  The  data  do  indeed  form  a 
straight  line. 


Figure  12.  Frequency  and  amplitude  estimates  for  a  set  of  free  response  data  from  Case  A 
(circles)  and  a  linear  curve  fit  through  the  estimates  (solid). 

Estimated  parameters  from  the  free-response  tests  are  given  in  Table  5.  The  theoretical 
frequencies  for  an  ideal  clamped-clamped  beam,  with  material  properties  given  in  Figure  11,  are 
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79.0  and  427.2  Hz  for  the  first  and  third  bending  modes,  respectively.  The  analytical  frequencies 
from  a  MSC.Nastran  finite-element  model  for  a  beam  with  the  boundary  conditions  defined  in 
Figure  1 1  are  77.7  and  420. 1  Hz.  Therefore,  results  in  Table  5  show  that  Case  A  is  slightly  pre¬ 
tensioned,  Case  B  is  nominally  unloaded,  and  Case  C  is  significantly  pre -tensioned.  There  are 
small  variations  in  fundamental  frequencies  in  each  case,  indicating  small  excursions  in 
temperature  during  the  random  tests.  The  added  mass  of  strain  gages  and  wiring  on  the  beams  in 
Cases  B  and  C  probably  had  some  small  effect  on  natural  frequencies.  However,  the  effect  could 
not  be  separated  from  the  effect  of  tensile  preload  which  could  not  be  directly  measured.  The 
frequency  of  the  third  bending  mode  could  not  be  determined  from  the  free  response  tests.  A 
single  frequency  response  function  was  experimentally  measured  for  each  case  using  a  calibrated 
hammer  test.  The  first  and  third  mode  frequencies  and  damping  ratios  were  estimated  from  these 
tests  and  are  listed  in  Table  5. 


Table  5.  Estimated  parameters  from  free  response  and  hammer  tests. 


Case  A 

Case  B 

CaseC 

Natural  frequency  for  1st  bending  mode  (Hz) 

lowest  from  free  response  tests 

90.9 

77.0 

147.0 

highest  from  free  response  tests 

92.2 

78.6 

150.8 

mean  from  free  response  test 

91.5 

77.7 

149.1 

estimate  from  hammer  tests 

92.1 

77.7 

151.2 

Damning  ratio  (O  for  1st  bending  mode 

lowest  from  free  response  tests 

0.0011 

0.0021 

0.0006 

highest  from  free  response  tests 

0.0014 

0.0025 

0.0008 

mean  from  free  response  test 

0.0012 

0.0023 

0.0007 

estimate  from  hammer  tests 

0.003 

0.004 

0.002 

Cubic  coefficients  for  1st  bending  mode  (in"2s 

f) 

lowest  from  free  response  tests 

1.59-  10s 

1.37- 108 

1.41  •  10* 

highest  from  free  response  tests 

1.65-  10s 

1.47-  10  s 

1.51-10* 

mean  from  free  response  test 

1.62- 108 

1.43-  10  s 

1.48-10* 

Natural  frequency  for  3rd  bending  mode  (Hz) 

estimate  from  hammer  tests 

440.8 

414.1 

561.9 

Damning  ratio  (O  for  3  rd  bending  mode 

estimate  from  hammer  tests 

0.001 

0.005 

0.004 

Modal  damping  ratio  estimates  from  free-response  and  hammer  tests  are  shown  in  Table  5  for 
the  three  test  cases.  The  value  estimated  from  the  hammer  test  was  roughly  twice  the  mean  value 
from  the  free-response  tests  for  each  case.  Variations  also  occurred  among  the  test  cases.  Case 
B  had  the  highest  values  while  Case  C  had  the  lowest.  It  is  not  clear  why  Case  B  had  the  highest 
damping  ratios  or  why  Case  C  had  the  lowest.  Strain  gages  wires  used  in  Cases  B  and  C  could 
increase  modal  damping  compared  to  Case  A,  but  Case  C  had  lower  damping  values  than  Case 
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A.  All  the  measured  damping  ratios  are  very  low  for  typical  aerospace  structures  subject  to  sonic 
fatigue.  Therefore,  variations  in  damping  ratios  on  the  order  of  those  in  Table  5  can  have  a 
significant  effect  on  response  predictions. 

Cubic  stiffness  coefficients  were  extracted  from  the  free-response  test  results  and  are  given  in 
Table  5.  These  can  be  compared  to  analytical  and  theoretical  estimates  to  determine  how  well 
the  experiments  agree  with  models.  The  theoretical  cubic  stiffness  coefficient  for  a  clamped- 
clamped  beam  was  determined  using  the  theoretical  first  natural  frequency  for  an  unloaded 
beam,  the  nonlinear  frequency  ratios  and  amplitudes  given  by  Singh  [40],  and  Equation  1 17. 

The  resulting  value  was  1.80- 108  in"2s'2.  A  value  for  the  cubic  coefficient  of  the  beam  model 
with  realistic  boundary  conditions  shown  in  Figure  7  was  estimated  using  the  IC  method  [8,  9, 
24].  The  estimate  was  1.67  -  10s  in'2s'2.  The  cubic  coefficient  is  not  a  function  of  preload  so  the 
values  from  the  three  test  cases  can  be  directly  compared  to  the  analytical  estimate.  The  value 
for  Case  A,  the  beam  without  strain  gages,  is  almost  identical  to  the  predicted  value.  Values  for 
Cases  B  and  C  are  slightly  different  from  the  prediction.  Un-modeled  mass  of  strain  gages  and 
lead  wires  may  be  the  cause  of  this  discrepancy. 

Table  6  lists  measured  values  of  RMS  displacement  for  all  three  cases  and  strain  for  Cases  B 
and  C.  The  results  of  the  random  tests  are  given  in  PSD  form  in  Figures  13-18.  The  nominal 
excitation  levels  are  labeled  in  the  figures.  Results  for  the  nominally  8g  case  appear  in  the  table 
but  are  omitted  in  the  figures.  Also  note  that  a  140  Hz  peak  appears  in  most  of  the  PSD  figures 
for  the  0.5g  excitation  level.  This  resonance  resulted  from  the  shaker’s  power  amplifier.  It  is 
less  noticeable  at  the  higher  excitation  levels.  This  resonance  had  little  effect  on  the  RMS  values 
and  was  ignored. 


Table  6.  RMS  displacements  and  strains  from  the  random  tests 


CASE  A  (excitation  bandlimits:  20  -  500  Hz) 
Excitation  (g)  0.49 

Mid-span  displacement  (in)  0.006 

CASE  B  (excitation  bandlimits:  20  -  500  Hz) 
Excitation  (g)  0.49 

Mid-span  displacement  (in)  0.007 

Surface  strain  at  mid-span  (ps)  25 

CASE  C  (excitation  bandlimits:  20  -  800  Hz) 
Excitation  (g)  0.50 

Mid-span  displacement  (in)  0.003 

Surface  strain  at  mid-span  (ps)  10 


0.99 

1.98 

3.93 

7.85 

0.012 

0.020 

0.033 

0.045 

0.99 

1.97 

3.91 

7.85 

0.011 

0.019 

0.031 

0.043 

40 

68 

109 

161 

1.00 

2.00 

3.95 

7.98 

0.007 

0.013 

0.022 

0.034 

22 

39 

69 

115 
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Figure  13.  Displacement  at  the  beam  mid-span  for  Case  A. 


Figure  14.  Displacement  at  the  beam  mid-span  for  Case  B. 
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Figure  15.  Surface  strain  at  the  mid-span  of  the  beam  for  Case  B. 


Figure  16.  Displacement  at  the  mid-span  of  the  beam  for  Case  B  (solid)  and  for  Case  A 
(dashed)  with  a  frequency  shift  of-13.8  Hz. 
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Figure  17.  Displacement  at  the  mid-span  of  the  beam  for  Case  C. 


Figure  18.  Surface  strain  at  the  mid-span  of  the  beam  for  Case  C 


The  displacement  PSD  plots  show  frequency  shifting  and  peak  broadening  with  increasing 
excitation  levels.  This  is  a  characteristic  of  randomly  excited  systems  with  cubic  nonlinearity. 
The  characteristic  trait  is  much  less  pronounced  in  the  displacement  PSD  for  Case  C,  Figure  17. 
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The  beam  in  Case  C  is  much  stiffer  due  to  preloading.  The  cubic  coefficient  in  the  Duffing 
equation  should  be  the  same  as  in  the  other  two  cases,  but  because  of  the  larger  linear  stiffness 
tenn  for  Case  C,  the  nonlinear  effect  in  the  total  response  is  smaller.  The  displacement  PSD 
plots  for  Cases  A  and  B  are  overlaid  in  Figure  16  with  the  response  for  Case  A  frequency-shifted 
by  the  difference  of  linear  first  mode  estimates.  The  two  cases  agree  well,  indicating  that  the 
primary  difference  between  the  two  cases  is  the  linear  frequency  shift  due  to  preloading.  The 
effects  of  the  nonlinearity  are  very  similar  in  these  two  cases.  Even  if  the  nonlinear  terms  for  the 
two  cases  are  the  same,  which  they  should  be  except  for  mass  of  instrumentation,  the  expression 
of  the  nonlinear  terms  will  vary  slightly  because  of  the  difference  in  the  linear  stiffness  terms. 
The  strain  PSD's  shown  in  Figures  15-18  are  from  one  gage.  The  PSD's  from  the  other  gage  are 
very  similar  and  are  omitted  from  the  figures.  The  RMS  values  of  strain  shown  in  Table  6  are 
averages  of  the  values  from  the  two  gages.  The  strain  PSD  plots  show  a  broad  peak  between  the 
peaks  for  the  first  and  third  bending  modes.  This  peak  is  approximately  twice  the  frequency  of 
the  first  peak,  indicating  a  quadratic  nonlinearity.  The  quadratic  nonlinearity  is  present  in  the 
strain-displacement  relationship  and  is  due  to  membrane  stretching.  Also  note  that  the  strain 
PSD's  show  significant  static  values.  This  is  the  static  component  of  the  membrane  strain 
resulting  from  nonlinear  membrane  displacement. 

4,1.5  Comparison  of  ROM  and  Experimental  Results 

The  experimental  results  are  compared  to  predictions  from  ROM's  of  the  beam  with  realistic 
boundary  conditions  built  using  the  IC  method,  the  physical  condensation  method  and  the 
companion  modes  method.  All  ROM’s  were  computed  using  a  2-D  FEM  with  20,  two-node 
beam  elements.  Only  half  of  the  beam  was  modeled  since  the  inertial  loading  could  only  excite 
symmetric  bending  modes.  A  MSC.Nastran  model  was  used  to  compute  normal  modes  and  the 
nonlinear  static  solutions  for  the  IC  method.  An  in-house  code  implemented  in  MATLAB  was 
used  to  compute  the  results  for  the  physical  condensation  and  companion  modes  methods. 

There  is  no  ambiguity  in  determining  the  nonlinear  coefficients  using  the  BM  and  physical 
condensation  methods.  However,  the  nonlinear  coefficients  for  the  IC  method  vary  somewhat 
depending  on  the  static  solution  set  used.  Before  proceeding  with  the  comparison,  we  must  first 
discuss  how  the  model  for  the  IC  method  was  estimated. 

The  nonlinear  function  for  the  IC  method  has  four  nonlinear  tenns  in  each  mode 


0 ,  =  A](l,  1,1)  p,3  +  Aj(l,l,2)  pfp2  +A](1,2,2)  plP22  +  A1(2,2,2)  p/  (118) 

02  =  A2(l,l,l)  pi3  +  A2(l,  1,2)  prp2  +A2(1,2,2)  p,p22  +  A2(2,2,2)  p/  (119) 

for  the  two-mode  system.  The  load  cases  in  the  static  solution  set  are  permutations  of  the  two 
mode  shapes.  The  scaling  of  the  loads  has  to  be  chosen.  Typically,  nonlinear  effects  become 
significant  when  deflections  approach  the  thickness  of  the  beam.  It  was  decided  to  scale  the 
static  load  for  the  first  mode  so  that  it  would  produce  a  linear  deflection  of  0.06  in  (about  twice 
the  beam  thickness)  to  ensure  the  nonlinear  effects  are  produced.  The  loading  for  the  third 
bending  mode  was  based  on  a  preliminary  dynamic  analysis  of  the  beam.  The  maximum 
dynamic  load  was  a  10  g,  20-500  Hz,  random  excitation  and  the  damping  of  the  third  mode  was 
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anticipated  to  be  approximately  0. 1%  of  critical.  The  predicted  linear  response  for  the  third 
bending  mode  for  this  loading  and  damping  was  0.007  in  RMS  at  the  beam  mid-span.  This 
estimate  was  rounded  to  0.01  in.  Thus,  the  loading  for  the  third  bending  mode  was  picked  to 
produce  a  static  linear  deflection  of  0.01  in. 

The  two  basic  load  cases  can  be  combined  in  various  proportions  to  produce  any  number  of  load 
cases  in  the  load  set.  The  load  set  with  the  minimum  number  of  permutations  has  eight  static 
load  cases.  The  load  set  for  this  case  is 


P  =  \arfi  a 2  fa] 


10  1  1-1  0-1-1" 
0  11-1  0-1-1  1. 


(120) 


where  ai  and  a 2  are  the  scaling  factors  for  the  two  basic  load  cases.  These  scaling  factors  were 
determined  based  upon  the  desired  static  linear  deflections.  Nonlinear  static  deflections  were 
then  calculated  for  this  load  set  using  MSC.Nastran.  The  nonlinear  deflections  at  the  beam  mid¬ 
span  for  the  two  basic  loads  were  0.034  in  and  0.009  in,  respectively  for  the  two  modes. 
Comparison  of  the  nonlinear  and  linear  static  deflections  confirms  that  the  nonlinear  effects  of 
both  modes  are  exercised.  The  static  solution  set  was  then  used  in  the  estimation  of  the  modal 
model  for  the  IC  method. 


Once  the  modal  models  were  evaluated  for  the  IC,  BM  and  physical  condensation  methods,  the 
equations  were  integrated  for  the  five  input  levels.  The  integration  used  a  Newmark  beta 
scheme.  The  sample  rate  was  chosen  to  be  10  KHz,  which  produced  adequate  convergence  of 
the  time  responses.  The  integrations  were  run  to  produce  100-second  time  records  of  modal 
response.  A  different  realization  of  a  1-g  input  force  time  history  was  used  for  each  of  the  three 
modal  models.  The  1-g  force  time  history  was  then  scaled  to  produce  the  five  input  levels  for 
each  method.  Time  records  for  the  nodal  displacement  and  strain  were  then  calculated  from  the 
modal  records.  RMS  values  and  PSD's  of  displacement  and  strain  were  computed  from  the  time 
records  using  typical  data  processing  techniques. 

The  RMS  displacement  values  for  five  excitation  cases  are  presented  in  Table  7  in  comparison  to 
the  experimental  results.  The  RMS  values  compare  extremely  well  with  the  experimental  values 
for  excitation  levels  up  to  4  g's.  For  the  8-g  case,  the  only  significant  discrepancy  occurs  for  the 
BM  method.  This  discrepancy  is  not  major.  The  8-g  case  is  very  nonlinear  and  is  the  most 
difficult  case  to  predict. 


Table  7.  Comparison  of  RMS  values  of  the  displacement  at  the  mid-span  of  the  beam 


Excitation 

Level 

(g) 

Exp. 

Results 

(in) 

IC 

Method 

(in) 

Physical 

Condensation 

(in) 

BM 

Method 

(in) 

0.49 

0.007 

0.006 

0.006 

0.006 

0.98 

0.011 

0.012 

0.012 

0.012 

1.97 

0.019 

0.020 

0.021 

0.021 

3.91 

0.031 

0.031 

0.031 

0.032 

7.85 

0.043 

0.044 

0.044 

0.049 
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The  RMS  values  of  surface  strain  at  the  beam  mid-span  are  compared  to  experimental  values  in 
Table  8.  Again,  the  agreement  is  very  good.  All  the  methods  slightly  under-predict  the  strain  for 
all  the  input  cases  except  the  8-g  case.  At  8  g's,  the  BM  method  over-predicts  the  strain,  but  the 
difference  is  less  than  10%. 

Table  8.  Comparison  of  RMS  values  of  the  surface  strain  at  the  mid-span  of  the  beam 


Excitation 

Level 

(g) 

Exp. 

Results 

(pe) 

IC 

Method 

(pe) 

Physical 

Condensation 

(pe) 

BM 

Method 

(pe) 

0.49 

25 

20 

20 

21 

0.98 

40 

37 

37 

38 

1.97 

68 

63 

65 

56 

3.91 

109 

98 

99 

103 

7.85 

161 

158 

156 

171 

The  predicted  PSD's  of  mid-span  displacement  for  the  1-g  and  4-g  cases  are  shown  in  Figures 
19-20,  respectively.  The  experimental  results  are  also  shown  in  the  figures  for  comparison.  The 
displacement  spectra  for  each  of  the  predictions  match  the  experimental  1-g  case  almost  exactly 
for  the  first  mode.  There  are  some  differences  for  the  third  bending  mode  (the  second  mode  in 
the  models),  but  the  response  of  this  mode  is  not  significant  in  the  overall  response. 


Figure  19.  Experimental  displacement  data  and  predictions  for  the  1-g  excitation  case. 
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Frequency,  Hz 

Figure  20.  Experimental  displacement  data  and  predictions  for  the  4-g  excitation  case. 

The  predicted  displacement  spectra  for  the  4-g  case  also  match  the  experiment  well.  The  first- 
mode  peak  for  the  BM  method  is  slightly  broader  than  predicted  by  the  other  two  methods.  The 
difference  is  minor  and  results  in  only  a  0.001"  variation  in  the  RMS  value.  Small  differences 
like  this  can  arise  from  stochastic  variations  in  realizations  of  the  input  time  history  and  are 
acceptable  in  an  engineering  analysis. 

Predicted  mid-span  surface  strain  PSD's  are  plotted  in  Figures  21  and  22  for  the  1-g  and  4-g 
cases  along  with  experimental  results.  The  strain  predictions  are  also  very  good  for  the  1-g  case. 
The  quadratic  strain  component,  the  broad  peak  around  175  Hz  due  to  nonlinear  mid-plane 
stretching,  is  predicted  very  well.  The  predicted  strain  spectra  for  the  4-g  case  are  generally 
good,  with  small  differences  between  the  predictions. 

The  estimated  modal  model  from  the  IC  method  is  sensitive  to  the  static  solution  set.  Difficulty 
occurs  when  a  regression  scheme  is  used  with  a  poorly  scaled  static  solution  set.  An  example  is 
presented  here  to  emphasize  the  difficulties  that  may  arise.  The  loading  for  the  first  mode  is  kept 
the  same  as  in  the  previous  example  and  the  loading  for  second  mode  is  increased  to  produce  a 
linear  deflection  of  about  0.1".  The  resulting  nonlinear  deflections  are  about  one  beam  thickness 
for  both  modes.  The  static  solution  is  then  used  with  a  regression  scheme  to  estimate  the  modal 
model.  The  backward  regression  procedure  [9]  eliminates  important  terms  in  the  nonlinear 
model,  specifically  the  Ai(l,l,l)  term.  This  is  the  primary  nonlinear  term  that  regulates  the 
response  in  the  first  mode.  Figure  23  shows  the  predicted  mid-span  displacement  for  the 
regression  model  in  comparison  to  the  experimental  response  for  the  4-g  input  case.  The 
nonlinear  effects  are  not  adequately  represented  and  the  prediction  is  terrible.  Also  shown  in  the 
figure,  is  the  prediction  when  the  regression  scheme  is  not  used  and  all  the  terms  are  retained  in 
the  estimated  model.  The  nonlinear  effects  are  correctly  estimated  and  the  prediction  is  good. 
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Figure  21.  Experimental  surface  strain  and  predictions  for  the  1-g  excitation  case. 


Figure  22.  Experimental  surface  strain  and  predictions  for  the  4-g  excitation  case. 
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Frequency,  Hz 

Figure  23.  Displacement  spectra  for  4-g  excitation  case  using  variations  of  the  IC  method. 

The  effects  of  damping  on  the  response  of  the  nonlinear  system  can  be  counterintuitive.  In  both 
a  linear  and  nonlinear  system,  increased  damping  decreases  the  RMS  response.  In  a  linear 
system,  increased  damping  results  in  a  broader  spectrum  peak  and  a  reduced  peak  response.  In  a 
system  with  cubic  nonlinear  stiffness,  increased  damping  results  in  a  narrower  spectrum  peak 
with  reduced  peak  response.  This  effect  of  damping  on  the  response  of  the  clamped-clamped 
beam  is  shown  in  Figure  24.  The  figure  was  generated  using  the  modal  model  built  with  the  IC 
method.  In  contrast,  an  increase  in  the  cubic  nonlinear  stiffness  coefficient  will  broaden  the 
spectrum  and  reduce  the  peak  amplitude.  Thus,  the  effects  of  damping  can  be  easily  confused 
with  the  effects  of  the  nonlinear  stiffness. 

Loading  due  to  thermal  expansion  can  drastically  alter  the  natural  frequencies  and  the  resulting 
response  of  the  structure.  Small  temperature  excursions  can  be  incorporated  into  the  modal 
models  through  modification  of  the  linear  stiffness  terms.  One  case  in  the  experimental  study 
had  a  thermal  preload  [39].  To  model  the  change  in  the  beam,  the  modal  model  from  the  IC 
method  was  modified.  The  linear  stiffness  terms  were  changed  to  correspond  to  the  preloaded 
natural  frequencies.  The  other  portions  of  the  model  were  not  changed.  Figures  25-26  show  the 
predicted  displacement  and  strain  in  comparison  to  the  experimental  results.  Note  that  the 
bandwidth  of  the  excitation  for  this  case  was  20-800  Hz. 

Although,  the  predictions  from  the  two  general  methods  were  similar,  there  are  important 
differences  in  the  implementation  of  the  methods.  Direct  evaluation  of  the  nonlinear  stiffness 
requires  access  to  internal  coding  of  the  finite  element  method.  Physical  condensation  involves 
direct  manipulation  of  the  finite  element  nonlinear  stiffness  matrix.  The  IC  method  evaluates  the 
nonlinear  stiffness  function  by  curve  fitting  finite  element  solution  results.  Direct  access  to  the 
internal  workings  of  the  finite  element  code  is  not  required.  Any  adequate  commercial  finite 
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element  code  can  be  used  to  generate  nonlinear  static  solutions.  The  estimation  of  the  nonlinear 
stiffness  terms  is  implemented  in  external  code. 


Figure  24.  Displacement  spectra  for  the  4-g  excitation  case  showing  the  effects  of  damping  upon 

predictions. 


Figure  25.  Experimental  displacement  data  (solid)  and  predictions  (dotted)  for  a  thermally 

preloaded  beam. 
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Figure  26.  Experimental  surface  strain  (solid)  and  predictions  (dotted)  for  a  thermally  preloaded 

beam. 

Another  difference  between  the  methods  is  the  procedure  for  including  the  effects  of  membrane 
softening.  Typically,  only  bending  modes  are  retained  in  the  modal  basis  set.  However,  normal 
bending  modes  don't  contain  the  membrane  displacements  necessary  to  model  structures  with 
large  displacement  nonlinearity.  So,  either  membrane  modes  must  be  included  in  the  model  or 
their  effects  must  be  condensed  into  the  nonlinear  stiffness  coefficients  for  the  bending  modes. 

In  the  IC  method,  the  effects  of  the  membrane  modes  are  implicitly  condensed  into  the  bending 
modes  during  the  process  of  estimating  the  nonlinear  coefficients.  But  in  the  BM  method,  the 
membrane  modes  must  either  be  explicitly  included  in  the  solution,  or  explicitly  condensed  into 
the  bending  modes.  Physical  condensation  can  be  implemented  if  the  membrane  degrees  of 
freedom  can  be  separated  from  the  bending  degrees  of  freedom.  However  for  a  general 
structure,  physical  condensation  may  not  be  feasible.  A  general  method  for  condensation  in  the 
modal  domain  is  shown  to  be  as  effective  as  physical  condensation. 

The  methods  presented  here  compute  stresses  and  strains  differently  as  well.  In  both  the  BM  and 
physical  condensations  methods,  stress  and  strain  are  computed  on  the  element  level  by  the  finite 
element  code  in  a  post-processing  scheme.  For  a  condensed  modal  model,  the  membrane 
displacements  have  to  be  recovered  through  an  expansion  process.  In  the  IC  method,  the 
condensation  is  implicit  and  there  is  no  explicit  means  of  determining  membrane  displacements 
without  ICE.  Thus  the  typical  post-processing  of  strain  cannot  be  accomplished.  Instead,  the  IC 
method  estimates  a  mapping  between  stress  or  strain  and  modal  displacements.  Computation  of 
a  stress/strain  time  record  is  much  quicker  than  the  general  post-processing  methods.  However, 
the  mapping  approach  can  be  sensitive  to  the  static  load  cases  used  to  compute  nonlinear 
stiffness  coefficients. 

The  major  drawback  of  the  IC  method  is  that  it  requires  more  user  intuition  to  build  a  successful 
model.  A  static  force  set  must  be  constructed  which  reasonably  exercises  the  nonlinear  effects 
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without  overemphasizing  any  mode.  Regression  schemes  can  eliminate  important  terms  for 
some  poorly  scaled  static  solution  sets.  These  difficulties  can  be  overcome  using  proper  user 
judgment.  It  is  suggested  that  all  terms  be  retained  in  the  nonlinear  model  to  insure  that  all 
dynamic  effects  are  included. 

The  comparison  presented  here  was  conducted  on  a  beam  with  widely  separated  bending  modes. 
Although  there  was  some  nonlinear  coupling  between  the  two  modes  in  the  models,  the  first 
bending  mode  dominated  the  responses.  This  example  may  not  fully  test  whether  the  methods 
are  able  to  capture  the  effects  of  closely  spaced  modes  and  coupling.  Comparisons  with 
experimental  data  from  plates  and  built-up  structures  are  necessary  to  fully  test  the  methods. 


4.2  The  18-Inch  Clamped-Clamped  Beam 

The  second  application  studied  in  this  effort  was  another  straight  beam  with  clamped  ends.  The 
purpose  of  this  application  was  to  evaluate  the  ICE  method  on  a  simple  example  problem.  The 
ICE  method  adds  a  novel  process  to  the  IC  method  which  synthesizes  membrane  modal 
displacements  from  computed  bending  modal  displacements.  The  modal  basis  for  implicit 
condensation  uses  only  bending  modes,  so  membrane  modal  displacements  are  not  computed 
directly.  This  example  problem  was  chosen  from  Reference  [45]  so  that  ICE  results  could  be 
compared  directly  to  results  from  the  BM  method.  This  work  was  originally  documented  in 
Reference  [14]. 

4.2.1  The  Example  Problem 

The  beam  was  18  inches  x  1  inch  x  0.09  inches  and  was  made  of  aluminum  alloy  with  both  ends 
clamped.  The  material  properties  for  the  beam  were:  E  =  10.6  x  106  psi,  G  =  4.0  x  106  psi,  and  p 
=  2.588  x  1 O'4  1  b f-s2/i  n4  where  E  is  the  modulus  of  elasticity,  G  is  the  shear  modulus,  and  p  is  the 
material  density.  The  forcing  function  was  a  spatially  uniform  load  whose  magnitude  was 
random.  The  force  magnitude  was  a  band-limited  (0-1500  Hz),  Gaussian  random  variable.  Two 
loading  cases  were  considered;  the  first  was  a  low  level,  nominally  linear  case  (0.0072  lb/in 
RMS),  and  the  second  was  a  high  level  case  (0.9216  lb/in  RMS)  which  resulted  in  significant 
nonlinear  behavior. 

4.2.2  The  Reduced-Order  Models 

A  symmetric  half-model  of  the  beam  was  constructed  using  36  beam  elements  of  equal  length. 
Two  methods  were  used  to  obtain  reduced-order  models — BM  and  ICE.  Predictions  from  these 
methods  are  compared  to  direct  integration  results  from  a  full-order  FEM.  Results  were 
computed  for  two  reference  locations.  Displacements  were  computed  for  a  point  four  inches 
from  the  clamped  end  of  the  beam  and  element  stresses  were  computed  at  the  center  of  an 
element  3.625"  from  the  clamped  end.  These  two  locations  were  chosen  since  they  are  close  to 
those  reported  by  Reference  [45].  The  membrane  stress,  which  is  constant  throughout  the  beam 
cross-section,  was  computed  along  with  the  total  stress,  i.e.,  the  sum  of  the  membrane  and 
bending  stresses,  at  the  top  surface  of  the  beam. 
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The  static  nonlinear  solutions  and  normal  modal  analyses  required  to  construct  the  ROM’s  were 
performed  in  MSC.Nastran.  A  full-order  FEM  was  integrated  using  an  internal  code  written  in 
MATLAB  to  generate  displacement  and  stress  results  to  compare  with  the  ROM  results.  The 
basis  sets  for  all  the  reduced-order  methods  include  the  mode  shapes  for  the  first  four  symmetric 
bending  modes.  These  modes  have  linear  natural  frequencies  at  57.8,  312,  770,  and  1430  Hz, 
respectively.  Mass  proportional  damping  was  used  in  all  the  simulations.  The  damping  level 
was  chosen  so  that  damping  for  the  first  bending  mode  corresponded  to  2.0%  of  critical. 

Long  time  records  are  necessary  to  properly  average  the  predicted  response.  The  two  reduced 
order  predictions  were  obtained  using  a  Newmark-Beta  integration  scheme,  sampled  at  80  kHz. 
Time  records  of  100  seconds  were  obtained.  A  Newmark-Beta  approach  was  also  used  to 
integrate  the  FEM.  The  sample  rate  was  100  kHz  for  the  FEM  and  60  seconds  of  data  were 
obtained.  All  the  time  records  were  processed  to  obtain  the  PSD  of  the  displacement  or  stress  at 
the  physical  locations  of  interest. 

The  BM  method  for  this  problem  used  four  bending  modes  and  a  set  of  normal  membrane 
modes.  It  can  be  difficult  to  determine  how  many  membrane  modes  are  necessary  for 
convergence  for  a  particular  problem.  In  Reference  [45],  a  ROM  with  the  first  four  anti¬ 
symmetric  normal  membrane  modes  was  shown  to  adequately  predict  the  response  at  a  location 
along  the  beam.  However,  the  first  ten  anti- symmetric  membrane  modes  were  used  in  the  BM 
method  described  here  to  ensure  an  adequate  membrane  basis.  Those  modes  had  linear  natural 
frequencies  of  11.2,  22.5,  33.8,  45.2,  56.6,  68.2,  79.9,  91.7,  104,  and  116  kHz,  respectively. 

The  nonlinear  stiffness  coefficients  were  obtained  using  a  series  of  enforced  displacement 
solutions.  In  total,  665  linear  and  665  nonlinear  static  solutions  were  required.  The  reduced 
model  has  14  equations  (4  bending  mode  equations  and  10  membrane  mode  equations)  with  665 
nonlinear  coefficients  in  each  equation.  The  ten  membrane  equations  were  condensed  into  the 
bending  equations  using  general  condensation  (see  Section  3  for  more  detail)  resulting  in  a 
model  with  four  equations  with  20  cubic  coefficients  in  each  equation.  Integration  of  this  model 
produced  modal  bending  amplitudes.  These  amplitudes  were  expanded  to  obtain  the  membrane 
amplitudes  and  the  full  physical  displacement  time  record. 

The  IC  method  was  used  to  determine  a  condensed  ROM  using  only  bending  modes.  The 
nonlinear  stiffness  coefficients  were  estimated  for  this  model  from  a  set  of  32  nonlinear,  static, 
applied-force  solutions.  The  reduced  model  had  four  equations  with  16  cubic  coefficients  in 
each  equation.  Integration  of  this  model  produced  modal  bending  amplitudes.  There  are  ten 
quadratic  combinations  of  the  four  modal  bending  amplitudes.  Therefore,  there  were  ten 
generalized  membrane  amplitudes  and  ten  membrane  basis  vectors  estimated  for  the  ICE 
method.  The  applied-force  solutions  were  used  to  estimate  the  ten  membrane  basis  vectors  using 
Equations  54-55.  The  modal  bending  amplitudes  are  expanded  to  obtain  the  membrane 
amplitudes  and  the  full  physical  displacement  time  record. 

An  additional  method,  the  BEM  method,  was  also  used  for  this  problem.  The  BEM  method  is 
similar  to  the  BM  method  except  estimated  membrane  modes  from  the  ICE  procedure  are  used 
instead  of  the  nonnal  membrane  modes.  Unlike  the  BM  model,  the  linear  stiffness  matrix  in  the 
BEM  model  is  not  diagonal  since  the  membrane  basis  vectors  are  not  normal  modes.  For  this 
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problem,  four  bending  modes  and  ten  estimated  membrane  modes  were  used.  The  ten  membrane 
equations  were  condensed  into  the  four  bending  modes.  Integration  of  the  condensed  model 
produced  modal  bending  amplitudes.  These  amplitudes  were  expanded,  using  Equation  55,  to 
obtain  the  membrane  amplitudes  and  the  full  physical  displacement  time  record. 

4.2.3  Discussion  of  Results 

Predictions  from  the  full-order  FEM  are  shown  in  comparison  to  the  two  ROM  predictions  in 
Figures  27-30.  Predictions  for  both  excitations  levels  are  shown  in  each  figure.  Membrane  (in¬ 
plane)  displacement  at  a  point  4"  from  the  clamped  end  is  shown  in  Figure  27.  Transverse 
displacement  at  the  same  location  is  shown  in  Figure  28.  Membrane  stress  at  the  center  of  an 
element  3.625"  from  the  clamped  end  is  shown  in  Figure  29.  Total  stress  at  the  same  location  is 
shown  in  Figure  30.  The  membrane  and  transverse  displacement  predictions  for  the  low  level 
excitation  shown  in  Figures  27-28  agree  very  well,  virtually  lying  on  top  of  one  another.  The 
stress  and  displacement  predictions  for  the  high  level  excitation  shown  in  Figures  27-30  also 
agree  very  well  with  only  slight  variations  due  to  the  random  nature  of  the  response. 

A  small  discrepancy  can  be  found  in  the  membrane  stress  predictions  at  the  low  excitation  level. 
These  predictions  are  plotted  in  Figure  29.  The  two  highest  frequency  peaks  of  the  ICE  stress 
prediction  are  somewhat  lower  in  amplitude  than  those  from  the  other  predictions.  The  resulting 
RMS  membrane  stress  prediction  from  the  ICE  method  differs  by  only  3%  from  the  other 
predictions.  The  reason  for  this  minor  difference  is  not  known.  At  this  low  excitation  level,  the 
bending  stress  dominates  the  total  stress  prediction.  At  the  high  excitation  levels,  the  membrane 
stress  predictions  are  all  similar. 


Figure  27.  Membrane  displacement  4”  from  the  clamped  end  for  a  FEM  and  the  ROM’s. 
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Figure  28.  Transverse  displacement  4”  from  the  clamped  end  for  a  FEM  and  the  ROM' 


Figure  29.  Membrane  stress  3.625”  from  the  clamped  end  of  the  beam. 
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Figure  30.  Total  stress  at  the  top  of  the  beam,  3.625”  from  the  clamped  end. 


The  ICE  method  is  an  extension  of  the  IC  method  which  allows  stress  recovery  using  standard 
finite  element  procedures.  Stress  predictions  from  the  ICE  method  and  the  IC  method  are 
compared  in  Figures  31-32.  Two  versions  of  the  IC  method  were  considered.  The  first  version 
used  a  nonlinear  stress  function  that  was  estimated  from  the  static  applied-force  solutions  [9]. 

The  estimated  function  is  a  quadratic  nonlinear  function  that  maps  modal  bending  amplitudes  to 
stress.  Two  stress  functions  were  estimated,  one  for  the  top  surface  of  the  beam  and  another  for 
the  middle  surface  of  the  beam.  Both  locations  are  3.625”  from  the  clamped  end.  The  second 
version  used  physical  transverse  displacements  predicted  from  the  bending-modes-only  IC 
model.  No  membrane  expansion  was  performed,  thus  all  physical  membrane  displacements 
were  assumed  to  be  zero.  The  transverse  displacement  predictions  for  the  ICE  method  and  the 
two  versions  of  the  IC  method  are,  by  definition,  identical.  Note  that  the  ICE  traces  in  some 
cases  cannot  be  seen  since  the  prediction  from  the  IC  method  with  nonlinear  stress  functions  is 
virtually  identical. 

Even  though  the  IC  method  does  not  compute  membrane  displacements,  there  is  a  membrane 
stress  due  to  the  nonlinear  terms  in  the  strain-displacement  relationship.  The  lack  of  the 
membrane  displacement  results  in  membrane  stress  predictions  that  are  completely  different  than 
the  other  two  predictions.  The  bending  stress  is  identical  among  the  three  predictions.  The 
difference  in  the  total  stress,  Figure  32,  is  due  solely  to  the  membrane  stress  differences.  For  the 
high  excitation  level,  the  IC  method  without  membrane  displacements  produces  a  RMS  value 
that  is  22%  greater  than  that  of  the  ICE  method. 


70 

Approved  for  public  release;  distribution  unlimited. 


Figure  31.  Membrane  stress  from  various  implementations  of  the  IC  method. 


Figure  32.  Total  stress  from  various  implementations  of  the  IC  method. 
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4.3  The  Curved  Beam 


The  third  application  of  the  nonlinear  ROM’s  was  to  a  curved  beam.  This  example  was  chosen 
from  Reference  [46]  to  evaluate  the  ICE  method  when  applied  to  a  structure  with  shallow 
curvature.  The  work  reported  here  was  originally  published  as  Reference  [47]. 

4.3.1  The  Example  Problem 

The  curved  beam  configuration  investigated  in  this  study  is  shown  in  Figure  33.  The  aluminum 
alloy  beam  had  dimensions  of  18.0  inches  long  (projected  length)  x  1.0  inch  x  0.09  inches  thick 
with  an  81.25-inch  radius  of  curvature.  Both  ends  of  the  beam  were  clamped.  The  beam  material 
elastic  modulus  was  10. 6x  106  psi,  the  shear  modulus  was  4.0X  1 06  psi  and  the  density  was 
2.588*  10'4  lbf-sec2/in4. 


Figure  33.  Geometry  of  the  curved  beam. 


4.3.2  Reduced-Order  Models 

A  FEM  of  the  beam  was  constructed  in  Abaqus  [35]  using  80  B3 1  beam  elements.  This  model 
was  used  to  compute  mode  shapes  and  frequencies  and  perform  the  nonlinear  applied  loads 
solutions.  Mode  shapes  and  frequencies  for  the  first  eight  modes  of  the  beam  are  shown  in 
Figure  34. 

Direct  time  integration  of  a  second  FEM  was  performed  using  an  in-house  code  written  in 
MATLAB.  This  model  also  used  80  two-node  beam  elements  and  had  237  DOF.  A  mass- 
proportional  damping  matrix  was  used  to  provide  2.0%  critical  damping  at  258  Hz — the 
frequency  of  the  first  symmetric  mode  of  the  beam.  A  band-limited  random  excitation  was 
applied  as  a  unifonn  load  on  the  model  with  a  0-1500  Hz  frequency  range.  Two  load  levels  were 
applied — 0.2304  lb/in  and  0.6517  lb/in — giving  minimal  and  significant  nonlinear  response, 
respectively.  These  were  the  same  load  levels  used  in  [46].  Simulations  were  perfonned  for  50 
seconds  at  each  load  level  with  a  time  step  of  lxl O'3  second.  It  was  important  to  generate 
relatively  long  time  records  so  that  statistical  averaging  of  PSD’s  was  adequate. 
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Mode  7 -1428.1  Hz  Mode  8  - 1831 .5  Hz 


Figure  34.  Mode  shapes  of  the  curved  beam  from  the  FEM. 


A  nonlinear  ROM  of  the  beam  was  computed  using  the  IC  method  from  a  set  of  nonlinear  static 
solutions.  The  lowest  8  normal  modes  of  the  beam  were  retained  in  the  model.  All  of  these 
modes  had  predominantly  transverse  displacements.  The  first  seven  of  these  were  within  the 
excitation  bandwidth.  Although  the  eighth  mode  was  above  the  excitation  bandwidth,  it  was 
included  to  be  consistent  with  [46].  No  membrane-dominated  modes  were  retained  in  the  model 
since  the  IC  approach  does  not  require  an  explicit  membrane  basis.  The  ROM  was  subjected  to 
the  distributed  random  loading  used  with  the  full  model  simulation.  Fifty-second  time  records 
were  computed  using  Newmark  time  integration  with  a  time  step  of  2x1  O’5  second.  The  resulting 
modal  displacements  were  then  transformed  to  physical  coordinates  using  the  modal  vectors. 
These  physical  displacements  are  the  IC  model  results. 

The  integration  results  from  the  IC  method  were  also  used  to  obtain  the  ICE  results.  A  set  of  36 
estimated  membrane  basis  vectors  was  computed  from  the  static  nonlinear  solutions  using 
Equations  54-55.  The  bending  modal  displacements  obtained  by  the  IC  method  were  then 
expanded  to  produce  the  generalized  membrane  displacements  using  Equation  55.  The  bending 
modal  displacements  and  the  generalized  membrane  displacements  were  transfonned  to  physical 
coordinates  using  the  augmented  modal  basis. 

4.3.3  Discussion  of  Results 

PSD’s  of  displacement  from  the  IC  and  ICE  methods  are  compared  to  full-order  FEM  simulation 
results  in  this  section.  Results  are  presented  for  four  beam  DOF:  x-  and  y-direction 
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displacements  at  the  quarter  point  and  x-  and  y-direction  displacements  at  the  center  of  the  beam. 
Note  that  at  the  quarter  point  these  displacements  are  approximate,  but  not  identical,  to  the  in¬ 
plane  and  transverse  components,  respectively. 

Displacement  PSD’s  for  the  0.2304  lb/in  input  level  are  shown  in  Figures  35-38.  The  y-direction 
PSD’s  are  virtually  identical  to  the  full  model  simulation  at  the  center  and  quarter  point  for  IC 
and  ICE  models,  as  shown  in  Figures  35-36.  The  x-direction  PSD’s,  which  are  dominated  by  in¬ 
plane  displacements,  are  shown  in  Figures  37-38.  The  ICE  model  again  shows  nearly  identical 
agreement  with  the  FEM.  The  IC  model  also  shows  very  good  agreement  near  the  dominant 
peaks,  but  shows  some  small  error  near  150,  600,  and  1100  Hz.  This  is  probably  due  to  the  lack 
of  membrane-dominated  modes  in  the  model  basis.  The  bending-dominated  modes  in  the  model 
were  an  adequate  basis  for  reproducing  the  major  response  peaks  of  the  beam. 

The  predicted  PSD’s  of  the  models  at  0.65 17  lb/in  are  compared  in  Figures  39-42.  Significantly 
nonlinear  response  occurred  at  this  level.  Again,  the  IC  and  ICE  models  show  excellent 
agreement  with  the  full  model  for  the  y-direction  results  at  the  center  and  quarter  point  of  the 
beam  (see  Figures  39-40).  The  ICE  results  also  display  excellent  agreement  with  the  full  model 
simulation  at  both  x-direction  DOF  as  shown  in  Figures  41-42.  However,  the  IC  model  results 
show  some  error.  The  predicted  x-displacement  at  the  beam  center,  shown  in  Figure  41,  agrees 
very  well  at  frequencies  up  to  the  dominant  response  peak  at  250  Hz  but  begins  to  show 
significant  deviation  above  this  frequency.  The  lack  of  membrane-dominated  vectors  in  the 
model  basis  is  likely  responsible.  The  predicted  x-direction  displacement  at  the  beam  quarter 
point,  shown  in  Figure  42,  also  shows  error  above  400  Hz,  but  the  error  is  much  less  than  it  was 
at  the  beam  center. 


Figure  35.  Y-displacement  PSD  at  the  beam  center,  0.2304  lb/in. 
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X-displacement  PSD,  irfVHz  (jq'  Y-displacement  PSD,  irF/Hz 


36.  Y-displacement  PSD  at  the  beam  quarter  point,  0.2304  lb/in. 


Figure  37.  X-displacement  PSD  at  the  beam  center,  0.2304  lb/in. 
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Y-displacement  PSD,  irr/Hz 


Figure  38.  X-displacement  PSD  at  the  beam  quarter  point,  0.2304  lb/in. 


Figure  39.  Y-displacement  PSD  at  the  beam  center,  0.65 17  lb/in 
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Figure  40.  Y-displacement  PSD  at  the  beam  quarter  point,  0.65 17  lb/in 


Figure  4 1 .  X-displacement  PSD  at  the  beam  center,  0.6517  lb/in 
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Figure  42.  X-displacement  PSD  at  the  beam  quarter  point,  0.65 17  lb/in 

The  IC  method  was  able  to  reasonably  predict  x-displacements  of  the  test  beam  because  it  was 
curved.  The  bending  mode  shapes  of  a  curved  beam  contain  both  x-direction  and  y-direction 
DOF.  If  the  beam  was  flat,  the  x-direction  DOF  in  the  bending  mode  shapes  would  be  zero  and 
the  IC  method  would  be  unable  to  predict  any  x-displacements.  For  the  curved  beam,  the  IC 
prediction  of  the  x-displacements  was  in  error  as  the  loading  increased.  The  bending  mode 
shapes  were  not  a  complete  basis  for  these  DOF.  The  ICE  method,  with  its  estimated  membrane 
basis,  did  provide  an  adequate  basis  for  the  x-direction  DOF.  Furthermore,  the  ICE  method 
worked  directly  on  the  IC  results  in  a  post-processing  operation  with  little  additional 
computational  cost. 

4.4  The  Clamped  Plate 

The  fourth  application  of  nonlinear  ROM’s  was  on  a  thin  rectangular  plate  with  nominally 
clamped  edges.  The  clamped  plate  was  the  first  application  to  a  three-dimensional  structure, 
significantly  increasing  the  modal  density.  Reduced-order  models  were  employed  to  predict  the 
response  of  the  clamped  plate  in  three  test  configurations — base  excitation  on  a  shaker  in  air, 
base  excitation  on  a  shaker  in  near-vacuum,  and  acoustic  excitation  in  a  progressive  wave 
facility.  This  section  will  describe  the  test  article  configuration  followed  by  details  on  the  three 
test  configurations  including  ROM  development,  testing,  and  comparison  of  model  and  test 
results. 

4.4.1  Test  Article  Description 

The  goal  of  the  experiments  on  the  clamped  plate  was  to  generate  random  response  data  for  a 
rectangular  plate  test  article  which  exhibited  significant  large-amplitude  nonlinearity.  The 
experimental  data  would  be  used  to  verify  the  effectiveness  of  the  reduced-order  modeling 
methods  under  development.  Several  design  requirements  were  defined  for  the  experiment. 
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First,  the  test  article  should  be  a  rectangular  metallic  plate  with  nearly  rigid  boundaries, 
especially  in-plane,  so  that  the  large  amplitude  nonlinearity  would  be  present.  The  means  of 
clamping  the  plate  boundaries  must  behave  as  linearly  as  possible.  The  test  article  should  be  free 
of  in-plane  stresses  from  thermal  or  mechanical  preloads.  Excitation  and  response  sensing  must 
be  as  non-intrusive  as  possible.  The  test  article  should  have  at  least  three  symmetric  bending 
modes  below  500Hz.  Multiple  modes  are  important  to  investigate  the  nonlinear  coupling 
induced  by  the  large  amplitude  response.  The  method  of  clamping  the  test  article  at  its 
boundaries  must  minimize  damping  due  to  friction  and  air  pumping.  Finally,  the  test  article  must 
be  relatively  inexpensive  to  fabricate  and  assemble. 

It  was  important  to  have  an  accurate  FEM  of  the  test  article  as  a  starting  point.  The  ideal  test 
article  would  be  a  plate  with  perfectly  clamped  edges.  This  would  allow  the  use  of  fixed 
boundaries  in  the  FEM.  Unfortunately,  any  practical  means  of  clamping  the  edges  of  a  plate  test 
article  is  not  perfectly  stiff.  There  were  two  approaches  to  designing  a  test  article  for  which  an 
accurate  FEM  could  be  generated.  The  first  approach  was  to  design  a  massive,  nominally  rigid 
support  frame  to  which  the  plate  would  be  mechanically  fastened  or  adhesively  bonded. 
Translational  and  rotational  springs  would  be  added  at  the  FEM  boundaries  to  account  for  the 
actual  stiffness.  The  stiffness  coefficients  of  the  springs  must  be  identified  using  analysis,  test,  or 
a  combination  of  both.  This  was  the  approach  taken  with  the  beam  test  article  in  Section  4. 1  and 
Reference  [39].  This  approach  would  result  in  a  simple  FEM — a  plate  with  boundary  springs. 
The  second  approach  was  to  design  a  reasonably  rigid  frame  for  the  edges  of  the  plate  that  could 
be  explicitly  included  in  the  FEM.  This  approach  eliminates  the  need  to  identify  the  boundary 
stiffness  since  the  boundary  effects  are  explicitly  modeled.  The  drawback  is  a  more  complex 
FEM  of  the  boundary  frame.  The  latter  approach  was  selected. 

The  test  article  was  a  7-inch  by  9-inch  aluminum  alloy  plate  0.0195  inches  thick  adhesively 
bonded  between  two  aluminum  alloy  frames.  The  plate  and  frames  were  fabricated  from  2024- 
T3  aluminum  alloy  with  Young’s  modulus  of  10.4><106  psi,  a  density  of  2.59x10'4  lb-sec2/inch4 
and  a  Poisson’s  ratio  of  0.33.  The  frames  had  a  1-inch  by  1.5-inch  “L”  cross-section  with  a  0.25- 
inch-thick  web  and  flange.  The  plate  was  bonded  between  the  frames  with  Hysol®  EA9320NA 
epoxy  paste  adhesive.  The  nominal  bond  line  thickness  was  0.005  inches.  The  plate/frame 
assembly  was  attached  to  a  1200  lbf  electrodynamic  shaker  with  four  steel  flexures  bolted  to  the 
frame  flange  at  the  center  of  each  side.  The  blade-like  flexures,  each  1  inch  by  3  inches  by  0.1 
inches  thick,  were  very  stiff  in  the  long  direction  to  transmit  force  from  the  shaker  to  the  frame 
but  were  flexible  in  bending.  This  allowed  the  test  article  to  expand  due  to  changes  in 
temperature  without  building  up  significant  in-plane  stress.  The  test  article  with  flexures  and 
mounting  plate  is  shown  in  Figure  43. 

In-plane  stress  stiffening  due  to  thermal  or  mechanical  loads  can  be  a  significant  problem  with 
constrained  beams  or  plates.  Relatively  small  temperature  differences  can  cause  large  changes  in 
natural  frequencies  and  even  buckle  the  structure.  In  addition,  small  amounts  of  curvature 
present  in  the  aluminum  alloy  plates  could  result  in  pre-stress  as  the  plates  are  forced  flat  during 
fabrication.  Three  test  articles  were  fabricated  to  investigate  whether  the  adhesive  bonding 
process  could  consistently  produce  a  nominally  stress-free  article.  The  measured  first-mode 
frequencies  of  the  articles  were  90,  130,  and  121  Hz,  indicating  a  large  variation  in  induced  pre- 
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stress.  The  third  article  was  selected  for  testing  in  the  study  since  its  first  mode  frequency  was 
closest  to  the  predicted  value  of  1 10  Hz. 


Figure  43.  The  test  article  shown  mounted  on  flexures  with  a  solid  mounting  plate. 

Initial  characterization  of  the  test  article  indicated  that  modal  damping  ratios  of  the  three  target 
modes  were  quite  low — 0.0025,  0.003,  and  0.005,  respectively.  Stiffened  aircraft  skin  panels 
typically  have  modal  damping  ratios  in  the  range  of  0.005-0.02.  Therefore,  it  was  decided  to  test 
the  plate  in  two  configurations:  1)  the  lightly-damped  original  design  and  2)  with  an  added 
constrained  layer  damper  to  increase  the  modal  damping  ratios  in  the  target  modes  to 
approximately  0.01 .  The  damper  consisted  of  a  0.005-inch  thick  layer  of  3M  ISD1 12 
viscoelastic  damping  material  and  a  0.005-inch  thick  aluminum  foil  constraining  layer.  The 
damper  measured  1.75  inches  by  and  1.75  inches  and  was  located  in  the  center  of  the  plate. 

4.4.2  Initial  Shaker  Test 

The  first  test  configuration  for  the  clamped  plate  was  base  excitation  on  a  shaker.  This  work  was 
originally  published  in  Reference  [16].  The  test  article  was  excited  inertially  by  a  large 
electrodynamic  shaker  attached  to  the  frame  with  flexures.  The  ROM  methods  being  developed 
are  intended  for  structures  loaded  acoustically,  but  base  excitation  on  a  shaker  is  a  simple  means 
of  simulating  in-phase  acoustic  pressures.  Displacement,  velocity,  and  strain  were  measured  at 
the  center  of  the  plate  for  each  test.  Displacement  and  velocity  relative  to  the  shaker  head  were 
measured  with  a  Polytec  Model  OVF-5 12  Differential  Fiber  Optic  Vibrometer.  The  object  beam 
was  aimed  at  a  small  retro-reflective  target  at  the  center  of  the  plate  while  the  reference  beam 
was  aimed  at  a  target  on  the  shaker  head.  The  vibrometer  controller  processes  the  object  and 
reference  beams  to  produce  differential  velocity  and  displacement.  Dynamic  strains  were 
measured  with  a  pair  of  small  resistive  strain  gages  bonded  to  the  plate  surface,  in  the  center  of 
the  plate.  The  strain  gages  were  oriented  parallel  to  the  edges  of  the  plate.  Strains  were  not 
measured  at  the  edges  of  the  plate,  where  they  would  have  the  highest  magnitude,  because  the 
strain  gradient  is  high  near  the  edge  and  the  measurement  is  sensitive  to  location  of  the  gages. 
Strains  at  the  center  of  the  plate  were  much  less  sensitive  to  gage  placement.  The  temperature  of 
the  plate  and  frame  were  measured  with  thermocouples  and  were  continuously  monitored  during 
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testing.  Testing  was  performed  only  when  the  temperature  difference  between  the  plate  and 
frame  was  less  than  0.3°F.  This  insured  that  thermally-induced  in-plane  stresses  were 
minimized. 

Experimental  evaluation  of  the  test  article  was  comprised  of  modal  parameter  identification, 
nonlinear  stiffness  characterization  and  random  response  testing.  The  procedures  used  to 
perform  these  tests  are  described  in  the  following  paragraphs.  Resonant  frequencies,  mode 
shapes  and  modal  damping  ratios  were  identified  by  exciting  the  test  article  with  a  0-800  Hz  low- 
level  random  acoustic  signal  and  sequentially  measuring  the  response  at  a  seven  by  nine 
rectangular  grid  using  a  Polytec  laser  vibrometer.  The  excitation  was  generated  by  an  acoustic 
driver  with  a  two-inch  diameter  tubular  horn  aimed  to  one  side  of  the  plate  center  at  an  angle  of 
approximately  30  degrees.  Frequency  response  functions  were  generated  from  the  acoustic  input 
signal  and  the  measured  velocity  from  the  vibrometer  for  each  measurement  point.  Modal 
parameters  were  identified  from  the  FRF’s  using  in-house  software  in  MATLAB. 

Attempts  were  made  to  identify  the  cubic  nonlinear  stiffness  term  for  the  fundamental  mode  of 
the  test  article  from  measured  free  decay  response.  This  approach  was  used  successfully  on  the 
clamped  beam  in  Section  4.1.  Two  approaches  were  used  to  generate  the  free  decay  records. 

The  first  approach  was  to  attach  a  small  plastic  suction  cup  near  the  center  of  the  plate  then  pull 
the  suction  cup  away  from  the  plate  slowly  until  it  popped  loose.  The  ensuing  free  decay  was 
measured  with  the  differential  vibrometer.  The  second  approach  was  to  excite  the  test  article 
with  a  loudspeaker  at  a  level  high  enough  to  induce  significantly  nonlinear  response.  The  input 
was  slowly  swept  above  the  fundamental  mode  natural  frequency  until  the  “jump  down”  point 
was  approached.  The  drive  signal  was  then  cut  off.  The  decaying  response  at  the  plate  center 
was  measured  with  the  differential  vibrometer.  Linear  natural  frequency,  modal  damping  ratio 
and  cubic  nonlinear  stiffness  coefficient  were  identified  from  the  free  decay  responses  using  the 
method  described  in  [39]. 

Random  response  testing  of  the  test  article  was  performed  on  the  shaker  using  a  base  excitation 
approach.  The  induced  inertial  loading  simulated  nonnal-incidence  acoustic  loading  on  the  plate 
surface.  The  original  requirement  for  the  experiment  was  to  have  three  modes  excited  by  a  0- 
500  Hz  force  spectrum.  However,  the  input  force  spectrum  was  modified  to  75-625  Hz  to 
improve  the  experiment.  The  lower  frequency  limit  was  increased  to  75  Hz  to  avoid  low 
frequency  rigid  body  displacements  of  the  test  article  which  tended  to  de-stabilize  the  laser 
vibrometer.  The  frequency  of  the  third  target  mode,  which  was  just  below  500  Hz  at  low 
amplitude,  increased  to  well  above  600  Hz  at  the  highest  input  level.  As  a  result,  the  upper  limit 
of  the  input  spectrum  was  increased  to  625  Hz  to  insure  that  the  third  mode  would  be  directly 
excited  at  all  input  levels.  Response  data  were  measured  at  input  force  levels  of  0.45,  0.9,  1.8, 
3.6,  and  7.2  g’s  RMS.  A  closed-loop  shaker  controller  was  used  with  an  accelerometer  on  the 
shaker  head  to  maintain  the  desired  RMS  input  level  and  spectrum  shape  during  testing.  The 
shaker  was  oriented  horizontally  so  that  the  plate  was  positioned  in  a  vertical  plane  to  minimize 
lateral  loading  due  to  gravity.  The  test  article  is  shown  in  Figure  44  mounted  on  the  shaker. 

Data  records  of  displacement,  velocity,  and  strain  in  two  directions  were  digitally  sampled  and 
stored  for  100  seconds  at  each  force  level.  The  data  were  analyzed  in  MATLAB  to  compute 
PSD’s  and  RMS  values. 
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Figure  44.  The  plate  test  article  mounted  on  a  shaker 


A  detailed  FEM  of  the  test  article  was  developed  in  MSC.Nastran  which  explicitly  included  the 
plate,  frames,  adhesive,  and  flexures.  The  detailed  model  used  four-node  shell  elements  for  the 
plate  and  flexures  and  eight-node  solid  elements  for  the  frame  and  adhesive.  A  1/4-inch  by  1/4- 
inch  mesh  size  was  used  for  the  plate.  The  only  boundary  conditions  imposed  on  the  detailed 
model  were  to  fix  all  DOF  at  the  ends  of  the  flexures  that  attached  to  the  shaker.  The  constrained 
layer  damper  was  not  included  in  the  FEM.  The  added  mass  and  stiffness  of  the  damper  were 
small  enough  that  their  effect  on  the  frequencies  and  mode  shapes  of  the  test  article  were 
considered  negligible. 

Nonlinear  ROM’s  of  the  undamped  test  article  and  the  test  article  with  the  damper  were 
generated  from  the  FEM  using  the  ICE  method  implemented  in  MATLAB.  The  general 
approach  to  building  a  low  order  model  is  to  include  all  modes  that  respond  significantly  to  the 
acoustic  loading.  For  the  present  study  this  was  all  symmetric  bending  modes  in  the  0-500  Hz 
frequency  range.  Only  symmetric  bending  modes  could  be  excited  by  the  in-phase  shaker  input 
force.  The  test  article  had  three  such  modes  below  500  Hz.  These  were  the  1st,  4th,  and  7th 
overall  modes  of  the  test  article.  The  three  mode  shapes  from  the  FEM  are  shown  in  Figure  45. 
The  three-mode  low  order  models  required  18  nonlinear  static  solutions  in  MSC.Nastran  to 
compute  the  nonlinear  stiffness  coefficients. 

Measured  modal  damping  ratios  were  used  in  both  models.  A  nonlinear  damping  term 
proportional  to  the  square  of  modal  velocity  was  added  to  the  first-mode  equation  of  the  ROM  in 
addition  to  the  linear  viscous  damping  term.  The  value  of  the  nonlinear  damping  coefficient  was 
determined  empirically  based  on  achieving  the  same  RMS  center  displacement  as  the  test  at  7.2 
g’s.  Both  models  used  the  same  nonlinear  damping  coefficient. 
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Mode  1  -  113.1  Hz 


Mode  4  -  330.8  Hz 


Mode  7 -497.1  Hz 


Figure  45.  The  first  3  symmetric  bending  modes  of  the  plate  test  article 


Time  integration  was  performed  using  the  Newmark  beta  method  to  generate  100-second  time 
histories  of  displacement  for  each  of  live  input  force  levels.  Each  100-second  integration 
required  less  than  5  minutes  of  CPU  time  on  a  personal  computer  with  a  2.8  GFIz  processor.  A 
time  step  size  of  0.000025  seconds  was  used  in  the  integration.  Physical  displacements  were 
recovered  using  the  expansion  procedure  described  above.  Strains  were  computed  for  a  single 
plate  element  at  the  center  of  the  plate,  given  the  displacements  at  the  four  nodes  of  that  element. 
The  strain  recovery  was  implemented  in  MATLAB. 

Measured  natural  frequencies  and  modal  damping  ratios  for  the  3  target  modes  of  the  undamped 
test  article  are  listed  in  Table  9.  Natural  frequencies  from  the  FEM  are  listed  for  comparison. 

The  FEM  under-predicted  the  natural  frequencies  compared  to  the  measured  values.  The 
suspected  cause  of  the  frequency  errors  is  the  presence  of  in-plane  tensile  pre-stress  in  the  plate. 
The  frequency  errors  are  further  illustrated  by  comparing  the  PSD’s  of  displacement  at  the  plate 
center  from  the  test  and  ROM  at  the  lowest  input  level — 0.45g — as  shown  in  Figure  46.  At  this 
input  level  the  response  of  the  plate  is  essentially  linear.  The  displacement  PSD  computed  from 
the  model  with  measured  frequencies  substituted  for  the  computed  values  is  also  shown  in  Figure 
46.  The  agreement  with  test  data  is  now  quite  good,  indicating  the  overall  accuracy  of  the  linear 
portion  of  the  model.  It  is  very  difficult  to  build  a  model  of  a  constrained  structure  with  accurate 
natural  frequencies  because  of  the  sensitivity  to  the  pre-stress  from  fabrication.  Frequency  errors 
in  a  design  model  are  unavoidable.  But  an  analysis  model  of  a  specific  structure  can  be  made 
more  accurate  by  using  measured  frequencies  instead  of  predicted  ones.  The  decision  was  made 
to  use  models  with  measured  frequencies  for  comparison  with  test  results  in  the  rest  of  the  effort 
since  the  primary  goal  was  to  demonstrate  the  accuracy  of  the  ICE  method. 

Table  9.  Natural  frequencies  and  modal  damping  ratios  for  the  target  modes 


Undamped  Damped 

Test  Article  FEM  Test  Article 


Mode 

Freq.  (Hz) 

Damping  Ratio 

Freq.  (Hz) 

Freq.  (Hz) 

Damping  Ratio 

(1,1) 

121 

0.0025 

110 

115 

0.011 

(3,1) 

343 

0.003 

322 

338 

0.016 

(1,3) 

504 

0.005 

480 

506 

0.018 
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Frequency,  Hz 

Figure  46.  PSD  of  plate  center  displacement  for  the  undamped  article  at  0.45g. 

The  measured  PSD  in  Figure  46  also  shows  an  additional  mode  responding  near  480  Hz.  This 
peak  was  determined  to  be  the  (3,2)  anti-symmetric  mode.  Ideal  anti-symmetric  modes  can’t  be 
excited  by  a  uniform  forcing  function.  However,  modal  identification  results  showed  the  mode 
shape  for  this  mode  to  be  somewhat  distorted,  possibly  due  to  un-modeled  pre-stress.  The 
distortion  allowed  the  mode  to  be  excited.  The  effect  of  this  un-modeled  mode  is  negligible. 

The  modal  damping  ratios  shown  in  Table  9  for  the  undamped  test  article  are  quite  low — 0.0025- 
0.005 — compared  to  typical  stiffened  aircraft  skins.  These  low  values  motivated  the  decision  to 
conduct  a  second  set  of  tests  with  an  added  damper  on  the  test  article  to  increase  the  damping 
ratios  to  values  in  the  range  of  0.01-0.02,  which  would  be  more  representative  of  real  structures. 

Attempts  were  made  to  experimentally  identify  the  cubic  nonlinear  stiffness  coefficient  for  the 
first  mode  of  the  test  article.  This  approach  was  used  successfully  on  a  clamped  beam  in  [39]. 

A  value  of  3.5X  108  in'2sec'2  was  measured  for  both  the  damped  and  undamped  test  articles.  This 
value  is  in  good  agreement  with  the  value  of  4.4x  10  in'  see'"  computed  for  the  ROM’s. 
Therefore,  the  FEM  accurately  represented  the  in-plane  stiffness  of  the  test  article  frame. 

Measured  and  predicted  RMS  values  of  the  undamped  test  article  center  displacement  are  listed 
in  Table  10  for  the  five  input  acceleration  levels.  The  RMS  displacements  are  also  plotted  vs 
input  level  in  Figure  47.  The  model  over-predicts  the  displacements  by  approximately  20%  at 
three  highest  excitation  levels.  While  damping  controls  the  response  at  low  input  levels, 
nonlinear  effects  become  important  at  high  levels.  Nonlinear  damping  can  also  become 
important  at  high  input  levels.  Therefore  it  is  important  to  separate  errors  due  to  nonlinear 
stiffness  from  those  due  to  nonlinear  damping. 
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Table  10.  RMS  values  of  plate  center  displacement  (in)  for  the  undamped  test  article 


input  Level  (g’s)  Experiment 


3-Mode  Models 

Linear  Damping  Linear  +  Nonlinear  Damping 


0.45 

0.004 

0.9 

0.008 

1.8 

0.012 

3.6 

0.018 

7.2 

0.023 

0.004 

0.004 

0.007 

0.007 

0.014 

0.011 

0.021 

0.017 

0.028 

0.023 

0.03 


0.025 


0.02 
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Figure  47.  RMS  values  of  center  displacement  for  the  undamped  article:  experimental  values 
(-■-),  the  frequency-corrected  model  with  viscous  damping  (-•-),  and  the  frequency-corrected 
model  with  viscous  and  nonlinear  velocity  squared  damping  (  o-). 

PSD’s  of  center  displacement  are  plotted  in  Figure  48  for  the  1.8  and  7.2  g  cases.  Predicted 
PSD’s  are  plotted  in  the  same  figure.  The  figure  shows  good  qualitative  agreement  between  the 
model  and  the  test  data.  The  low  order  nonlinear  model  captures  the  classical  features  of  the 
nonlinear  response  at  the  high  input  level,  i.e.,  broadening  of  the  resonant  peaks  which  are 
shifted  higher  in  frequency.  However,  the  resonant  peaks  in  the  predicted  PSD’s  are  generally 
broader  and  shifted  to  the  right  compared  to  the  test  data.  This  is  consistent  with  the  over¬ 
predicted  RMS  values. 
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Frequency,  Hz 

Figure  48.  Center  displacement  PSD  for  the  undamped  test  article  at  1.8g  and  7.2g:  experimental 
(— ),  and  the  frequency-corrected  model  with  viscous  damping  (— ). 

At  the  time  of  the  initial  investigation,  it  was  determined  that  the  most  likely  cause  of  the 
discrepancy  was  un-modeled  nonlinear  damping  in  the  test  article  that  increased  with  response 
amplitude.  The  RMS  values  of  center  displacement  for  the  ICE  model  with  a  nonlinear,  velocity 
squared  damping  term  added  to  the  first  mode  are  shown  in  Table  10  and  Figure  47.  The  errors 
compared  to  the  test  data  are  now  relatively  small.  The  PSD’s  for  the  model  with  nonlinear 
damping  are  compared  to  test  data  at  the  1.8  and  7.2  g  input  levels  in  Figure  49.  The  agreement 
at  the  first  mode  peak  is  now  much  improved  at  both  input  levels.  Increasing  the  linear  damping 
in  the  first  mode  of  the  model  would  also  cause  the  model  to  agree  closely  with  the  test  data,  but 
only  at  one  input  level.  Nonlinear  damping  is  required  to  match  the  test  at  all  levels.  The  very 
light  linear  damping  in  the  test  article  allowed  the  nonlinear  damping  to  significantly  affect  the 
response.  The  nonlinear  damping  would  be  mush  less  noticeable  in  a  real  structure  with  linear 
modal  damping  levels  in  the  0.01-0.02  range.  Although  nonlinear  damping  significantly  reduced 
the  error  in  the  predicted  response,  the  physical  mechanism  causing  the  apparent  nonlinear 
damping  could  not  be  reliably  identified.  The  most  likely  causes  are  nonlinear  acoustic  radiation 
or  viscous  air  effects.  A  velocity  squared  damping  term  was  used  in  the  model  since  it  is  the 
physical  form  of  damping  for  a  mass  vibrating  in  a  fluid.  However,  a  displacement  squared 
damping  term  produced  similar  results. 

Results  for  the  test  article  with  the  constrained  layer  damper  will  now  be  presented.  Measured 
natural  frequencies  and  modal  damping  ratios  for  the  target  modes  are  listed  in  Table  9.  The 
natural  frequencies  are  slightly  lower  than  the  undamped  values.  The  modal  damping  ratios  are 
much  higher,  and  are  now  more  representative  of  real  structures. 
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Figure  49.  Center  displacement  PSD  for  the  undamped  test  article  at  1.8g  and  7.2g:  experimental 
(— ),  and  the  frequency-corrected  model  with  viscous  damping  and  nonlinear  velocity  squared 

damping(— ). 

Measured  values  of  RMS  displacement  at  the  plate  center  are  listed  in  Table  1 1  and  plotted  in 
Figure  50  for  the  five  input  acceleration  levels.  Comparing  the  values  in  Table  1 1  with  those  in 
Table  10  for  the  undamped  article,  we  see  that  that  added  damping  reduces  the  displacement  by 
half  at  the  lowest  input  level.  The  difference  between  damped  and  undamped  values  gets  smaller 
as  the  input  amplitude  increases  due  to  the  capping  effect  of  the  stiffness  and  damping 
nonlinearities.  Values  from  the  model  with  only  linear  damping,  also  shown  in  Table  11,  agree 
more  closely  with  the  measurements  than  in  the  undamped  case.  Adding  nonlinear  damping  to 
the  model  reduces  the  RMS  displacements  slightly  as  shown  in  Table  1 1  and  Figure  50.  The 
effect  of  nonlinear  damping  on  the  response  of  the  damped  test  article  is  much  less  significant 
than  it  was  on  the  undamped  article. 

Table  1 1 .  RMS  values  of  plate  center  displacement  (in)  for  the  test  article  with  damper 


3 -Mode  Models 


Input  Level  (g’s)  Experiment  Linear  Damping  Linear  +  Nonlinear  Damping 


0.45 

0.002 

0.002 

0.002 

0.9 

0.004 

0.004 

0.004 

1.8 

0.008 

0.008 

0.007 

3.6 

0.013 

0.014 

0.013 

7.2 

0.021 

0.021 

0.020 
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Figure  50.  RMS  values  of  center  displacement  as  a  function  of  input  level  for  the  damped  test 
article:  experimental  values  (-■-),  the  frequency-corrected  model  with  viscous  damping  (-•-), 
and  the  frequency-corrected  model  with  viscous  and  nonlinear  velocity  squared  damping  (-o-). 


The  excellent  agreement  between  model  and  experiment  for  the  damped  test  article  is  clearly 
visible  in  the  PSD’s  of  center  displacements  shown  in  Figure  5 1 .  The  model  prediction  now  lies 
very  close  to  the  test  data  for  the  dominant  first-mode  peak  for  both  input  levels.  The  agreement 
is  also  noticeably  better  at  the  other  two  response  peaks.  Again,  the  added  damping  is  masking 
the  nonlinear  damping.  Adding  nonlinear  damping  to  the  ICE  model,  further  improves  the 
agreement  in  the  displacement  PSD’s  as  shown  in  Figure  52.  The  plots  are  now  nearly 
indistinguishable  except  near  the  3ld  mode  peak. 

We  will  now  compare  predicted  strains  at  the  center  of  the  damped  test  article  with  measured 
values.  As  discussed  above,  the  primary  improvement  offered  by  the  ICE  method  over  previous 
formulations  of  the  IC  method  is  the  ability  to  recover  physical  membrane  displacements  from 
the  ROM.  This  allows  the  computation  of  element  strains  using  the  finite  element  strain- 
displacement  equations.  RMS  strains  measured  at  the  center  of  the  damped  test  article  are 
presented  in  Tables  12-13  and  Figures  53-54  for  directions  parallel  to  the  short  and  long  sides  of 
the  plate.  Values  from  the  model  are  also  shown  in  the  tables  and  figures.  The  model  with  linear 
damping  under-predicts  the  strain  in  the  short  direction  by  7%  (Table  12)  and  by  13%  for  strain 
in  the  long  direction  (Table  13)  at  the  highest  excitation  level.  This  is  considered  good 
agreement.  Another  observation  from  the  RMS  strains  is  that  the  absolute  strain  values  are  quite 
low — below  levels  that  would  cause  sonic  fatigue  in  a  real  structure.  The  low  values  of  strain  are 
a  direct  result  of  the  damping  added  to  the  test  article.  Even  though  the  strains  are  low,  the  test 
article  still  exhibits  nonlinear  behavior  and  is  thus  good  for  verification  of  the  low  order 
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modeling  methods.  Increasing  the  input  level  could  have  produced  higher  strain  levels.  But, 
unfortunately,  the  shaker  used  in  the  experiment  was  at  its  limit  of  output  at  the  7.2g  level. 


Figure  5 1 .  Center  displacement  PSD  for  the  damped  test  article  at  1 .8g  and  7.2g:  experimental 
(— ),  and  the  frequency-corrected  model  with  viscous  damping  (— ). 


Figure  52.  Center  displacement  PSD  for  the  damped  test  article  at  1 .8g  and  7.2g:  experimental 
(— ),  and  the  frequency-corrected  model  with  viscous  damping  and  nonlinear  velocity  squared 

damping(— ). 
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Table  12.  RMS  values  of  strain  (|uin/in)  at  the  plate  center  in  the  short  direction 

for  the  test  article  with  damper 


Input  Level  (g’s) 

Experiment 

3 -Mode  Models 

Linear  Damping  Linear  +  Nonlinear  Damping 

0.45 

7 

7 

7 

0.9 

14 

13 

13 

1.8 

27 

25 

24 

3.6 

45 

43 

41 

7.2 

74 

69 

63 

Table  13.  RMS  values  of  strain  (pin/in)  at  the  plate  center  in  the  long  direction 

for  the  test  article  with  damper 


3 -Mode  Models 


Input  Level  (g’s) 

Experiment 

Linear  Damping 

Linear  +  Nonlinear  Damping 

0.45 

5 

4 

4 

0.9 

10 

8 

8 

1.8 

18 

15 

15 

3.6 

30 

27 

26 

7.2 

47 

41 

40 

RMS  Input  Excitation,  g 


Figure  53.  RMS  values  of  strain  in  the  short  direction  for  the  damped  article:  experimental 
values  (-■-),  the  frequency-corrected  model  with  viscous  damping  (-•-),  and  the  frequency- 
corrected  model  with  viscous  and  nonlinear  velocity  squared  damping  (-o-). 
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Figure  54.  RMS  values  of  strain  in  the  long  direction  for  the  damped  test  article:  experimental 
values  (-■-),  the  frequency-corrected  model  with  viscous  damping  (-•-),  and  the  frequency- 
corrected  model  with  viscous  and  nonlinear  velocity  squared  damping  (-o-). 


PSD’s  of  strain  at  the  center  of  the  damped  test  article  are  plotted  in  Figures  55-56  for  directions 
parallel  to  the  short  and  long  sides  of  the  plate,  respectively  at  1.8  and  7.2  g’s  rms  input 
acceleration.  As  with  the  displacement,  the  predicted  strain  PSD’s  show  very  good  qualitative 
agreement  with  the  experiment.  There  is  some  error  in  the  short-direction  strain  at  the  7.2g  input 
level,  shown  in  Figure  55,  near  500  Hz  and  in  the  long-direction  strain,  shown  in  Figure  56,  at 
the  first  mode  peak  near  150  Hz  and  in  the  vicinity  of  500  Hz. 


Figure  55.  Strain  in  the  short-direction  for  the  damped  test  article  at  1.8g  and  7.2g:  experimental 
(— ),  and  the  frequency-corrected  model  with  viscous  damping  (— ). 
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Figure  56.  Strain  in  the  long-direction  for  the  damped  test  article  at  1.8g  and  7.2g:  experimental 
(— ),  and  the  frequency-corrected  model  with  viscous  damping  (— ). 

Adding  nonlinear  damping  to  the  model  reduces  the  RMS  strains  somewhat  as  shown  in  Tables 
12-13  and  Figures  53-54.  The  strain  PSD’s  for  the  model  without  nonlinear  damping  are 
compared  to  test  results  in  Figures  55-56.  Strain  PSD's  with  the  addition  of  nonlinear  damping 
show  very  little  difference  compared  to  the  data  in  Figures  55-56. 

The  ICE  method — an  extension  of  the  IC  approach — was  shown  to  accurately  predict  the  test 
article  response.  It  was  relatively  easy  to  implement  since  it  does  not  require  special-purpose 
finite  element  code  or  the  identification  of  membrane  basis  vectors.  Generalized  membrane 
displacements  were  recovered  using  the  procedure  and  strains  were  computed  from  the 
displacements  using  strain-displacement  equations,  instead  of  the  mapping  process  used  in  the 
original  IC  approach. 

The  ICE  model  predicted  displacements  and  strains  that  agreed  reasonably  well  with 
experimental  data  from  the  original  (undamped)  test  article.  There  were  two  general  differences, 
however,  between  the  measured  data  and  the  model  results.  First,  the  predicted  natural 
frequencies  of  the  test  article  were  lower  than  the  measured  values.  The  most  likely  cause  was 
un-modeled  in-plane  tensile  pre-stress  induced  in  the  test  article  during  fabrication.  The 
frequency  errors  could  be  eliminated  easily  by  using  measured  frequencies  in  the  low  order 
model.  The  second  discrepancy  in  the  model  results  was  the  over-prediction  of  RMS  values  of 
displacement  and  strain.  This  effect  was  seen  in  the  PSD’s  as  broadening  and  shifting  of  the 
resonant  peaks.  Nonlinear  damping  was  added  to  the  model  and  the  agreement  of  predicted 
response  with  the  test  results  improved  significantly.  However,  the  physical  mechanism 
producing  the  apparent  nonlinear  damping  was  not  identified.  Nor  was  it  definitively  proven  that 
nonlinear  damping  was  the  source  of  the  errors  in  the  predictions  and  not  some  other  un-modeled 
phenomenon.  This  is  an  area  that  needs  further  study. 
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The  addition  of  the  constrained  layer  damper  to  the  test  article  resulted  in  very  good  agreement 
between  the  model  and  the  test  data.  The  improved  agreement  of  the  model  is  likely  due  to  the 
fact  that  the  added  linear  damping  reduced  the  overall  response  at  each  input  level.  This  tended 
to  lessen  the  un-modeled  nonlinear  effects  that  were  causing  the  errors  in  the  undamped  case. 

Previous  experimental  works  on  random  response  of  clamped  plates  assumed  to  have  perfectly 
rigid  boundaries  have  suffered  because  of  un-modeled  in-plane  boundary  stiffness.  The 
approach  used  in  this  effort  of  designing  a  test  article  with  an  integral  frame  that  could  be 
explicitly  modeled  was  successful.  The  good  agreement  between  the  detailed  model  and  the  test 
data  confirms  this. 

4.4.3  Vacuum  Shaker  Test 

The  application  of  nonlinear  ROM's  to  the  clamped  plate  with  base  excitation  described  above 
showed  that  the  addition  of  a  velocity-squared  damping  term  to  the  ROM  improved  the  predicted 
response  over  a  range  of  excitation  levels.  In  contrast,  adjusting  the  linear  modal  damping 
improved  the  predicted  response  at  only  a  single  excitation  level,  indicating  the  nonlinear  nature 
of  the  damping.  The  source  of  the  un-modeled  damping  was  believed  to  be  nonlinear  acoustic 
radiation,  but  this  was  not  proven. 

To  determine  whether  acoustic  radiation  was  indeed  the  source  of  the  nonlinear  damping,  an 
experimental  study  was  performed  on  the  clamped  plate  at  several  levels  of  air  pressure  from 
ambient  to  near-vacuum.  The  details  of  the  experiment  along  with  a  comparison  of  the  test  and 
ROM  results  are  presented  below.  This  work  was  originally  published  as  Reference  [48]. 

To  achieve  the  near  vacuum  test  environment,  a  chamber  was  constructed  of  14-inch-thick 
aluminum  alloy.  For  ease  of  fabrication  and  integration  into  existing  test  equipment  the  chamber 
is  a  near  cube  with  internal  volume  of  approximately  3  ft3.  A  1-inch  diameter  hole  was 
machined  in  the  front-facing  chamber  wall  and  a  two-inch  diameter  by  14-inch  thick  piece  of 
quartz  glass  was  attached  with  epoxy  for  laser  vibrometer  velocity  measurement.  Chamber 
gasket  material  was  simply  1/8-inch-thick  neoprene  rubber.  A  vacuum  pump  was  used  to 
evacuate  most  of  the  air  in  the  chamber.  A  right  angled  fixture  constructed  of  1  /^-inch-thick 
aluminum  alloy  was  used  to  secure  and  position  the  plate  test  article  so  its  center  was  forward 
facing  in  view  of  the  quartz  window.  A  20,000  lbf  electrodynamic  shaker  with  a  large 
magnesium  slip  table  attached  to  the  annature  was  used  to  excite  the  entire  test  assembly.  The 
test  setup  can  be  seen  in  Figures  57-58.  The  atmospheric  test  setup  is  pictured  in  Figure  57  and 
the  vacuum  assembly  can  be  seen  in  Figure  58.  The  slip  table  is  hydraulically  suspended  greatly 
reducing  friction  and  isolated  from  the  floor  to  avoid  unwanted  external  excitation.  The  slip 
table  has  a  pattern  of  machined  and  tapped  holes  which  where  used  to  secure  the  vacuum 
chamber  and  test  fixture.  A  thin  film  of  vacuum  grease  was  applied  to  both  sides  of  the  gasket 
material  to  increase  its  effectiveness. 
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Figure  57.  Atmospheric  test  setup 
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Figure  58.  Vacuum  chamber  test  setup 

The  test  procedures  followed  the  same  basic  profile  established  in  Section  4.4.2  with  a  random 
force  input,  spectrally  flat  across  a  75-625  Hz  band,  at  RMS  levels  of  0.45,  0.90,  1.8,  3.6,  7.2  g’s. 
Initial  tests  without  the  chamber  were  conducted  to  confirm  baseline  values  from  previous  work 
which  included  a  modal  test  to  establish  modal  damping  ratios  for  use  in  the  reduced-order 
modal  model.  The  same  test  profile  was  then  repeated  inside  the  chamber  at  decreasing 
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pressures  of  1 1,  8,  5,  2,  1,  0.5  psia.  It  was  discovered  during  pretest  check-out  that  0.5  psia  was 
the  limit  of  the  test  assembly.  Previous  work  done  by  Silverman,  et  al.  [49],  indicated  that 
changes  in  clamped  plate  response  below  about  1  psia  were  negligible.  This  claim  was 
confirmed  between  the  1  psia  and  0.5  psia  results  of  the  current  study.  Time  histories  of  the  table 
acceleration  and  the  panel  velocity  were  recorded  for  all  runs.  The  record  length  was  60 
seconds,  sampled  at  4096  Hz. 

The  panel  velocity  was  measured  with  a  Polytec  Model  OVF-302  Scanning  Laser  Vibrometer. 
The  vibrometer  beam  was  aimed  through  the  quartz  window  on  the  front  of  the  vacuum  chamber 
at  a  piece  of  retro-reflective  material  placed  at  the  plate  center.  It  was  found  that  the  quartz 
window  and  any  associated  vibrations  of  the  chamber  wall  itself  that  may  have  caused  possible 
signal  noise  generation  did  not  significantly  interfere  with  the  plate  response  signal.  The 
vibrometer  used  in  this  experiment  was  a  single  beam  vibrometer  capable  only  of  absolute 
velocity  measurement.  The  vibrometer  used  in  the  previous  study  was  a  dual  beam  vibrometer 
which  provided  a  differential  displacement  measurement.  That  vibrometer  was  configured  to 
measure  the  difference  between  the  displacement  of  the  plate  center  and  displacement  of  the 
shaker  head.  In  the  experiments  reported  here,  the  vibrometer  measured  the  absolute  velocity  of 
plate  center.  The  absolute  velocity  approaches  the  differential  velocity  as  the  frequency 
increases  because  the  table  velocity  becomes  negligible. 

The  temperature  of  the  plate  and  frame  were  measured  with  thermocouples  and  were 
continuously  monitored  during  testing.  It  was  hoped  testing  would  be  conducted  only  when  the 
temperature  differential  between  the  plate  and  frame  was  less  than  0.3°F  to  conform  to  earlier 
work  performed  by  the  authors.  A  relatively  low  temperature  delta  would  insure  that  thermally- 
induced  in-plane  stresses  were  minimized.  Unfortunately,  during  atmospheric  testing, 
temperature  fluctuations  were  unavoidable  due  to  the  shaker’s  cooling  system.  The  temperature 
of  the  panel  was  typically  0.5  °F  warmer  than  the  frame  temperature  during  these  tests.  Despite 
larger  than  desired  temperature  deltas,  the  results  still  confirmed  earlier  test  baselines  after  some 
temperature  induced  frequency  shifting  was  taken  into  account.  Tests  conducted  while  in  the 
vacuum  chamber  were  within  the  specified  0.3°F  delta  as  the  plate  assembly  was  effectively 
isolated  from  the  shaker’s  cooling  system.  The  panel  for  these  tests  was  0.1  °F  wanner  or  cooler 
than  the  frame  depending  on  the  actual  test  run.  In  an  effort  to  avoid  temperature  induced 
stresses,  atmospheric  tests  were  also  attempted  inside  the  vacuum  chamber.  However,  acoustic 
resonances  inside  the  chamber  made  these  results  less  than  desirable  for  comparison  to  the  near¬ 
vacuum  results.  One  acoustic  mode  of  the  chamber  occurred  at  about  200  Hz,  well  within  the 
frequency  range  of  interest,  making  the  atmospheric  tests  within  the  chamber  useless  for  the 
current  study.  This  acoustic  mode  quickly  disappeared  as  the  air  pressure  dropped  in  the  vacuum 
tests. 

Tests  were  conducted  at  the  reduced  pressures  as  a  means  to  measure  modal  damping  ratios  for 
use  in  the  ROM  as  well  as  later  comparison  to  atmospheric  values.  To  achieve  a  free  decay 
response  of  the  plate  while  in  the  vacuum  chamber,  the  magnesium  slip  table  of  the  shaker 
assembly  was  impacted  with  a  rubber  tipped  sledge  hammer  and  the  resulting  plate  decaying 
response  was  measured  with  the  laser  vibrometer  through  the  quartz  window. 
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Finally,  the  plate  was  fitted  with  a  1%  inch-square  piece  of  constrained  layer  damping  material 
consisting  of  a  0.005-inch  thick  layer  of  3M  ISD1 12  viscoelastic  damping  material  and  a  0.005- 
inch  thick  aluminum  foil  constraining  layer  for  one  series  of  tests.  The  damper  was  designed  to 
provide  approximately  1%  damping  in  the  first  mode.  A  modal  damping  ratio  near  1%  is  typical 
of  many  stiffened  panel  structures  used  in  aerospace  vehicles.  The  values  of  0.20-0.28% 
measured  for  the  plate  test  article  were  considerably  lower  than  1  %,  so  the  damper  was  added  to 
see  what  effect  a  higher  linear  damping  value  would  have  on  the  apparent  nonlinear  damping. 
The  above  tests  procedures  were  then  repeated  with  the  damped  plate. 

Experimental  results  from  random  response  tests,  shown  in  Figure  59,  indicated  that  the  plate 
response  was  dependant  on  air  pressure,  particularly  at  high  excitation  levels.  Pictured  are  the 
PSD’s  of  velocity  of  the  plate  center  at  atmospheric  pressure  and  in  a  near-vacuum  environment 
for  three  input  acceleration  levels.  At  the  lowest  excitation  level,  where  response  is  nearly  linear, 
the  atmospheric  and  near-vacuum  results  closely  track  each  other.  As  the  excitation  level  is 
increased  the  responses  become  nonlinear  and  the  atmospheric  and  near-vacuum  results  begin  to 
diverge.  At  the  highest  excitation  level,  the  measured  PSD’s  are  significantly  different.  At 
excitation  levels  where  a  thin  plate  exhibits  highly  nonlinear  response,  a  reduction  in  damping  is 
associated  with  peak  broadening  rather  than  the  narrowing  seen  in  linear  response.  The  data 
measured  at  7.2g  in  the  near-vacuum  environment  show  a  greater  broadening  of  the  peaks  in  the 
PSD  when  compared  to  data  at  atmosphere.  This  indicates  the  air  is  attenuating  the  response  and 
the  attenuation  is  increasing  with  amplitude.  It  should  be  noted  that  all  results  at  atmospheric 
pressure  have  been  frequency- shifted  when  being  compared  to  vacuum  and  ROM  results  due  to 
the  previously  stated  issues  with  the  shaker  cooling  system. 


Figure  59.  Measured  plate  center  velocity  PSD  at  atmosphere  and  near-vacuum. 

Modal  damping  ratios  were  experimentally  determined  for  the  plate  before  the  vacuum  chamber 
was  added  and  then  again  at  reduced  pressure.  Results  can  be  seen  in  Table  14.  The  values 
measured  in  the  near-vacuum  environment  are,  in  general,  slightly  lower  than  those  measured  at 
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atmosphere.  This  difference  would  indicate  acoustic  radiation  damping  is  present.  It  should  be 
pointed  out  that  the  measured  damping  ratio  for  the  third  symmetric  mode  was  suspiciously  low 
compared  to  the  other  two  symmetric  modes  of  interest.  The  damping  in  the  third  mode  would 
appear  to  have  been  reduced  considerably  more  than  the  other  modes  when  the  acoustic  medium 
was  removed.  It  is  felt  that  the  impact  to  the  shaker  slip  table  didn’t  effectively  excite  the  third 
mode.  Therefore,  the  measured  value  of  modal  damping  ratio  for  the  third  mode  was  not  used  in 
the  ROM.  Instead,  the  average  percentage  of  reduction  in  the  modal  damping  ratio  of  the  first 
two  modes  was  applied  to  the  third,  resulting  in  a  value  of  0.005  used  for  the  model  predictions 
for  the  near-vacuum  case.  Measured  natural  frequencies  are  also  shown  in  Table  14  for  the  test 
article  at  atmospheric  and  near-vacuum.  The  frequencies  at  atmospheric  pressure  are  noticeably 
lower  that  those  at  near  vacuum.  One  cause  for  this  difference  could  be  the  mass-loading  effect 
of  the  air.  However,  there  may  also  be  some  thermal  stress  effect  present,  since  test  article 
frequencies  are  very  sensitive  to  temperature  differences  between  the  plate  and  the  frame. 

Table  14.  Natural  frequencies  and  modal  damping  ratios  for  the  target  modes 


Mode 

Undamped 

Test  Article 

Atmosphere 

Freq.  (Hz)  Damping  Ratio 

Undamped 

Test  Article 

Near- Vacuum 

Freq.  (Hz)  Damping  Ratio 

(1,1) 

112 

0.0028 

120 

0.0020 

(3,1) 

323 

0.0030 

335 

0.0025 

(1,3) 

493 

0.0070 

504 

0.0023 

The  ROM’s  used  here  are  from  Section  4.4.2.  The  models  were  based  on  a  detailed  FEM 
developed  in  MSC.Nastran  and  reduced  to  three  modes  via  the  ICE  method.  The  natural 
frequencies  and  modal  damping  ratios  in  the  model  were  adjusted  to  coincide  with  measured 
values.  Time  integration  was  perfonned  using  the  Newmark  beta  method  to  generate  60  seconds 
of  velocity  data  to  compare  with  experiments.  The  shaker  excitation  was  modeled  as  a  body 
force  so  that  the  output  from  the  integration  is  actually  the  differential  velocity  of  the  plate 
center,  relative  to  the  shaker.  Recall  that  the  experimental  results  are  absolute  velocity.  Thus, 
we  expect  the  magnitude  of  absolute  velocity  of  the  experiments  to  be  slightly  greater  than  the 
differential  velocity  of  the  model.  This  effect  is  very  small  and  is  only  noticeable  off-resonance 
and  at  the  lower  frequencies. 

The  experimental  results  for  three  input  levels  at  atmospheric  pressure  are  compared  to  the  ROM 
predictions  in  Figure  60.  The  measured  damping  ratios  at  atmospheric  pressure  were  used  in  the 
model.  At  the  low  excitation  level  the  results  compare  very  well.  It  can  be  seen  that  as  the 
excitation  level  is  increased  and  the  response  becomes  increasingly  nonlinear,  the  agreement 
between  the  experimental  results  and  the  model  predictions  decreases.  The  ROM  is  over¬ 
predicting  the  response. 
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Figure  60.  Measured  plate  center  velocity  PSD  at  atmosphere  and  predicted  PSD  using 

measured  damping  values. 

The  experimental  results  for  the  near-vacuum  cases  are  compared  to  ROM  predictions  in  Figure 
61 .  Modal  damping  ratios  from  the  impact  test  at  0.5  psia  were  used  for  model  predictions  with 
the  exception  of  the  third  mode  value  which  was  modified  as  previously  stated.  With  most  of  the 
air  evacuated,  the  experimental  and  model  results  are  in  much  better  agreement  than  the  in-air 
results.  The  near-vacuum  environment  more  closely  recreates  the  fundamental  assumption 
present  not  only  in  the  ROM  but  in  nearly  all  sonic  fatigue  response  prediction  methods,  i.e.,  the 
structure  and  acoustic  field  interaction  is  negligible.  The  results  in  Figure  61  would  indicate  this 
decoupled  assumption  is  not  valid,  particularly  for  the  lightly  damped  plate  in  this  study. 

A  very  important  point  to  be  drawn  from  Figure  61  is  that  without  the  effect  of  the  air,  the 
accuracy  of  the  ROM  is  quite  good!  Another  important  quality  of  the  above  comparison  is  that 
the  ROM  uses  the  same  modal  damping  ratios  for  all  load  levels.  This  point  is  of  particular 
interest  due  to  the  fact  that  the  response  is  transitioning  from  a  purely  linear  regime,  to  one  that  is 
highly  nonlinear.  The  peak  broadening  that  occurs  with  increasing  amplitude  is  not  due  to  any 
structural  nonlinear  damping,  but  is  due  solely  to  nonlinear  stiffness. 

Results  from  the  shaker  test  described  in  the  previous  section  showed  that  a  single  damping 
factor  for  each  mode  could  not  accurately  model  the  response  for  all  amplitudes  of  vibration. 

The  approach  there  was  to  add  a  nonlinear,  velocity-dependent  damping  term  to  the  first  modal 
equation  to  improve  model  agreement  with  experiment.  In  this  study,  a  trial  and  error  process 
was  used  to  assign  modal  damping  ratios  to  the  model  for  each  of  the  five  input  levels.  The 
obvious  starting  point  is  the  fact  that  at  the  0.45g  level  the  measured  modal  damping  ratios 
actually  produce  an  accurate  prediction  of  the  plate  response.  The  first-mode  damping  ratios 
resulting  from  this  process  can  be  seen  in  Table  15.  It  should  be  noted  that  in  order  to  simplify 
the  process  only  the  damping  ratio  of  the  first  mode  was  manipulated.  It  was  observed  that  only 
the  level  of  damping  in  the  first  mode  has  a  significant  effect  on  the  energy  level  of  the  other  two 
modes.  Furthermore,  being  by  far  the  highest  energy  mode  makes  fitting  the  first  mode 
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prediction  to  the  test  results  the  highest  priority.  Figure  62  shows  how  well  the  selected  modal 
damping  ratios  match  the  experimental  results.  As  can  be  seen  in  Table  15  and  Figure  62,  the 
level  of  damping  required  in  the  model  increases  with  the  increasing  load.  At  the  7.2g  level  1% 
damping  in  the  first  mode  is  required  as  opposed  to  only  0.25%  at  the  0.45g  level.  When 
comparing  Figures  60  and  62  one  can  confirm  that  manipulating  the  first  mode  damping  alone 
has  a  positive  effect  on  the  two  higher  modes  as  well. 


Figure  61.  Measured  plate  center  velocity  PSD  at  near-vacuum  and  predicted  PSD  using 

measured  damping  values. 


Table  15.  First  mode  linear  damping  value  needed  at  pressure/excitation 
to  match  experimental  results 


Input  Level  (g’s) 

Model  First  Mode  Linear  Damping 

Atmosphere 

Near- Vacuum 

0.45 

0.0025 

0.002 

0.9 

0.0030 

0.002 

1.8 

0.0050 

0.002 

3.6 

0.0070 

0.002 

7.2 

0.0100 

0.002 
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Figure  62.  Measured  plate  center  velocity  PSD  at  atmosphere  and  predicted  PSD  using 

increasing  linear  damping  for  first  mode. 

Finally,  the  plate  with  added  damping  was  investigated.  The  same  test  protocol  was  repeated 
with  a  constrained  layer  damper  attached  to  the  back  of  the  plate.  The  modal  test  results  for  the 
damped  plate  are  shown  in  Table  16.  The  modal  damping  ratio  for  the  first  mode  of  the  damped 
plate  is  now  1 .2%  which  is  nearly  the  same  damping  ratio  required  to  successfully  model  the 
response  of  the  experiment  at  atmosphere  and  7.2g.  The  effects  of  the  added  damping  on  plate 
random  response  can  be  seen  in  Figures  63-64.  In  these  figures,  experimental  center  velocity 
PSD’s  for  the  damped  plate  are  compared  to  ROM's  for  the  in-air  and  in-vacuum  cases, 
respectively.  The  models  used  for  both  figures  use  measured  modal  damping  ratios  from  the 
modal  test  at  atmosphere.  This  was  done  out  of  necessity  since  the  shaker  slip  table  impact  tests 
conducted  on  the  damped  plate  at  reduced  pressures  didn’t  produce  sufficient  levels  of  response 
in  the  plate  for  near-vacuum  damping  ratios  to  be  properly  estimated.  In  Figure  63,  with  the 
damped  plate  at  atmosphere,  measured  velocity  and  the  model  agree  very  well  at  all  excitation 
levels.  Figure  64  shows  a  very  similar  result  in  vacuum.  Figures  63  and  64  indicate  that  the 
more  heavily  damped  structure  does  not  seem  to  exhibit  the  nonlinear  damping  seen  with  a  more 
lightly  damped  structure!  The  response  changes  little  between  the  atmospheric  and  near-vacuum 
environment  results. 


Table  16.  Natural  frequencies  and  modal  damping  ratios  for  the  target  modes  of  the  damped 

article  at  atmosphere 


Mode 

Freq.  (Hz) 

Damping  Ratio 

(1,1) 

112 

0.0120 

(3,1) 

350 

0.0170 

(U) 

512 

0.0075 

100 
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Figure  63.  Measured  plate  center  velocity  PSD  of  the  damped  test  article  at  atmosphere  and 
predicted  PSD  using  measured  damping  values. 


Frequency,  Hz 

Figure  64.  Measured  plate  center  velocity  PSD  of  the  damped  test  article  at  near-vacuum  and 

predicted  PSD  using  measured  damping  values. 

The  effect  of  the  added  damping  treatment  on  plate  response  is  further  illustrated  in  Figure  65. 
Here,  the  measured  response  of  the  damped  plate  in  air  at  7.2g’s  is  compared  to  the  response  of 
the  undamped  plate  at  the  same  conditions.  The  width  of  the  first  mode  resonant  peak  of  the 
damped  plate  is  virtually  the  same  as  that  of  the  undamped  plate,  but  the  peak  response  of  the 
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damped  plate  is  noticeably  lower.  This  is  what  would  be  seen  if  only  the  modal  damping  ratio 
was  different! 


Figure  65.  Measured  plate  center  velocity  PSD  of  damped  and  undamped  test  article  at 

atmosphere  and  7.2g  RMS  excitation. 

Results  of  the  vacuum  tests  would  indicate  that  there  is  a  physical  explanation  for  the  previously 
un-modeled  damping  effects.  When  experimental  results  at  atmosphere  and  in  a  near-vacuum 
environment  were  compared,  it  was  clear  that  the  response  of  the  plate  was  a  function  of  air 
pressure.  It  was  also  readily  apparent  that  a  ROM  with  only  linear  damping  terms  produced 
responses  that  agreed  very  closely  with  in-vacuum  results.  This  observation,  combined  with  the 
fact  that  a  nonlinear  damping  term  was  required  in  the  model  to  match  response  at  atmosphere, 
proves  that  coupling  with  the  air  is  the  physical  source  of  the  nonlinearity.  Fiowever,  it  was  not 
determined  conclusively  that  nonlinear  acoustic  radiation  was  the  mechanism  at  play. 

The  in-vacuum  test  results  provided  an  excellent  validation  of  the  accuracy  of  the  reduced-order 
modeling  approach.  Comparison  of  a  model  to  experimental  results  in-air  has  shown  some  lack 
of  agreement  because  the  model  didn’t  account  for  coupling  with  the  air.  However,  when  the  air 
was  removed,  the  model  agreed  very  well. 

The  plate  test  article  investigated  in  this  study  was  very  lightly  damped.  It  was  also  relatively 
thin  compared  to  typical  skin  panels  in  aerospace  structures.  The  combination  of  these  factors 
resulted  in  a  test  article  which  was  very  sensitive  to  acoustic  radiation  damping.  Furthennore, 
when  the  modal  damping  of  the  plate  was  increased  to  a  more  representative  value  with  a 
constrained  layer  damper,  the  apparent  nonlinear  damping  disappeared — even  at  the  highest 
excitation  level. 

Based  on  these  results,  the  acoustic  medium  may  have  to  be  included  as  relevant  physics  in  the 
solution  of  highly  nonlinear  dynamic  response.  Further  study  into  current  coupling  capabilities 
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in  commercial  software  and  an  addition  of  acoustical  physics  into  the  ROM  are  needed  to  further 
increase  the  confidence  in  nonlinear  dynamic  response  predictions. 

4.4.4  Finite  Element  Prediction  of  Acoustic  Radiation  Damping 

This  section  describes  the  application  of  finite  element  analysis  to  predict  the  acoustic  radiation 
damping  of  a  thin  plate.  The  work  was  motivated  by  the  results  of  the  shaker  tests  of  the 
clamped  plate  test  article  in  near  vacuum  reported  above  in  Section  4.4.3.  The  objective  of  this 
study  was  to  detennine  whether  finite  element  analysis  of  coupled  structural-acoustic  models  can 
be  used  to  accurately  predict  acoustic  radiation  damping  of  plate-like  structures.  This  work  was 
originally  reported  in  Reference  [50], 

Many  analytical  studies  of  the  acoustic  radiation  damping  of  beams  and  plates  have  been 
published  since  the  1970’s.  The  works  of  Wallace  [51,  52]  are  good  examples.  The  study  by 
Mangiarotty  [53]  showed  very  good  agreement  of  an  analytical  prediction  of  the  radiation 
damping  of  a  baffled  plate  with  experiment.  Oppenheimer  and  Dubowsky  [54]  have  shown  the 
potentially  large  effect  baffling  has  on  radiation  damping,  especially  at  low  frequencies.  The 
analytical  methods  are  accurate  for  simple  structural  configuration,  like  beams  or  plates,  but  are 
not  practical  for  complex  air  vehicle  structures. 

Coupled  analysis  of  structural-acoustic  models  is  available  in  many  commercial  finite  element 
analysis  codes.  At  least  one  code,  Abaqus,  has  the  capability  to  use  infinite  acoustic  elements  to 
model  unbounded  acoustic  domains  in  a  complex  eigensolution  [55].  This  combination  of 
capabilities  should  allow  the  determination  of  acoustic  radiation  damping,  although  no 
confirmation  of  this  is  found  in  the  literature. 

The  results  of  two  previous  studies  were  used  to  judge  the  accuracy  of  the  finite  element-based 
modal  damping  predictions.  The  first  was  the  analytical  study  by  Wallace  [51],  in  which 
expressions  for  the  acoustic  radiation  damping  of  the  modes  of  a  simply  supported  plate  in  an 
infinite  baffle  were  developed.  The  second  was  the  experimental  work  described  in  Section 
4.4.3  of  the  damping  of  a  clamped  rectangular  plate  in  air  and  near-vacuum. 

In  the  study  by  Wallace,  the  acoustic  damping  ratios  for  individual  modes  of  a  rectangular  plate, 
simply  supported  in  an  infinite  baffle,  were  theoretically  determined  from  the  ratio  of  acoustic 
energy  radiated  per  cycle  to  the  vibratory  energy  of  the  plate.  Graphs  of  radiation  damping  for  a 
resonant  mode  as  a  function  of  plate  thickness-to-length  ratio  were  presented  for  several  plate 
aspect  ratios.  The  damping  ratio  for  the  first  mode  of  the  plate  model  used  in  this  study  was 
determined  from  one  of  these  graphs. 

The  near  vacuum  shaker  tests  described  in  Section  4.4.3  produced  an  experimental  example  of 
the  effects  of  acoustic  radiation  damping.  Results  from  the  experimental  study  of  the  high- 
amplitude,  random  response  of  a  clamped  plate  in  air  pressure  conditions  ranging  from 
atmospheric  to  near-vacuum  can  be  seen  in  Figure  59.  Shown  is  the  velocity  power  spectral 
density  (PSD)  measured  at  the  plate  center  under  random  base  excitation.  As  the  magnitude  of 
the  load  is  increased  the  response  at  the  plate  center  begins  to  diverge  when  comparing 
atmospheric  and  near-vacuum  conditions.  At  the  highest  level  response  in  near-vacuum,  the 
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damping  of  the  system  and  in  the  first  mode  in  particular  has  measurably  decreased.  For 
reference,  during  nonlinear  response  a  reduction  in  damping  is  seen  as  a  broadening  of  the  peak. 
The  experimental  results  indicated  the  measured  linear  modal  damping  ratio  of  the  first  plate 
mode  in  atmosphere  was  approximately  0.25%.  When  the  measurement  was  repeated  in  a  near¬ 
vacuum  environment  the  first  mode  damping  ratio  was  reduced  to  0. 15%.  Acoustic  radiation 
damping  becomes  a  dominant  contributor  to  overall  damping  levels  for  a  thin  plate.  Given  the 
0.020  in.  thickness  of  the  plate  test  article,  the  difference  in  damping  ratios  between  the  two 
experiments  was  considered  a  reasonable  measure  of  acoustic  radiation  damping. 

The  complex  eigensolution  capability  in  Abaqus  was  used  to  compute  the  modal  damping  of  a 
thin  plate  model  coupled  to  an  unbounded  acoustic  domain.  Infinite  acoustic  elements  were  use 
to  model  the  unbounded  domain.  The  basic  concept  behind  the  structural-acoustic  coupling  in 
Abaqus  is  fairly  straightforward.  Transverse  displacements  of  a  structure  can  impart  a  resulting 
pressure  on  a  neighboring  acoustic  element  and  visa  versa.  Only  transverse  displacements  are 
considered  as  the  tangential  and  rotational  effects  at  the  structural-acoustic  interface  are 
considered  negligible.  The  acoustic  elements  only  require  a  pressure  degree  of  freedom.  For 
small  deformations  of  the  structure,  the  acoustic  element  mesh  does  not  follow  the  deflection  of 
the  structural  element.  During  transient  analysis  and  situations  with  large  structural  deflections 
the  acoustic  elements  are  only  capable  of  deforming  to  the  structure  by  re -meshing  the  acoustic 
domain  at  the  end  of  each  time  step  to  re-establish  the  interface  region. 

Perhaps  the  most  novel  structural-acoustic  modeling  feature  currently  available  in  commercial 
FEA  software  packages  is  the  infinite  acoustic  element.  The  infinite  acoustic  element  allows  the 
user  to  minimize  or  even  eliminate  the  need  for  large  numbers  of  standard  acoustic  elements  in 
modeling  an  exterior  domain.  Normally  the  user  would  need  to  model  a  large  spherical  acoustic 
domain  to  sufficiently  capture  the  desired  acoustic  modes.  It  is  suggested  that  the  radius  of  the 
sphere  should  be  at  least  equal  to  1/3  the  wavelength  of  the  lowest  frequency  of  interest.  The 
current  study  involved  a  structure  where  the  first  bending  mode  frequency  was  near  100  Hz  with 
a  resulting  wavelength  of  more  than  10  feet.  Therefore  the  sphere  of  standard  acoustic  elements 
could  potentially  be  quite  large  in  terms  of  degrees  of  freedom.  This  large  number  of  degrees  of 
freedom  becomes  a  serious  concern  during  a  direct  time  integration  solution  of  a  fully  coupled 
nonlinear  model.  Therefore,  the  use  of  infinite  element  to  reduce  model  size  becomes  attractive 
for  the  coupled  problem  in  question.  For  some  specific  cases  the  infinite  acoustic  element  can 
even  be  directly  interfaced  with  a  structural  element.  Reference  56  describes  this  procedure. 

Another  beneficial  characteristic  of  infinite  elements  specifically  available  in  Abaqus  is  the 
ability  to  perfonn  a  complex  eigensolution.  Beginning  with  version  6.6,  Abaqus  has  expanded 
its  structural-acoustic  coupling  capabilities  to  include  a  complex  eigensolution  option  when 
using  infinite  acoustic  elements.  The  primary  benefit  with  this  option  is  the  inclusion  of  a 
damping  matrix  to  the  system  of  equations  without  having  to  define  the  damping  terms  as  part  of 
the  analysis  input.  With  the  more  traditional  absorbing  or  nonreflecting  acoustic  boundary 
conditions  the  system  acoustic  damping  needed  to  be  estimated  and  supplied  as  input.  With  the 
combination  of  the  complex  eigensolution  and  infinite  acoustic  elements  damping  is  a  product  of 
the  analysis.  The  damping  value  produced  can  be  best  described  as  acoustic  radiation  damping. 
When  the  medium  in  question  is  air  the  damping  is  quite  often  small  when  compared  to  the 
structural  damping  associated  with  things  like  friction  or  air  pumping  in  riveted  joints.  However, 
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when  you  have  thin  bonded  secondary  aircraft  structure  it  is  possible  that  acoustic  radiation 
damping  becomes  a  significant  and  measurable  contributor  to  the  overall  system  damping. 

Another  means  to  validate  the  acoustic  radiation  damping  produced  by  the  complex 
eigensolution  is  a  transient  solution  of  the  coupled  problem  from  an  initial  deformation  of  the 
plate.  A  static  pressure  load  is  applied  to  initially  deform  the  plate.  The  initial  displacement 
closely  approximates  the  plate  first  bending  mode  shape.  The  static  pressure  is  then  removed  and 
the  plate  is  allowed  to  vibrate.  The  damping  due  to  structural-acoustic  coupling  causes  the 
response  to  decay  over  time.  Modal  damping  can  be  estimated  from  a  resulting  time  record  by 
fitting  a  single  degree-of-freedom  damped  sine  wave  to  the  time  response. 

Numerical  studies  were  conducted  on  three-dimensional  models  of  a  thin  rectangular  plate  in  an 
unbounded  acoustic  domain  to  compute  modal  acoustic  radiation  damping  using  coupled 
structural-acoustic  FEM’s.  These  studies  were  conducted  using  Abaqus.  Modal  damping  was 
estimated  using  both  complex  eigensolutions  and  free-decay  time  histories.  The  Abaqus  results 
were  compared  to  results  from  similar  analyses  prefonned  with  an  in-house  finite  element  code 
implemented  in  MATLAB.  The  plate  was  analyzed  in  an  infinite  baffle  and  in  an  unbaffled 
configuration.  Clamped  and  simply  supported  boundary  conditions  were  applied.  Unbaffled, 
clamped  results  are  compared  to  experimental  data  and  baffled,  simply-supported  results  are 
compared  to  an  analytical  prediction. 

Baffled  and  unbaffled  models  were  analyzed  in  Abaqus.  In  order  to  visualize  the  lower  order 
acoustic  modes,  a  small  acoustic  domain  was  explicitly  modeled  for  both  cases.  The  baffled  case 
consisted  of  a  hemisphere  of  7597  standard  AC3D4  three-dimensional  four-node  tetrahedral 
acoustic  elements.  The  plate  was  interfaced  to  the  flat  surface  of  the  acoustic  hemisphere 
utilizing  the  Abaqus  TIE  command.  The  TIE  command  is  quite  useful  as  it  eliminates  the  need 
for  coincident  nodes  at  the  interface  of  varying  element  types  and  sizes.  The  thin  plate  was 
modeled  with  252  S4R  shell  elements.  The  meshed  hemisphere  model  with  clamped  boundary 
conditions  can  be  seen  in  Figure  66.  The  model’s  824  ACIN3D3  three-dimensional  triangular 
infinite  elements  are  not  physically  seen  in  the  figure  since  they  were  constructed  outside  of  the 
modeling  software,  but  are  essentially  2-D  triangles  tied  to  the  outward  facing  surface  of  the 
outermost  standard  acoustic  tetrahedra.  The  fact  that  the  flat  side  of  the  acoustic  hemisphere  has 
no  infinite  elements  and  the  plate  only  interacts  with  air  on  one  side  essentially  makes  it  an 
infinite  baffle.  To  predict  the  true  baffled  acoustic  radiation  damping  from  both  sides  of  the 
plate,  the  value  produced  by  the  analysis  was  simply  doubled.  For  the  unbaffled  case  a  mirror 
image  of  the  original  hemisphere  was  added  to  the  other  side  of  the  plate.  Therefore  the  number 
of  acoustic  elements  was  exactly  doubled  for  the  unbaffled  model.  The  two  flat  surfaces  of  the 
hemispheres  were  coupled  using  the  TIE  command  allowing  acoustic  pressure  fluctuations 
across  the  boundary. 
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Mode  1:  Value  = 

Primary  Var:  POR 
Deformed  Var:  U  Deformation 


Figure  66.  Abaqus  acoustic  pressure  results  of  the  clamped,  baffled  case. 
First  plate  mode  exciting  the  air. 


Baffled  and  unbaffled  models  of  the  plate  were  also  analyzed  with  the  in-house  code.  The 
acoustic  and  structural  meshes  of  the  baffled  model  with  clamped  boundaries  are  shown  in 
Figure  67.  The  baffled  model  was  a  symmetric  model  of  half  of  the  plate.  The  acoustic  domain 
was  included  on  only  one  side  of  the  plate.  This  accurately  captured  the  effect  of  an  infinite 
baffle,  but  only  modeled  radiation  from  one  side  of  the  plate.  As  with  the  Abaqus  model,  modal 
damping  values  from  analyses  were  doubled  to  include  radiation  from  both  sides  of  the  plate. 

The  symmetric  nature  of  the  plate  model  did  not  necessitate  an  additional  doubling  of  the 
damping  ratio.  The  model  used  126  four-node  shell  elements  and  6800  eight-node  linear  acoustic 
elements.  Unlike  Abaqus,  the  in-house  code  required  coincident  nodes  at  the  structure-acoustic 
interface  for  coupling.  The  in-house  model  used  600  infinite  elements  on  the  surface  of  the 
acoustic  mesh.  These  elements  used  the  wave-envelope  formulation  of  Astley  [57].  The 
unbaffled  model  used  the  same  symmetric  plate  configuration  as  the  baffled  model  and  was 
coupled  to  a  contiguous  acoustic  domain  on  both  side  of  the  plate.  For  this  case,  13600  acoustic 
elements  and  1200  infinite  elements  were  used. 


Results  for  the  clamped,  baffled  case  will  be  discussed  first.  The  first  structural  mode  of  the 
coupled  Abaqus  model  can  be  seen  in  Figure  66.  The  vibrating  structure  is  clearly  coupled  to  the 
acoustic  domain  and  imparting  a  pressure  disturbance  on  that  domain.  The  magnitude  of  the 
pressure  is  meaningless  as  the  plate  displacement  is  of  arbitrary  magnitude.  There  was  a  decrease 
of  5  Hz  in  frequency  of  the  coupled  model  compared  to  an  uncoupled  plate  model.  A  similar 
frequency  drop  was  seen  in  the  experiment  of  Section  4.4.3  when  the  plate  was  tested  in  air 
versus  vacuum.  However,  this  difference  was  not  conclusive  given  the  potential  for  slight 
temperature  variation  between  tests  that  can  shift  frequencies.  The  frequency  drop  in  both  cases 
was  likely  due  to  a  mass-loading  effect  of  the  air. 
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Figure  67.  Real  part  of  complex  first  mode  of  baffled  rectangular  plate 
in  infinite  acoustic  domain  with  in-house  code 


The  results  of  the  Abaqus  complex  eigensolution  for  the  first  10  modes  of  the  baffled  plate  can 
be  seen  in  Table  17.  Note  that  damping  ratios  output  by  Abaqus  are  really  loss  factors,  and  must 
be  divided  by  2  to  yield  the  true  modal  damping  ratio.  The  first  mode  damping  ratios  from  the 
Abaqus  and  in-house  code  complex  eigensolutions  are  compared  in  Table  18.  The  values  from 
the  two  codes  agree  very  closely.  These  damping  ratios  are  physically  significant.  Damping 
ratios  of  aircraft  panels  are  usually  in  the  0. 5-2.0%  range.  However,  damping  ratios  for  a  baffled 
plate  can  be  significantly  higher  than  for  an  unbaffled  plate. 


Table  17.  Abaqus  complex  eigensolution  results  for  the  clamped,  baffled  case. 


COMPLEX  EIGENVALUE  OUTPUT 

MODE  NO  REAL  PART  OF  FREQUENCY  DAMPING  RATIO 

EIGENVALUE  (RAD/TIME)  (Hz) 


1 

-1.9823 

705.09 

112.22 

0.00562 

2 

-7.75611E-02 

1240.2 

197.38 

0.00013 

3 

-0.10459 

1706.1 

271.53 

0.00012 

4 

-1701.1 

2085.8 

331.97 

1.63108 

5 

-3.0749 

2143.9 

341.21 

0.00287 

6 

-1.06289E-02 

2181.1 

347.14 

0.00001 

7 

-8.59324E-02 

3019.3 

480.54 

0.00006 

8 

-4.9129 

3331.9 

530.28 

0.00295 

9 

-0.68927 

3449.5 

549.00 

0.00040 

10 

-0.54273 

3769.8 

599.99 

0.00029 
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Table  18.  Modal  damping  ratios  of  the  clamped,  baffled  case. 


Abaqus 

In-house  Code 

Complex  Eigen 

Free  Decay 

Complex  Eigen 

Free  Decay 

0.0056 

0.0052 

0.0054 

0.0055 

The  results  of  the  free  decay  analysis  of  the  clamped,  baffled  Abaqus  model  are  pictured  in 
Figure  68.  The  figure  shows  the  output  of  a  MATLAB  function  which  uses  the  Hilbert  transform 
to  estimate  modal  damping  from  a  single-mode  free  decay  response.  The  damping  ratios  from 
the  Abaqus  and  in-house  codes  are  shown  in  Table  18.  The  estimated  modal  damping  ratio  was 
multiplied  by  a  factor  of  2  to  capture  radiation  from  both  sides  of  the  plate.  The  damping  ratios 
produced  by  the  two  codes  are  nearly  equal  at  0.54%  and  0.55%,  and  are  very  close  to  the  values 
from  the  complex  eigensolution.  The  effect  of  the  structural-acoustic  coupling  within  Abaqus 
can  thus  at  least  be  considered  consistent.  However,  comparison  to  experimentally  measured 
values  must  be  made  with  a  full-sphere  unbaffled  model. 


fd:  111.2734  Hz  Zeta:  0.2B304% 


time  (s) 


Figure  68.  Baffled  plate  center  displacement  response  to  initial  pressure  in  Abaqus.  Hilbert 

transform  fit  to  estimate  first  mode  damping. 

To  achieve  the  unbaffled  simulation  an  additional  mirror  image  of  the  original  hemisphere  was 
simply  added  to  the  other  side  of  the  plate.  The  model  should  now  be  able  to  produce  an  accurate 
prediction  of  the  acoustic  radiation  portion  of  the  measured  first  mode  damping  of  the  plate  from 
the  experiment.  The  coupled  first  mode  of  the  plate  for  the  unbaffled  case  can  be  seen  in  Figure 
69.  Pictured  is  the  acoustic  pressure  with  half  of  each  hemisphere  removed  for  visualization 
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purposes.  Again,  the  acoustic  pressure  is  of  arbitrary  magnitude  since  it  is  from  a  modal  solution. 
Clearly  the  acoustic  medium  and  structure  are  coupled  and  unbaffled  as  there  is  interaction 
across  the  boundary  of  the  two  hemispheres.  Interestingly,  the  frequency  of  the  plate’s  first  mode 
is  nearly  unchanged  compared  with  the  baffled  case. 


Daylight  Time  2008 


Step:  Step-1,  extract 
Mode  1:  Value  = 
Primary  Var:  POR 


Figure  69.  Abaqus  acoustic  pressure  of  the  unbaffled  case  cross  section  view. 

First  plate  mode  exciting  the  air. 


The  results  of  the  Abaqus  complex  eigensolution  for  the  first  10  modes  of  the  unbaffled,  clamped 
case  are  listed  in  Table  19.  The  Abaqus  and  in-house  code  results  are  compared  in  Table  20.  As 
suspected,  the  damping  ratios  have  greatly  decreased  compared  to  the  baffled  case  as  also  noted 
in  the  work  of  Oppenheimer  and  Dubowsky  [54].  However,  comparing  the  two  unbaffled  finite- 
element  models  there  is  no  longer  very  close  agreement.  It  is  not  yet  known  why  this  discrepancy 
exists  for  the  unbaffled  models  despite  the  consistency  for  the  baffled  case. 

The  time  history  of  plate  center  displacement  for  the  Abaqus  free  decay  analysis  of  the  clamped 
unbaffled  plate  can  be  seen  in  Figure  70.  It  can  easily  be  concluded  that  the  damping  has  been 
reduced  with  the  elimination  of  the  acoustic  baffle  as  the  response  hardly  seems  to  decay  at  all. 
Table  20  lists  the  free  decay  damping  ratio  from  the  Abaqus  run.  As  with  the  baffled  case,  the 
results  of  the  free  decay  simulation  essentially  confirm  the  results  of  the  complex  eigensolution 
with  a  value  of  0.014%. 
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Table  19.  Abaqus  Complex  eigensolution  results  for  the  clamped,  unbaffled  case. 


COMPLEX 

EIGENVALUE 

OUTPUT 

MODE  NO 

REAL  PART  OF 

FREQUENCY 

DAMPING  RATIO 

EIGENVALUE 

(RAD/TIME) 

(Hz) 

1 

-0.13353 

697.22 

110.97 

0.00038 

2 

-9.07521E-03 

1226.3 

195.17 

0.00001 

3 

-8.23057E-039 

1689.8 

268.93 

0.00001 

4 

-1689.1 

2050.5 

326.35 

1.64746 

5 

-0.19652 

2125.9 

338.35 

0.00018 

6 

-1.5 1691E-03 

2162.6 

344.18 

0.00000 

7 

-3.80064E-03 

2998.1 

477.16 

0.00000 

8 

-1.6255 

3305.7 

526.12 

0.00098 

9 

-2.94732E-02 

3429.1 

545.76 

0.00002 

10 

-1.96989E-02 

3746.9 

596.34 

0.00001 

Table  20.  Modal  damping  ratios  of  clamped,  unbaffled  case. 


Test 

Abaqus 

In-house  Code 

Measured 

Complex  Eigen 

Free  Decay 

Complex  Eigen 
with  Frame 

Complex  Eigen 

Free  Decay 

0.001 

0.00019 

0.00014 

0.0007 

5e-5 

— 

fd:  110.0897  Hz  Zeta:  0.013937% 


time  (s) 


Figure  70.  Unbaffled  plate  center  displacement  response  to  initial  distributed  pressure  in 
Abaqus.  Hilbert  transfonn  fit  to  estimate  first  mode  damping. 
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Comparing  the  predicted  damping  ratios  of  0.019  and  0.014%,  shown  in  Table  20,  to  the 
experimentally  measured  first  mode  radiation  damping  of  0.10%,  the  disagreement  is  rather 
large.  One  possible  explanation  for  this  discrepancy  is  the  frame  surrounding  the  plate  specimen. 
It  was  theorized  that  the  frame  was  causing  a  slight  baffling  effect  to  occur  in  the  experiments 
that  were  believed  to  be  in  a  true  free-field.  The  measured  difference  in  damping  between  modal 
tests  conducted  in  atmosphere  and  near-vacuum  environment  were  assumed  to  be  a  reasonably 
accurate  measure  of  acoustic  radiation  damping.  If  the  frame  was  in  fact  causing  a  baffling  effect 
the  atmospheric  test  damping  ratio  would  be  larger  than  a  true  unbaffled  value  and  could 
effectively  rule  out  0.1%  as  an  accurate  measure  of  pure  free-field  acoustic  radiation  damping. 

To  explore  the  frame  baffling  idea  an  additional  complex  eigensolution  was  conducted  on  an 
Abaqus  model  with  the  addition  of  the  plate  frame.  A  cavity  with  the  dimensions  of  the  frame 
was  removed  from  the  acoustic  domain  creating  a  perfect  reflecting  surface  surrounding  the 
plate.  As  can  be  seen  in  Table  20  the  results  from  the  new  complex  eigensolution  with  the  frame 
were  encouraging,  producing  an  increase  in  acoustic  radiation  damping  to  0.07%.  The  predicted 
value  could  then  be  considered  in  relative  agreement  with  the  measured  value  of  0.1%.  It  is 
interesting  to  note  that  the  wavelength  of  sound  at  the  first-mode  frequency  is  much  greater  than 
the  dimensions  of  the  frame,  yet  the  frame  had  a  significant  effect  on  the  predicted  acoustic 
radiation  damping  ratio. 

The  analytically-predicted  damping  ratios  taken  from  Wallace  [51]  are  a  second  benchmark  for 
determining  the  accuracy  of  the  finite  element-based  methods.  Wallace’s  results  are  for  a  simply 
supported  plate  in  an  infinite  baffle.  Abaqus  and  in-house  analyses  were  performed  on  the 
baffled  models  previously  described  with  clamped  boundary  conditions  changed  to  simply 
supported.  Damping  ratios  for  this  case  are  shown  in  Table  21.  The  damping  ratios  from  Wallace 
and  the  finite  element  analyses  were  increased  by  a  factor  of  two  to  account  for  radiation  from 
both  sides  of  the  plate.  The  analytical  predicted  value  of  approximately  0.44%  agrees  reasonably 
well  with  the  value  of  0.38%  from  both  Abaqus  and  the  in-house  code.  It  is  interesting  to  note 
that  changing  the  boundary  conditions  from  clamped  to  simply  supported  causes  the  damping 
ratio  to  drop  from  0.55%  to  0.38%. 

Table  21.  Modal  damping  ratios  of  simply-supported,  baffled  case. 


Analytical 

Abaqus 

In-house  Code 

Complex  Eigen 

Free  Decay 

Complex  Eigen 

Free  Decay 

0.0044 

0.0038 

— 

0.0038 

— 

4.4.5  Initial  Acoustic  Test  of  the  Clamped  Plate 

Initial  tests  on  the  clamped  plate  test  article,  described  in  the  Section  4.4.2,  used  base  excitation 
to  simulated  acoustic  loading.  The  next  logical  step  in  verifying  the  accuracy  of  nonlinear 
ROM’s  was  to  compare  results  with  test  data  from  acoustic  loading  tests.  This  section  describes 
the  initial  test  of  the  plate  with  acoustic  loading  in  a  progressive  wave  test  facility.  ROM 
prediction  of  nonlinear  plate  response  are  compared  to  test  data  for  several  acoustic  load  levels 
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with  plate  response  ranging  from  nearly  linear  to  highly  nonlinear.  This  study  was  originally 
published  as  Reference  [17]. 

Acoustic  testing  was  perfonned  in  the  AFRL  Sub-element  facility  (SEF)  which  is  a  progressive 
wave  acoustic  test  facility.  The  SEF,  shown  schematically  in  Figure  71,  has  a  one  foot  square 
test  section  and  is  capable  of  subjecting  test  articles  to  overall  sound  pressure  levels  (OASPL)  up 
to  174  dB  with  closed  loop  spectrum  shape  control.  The  backing  plate  of  the  test  article  was 
bolted  to  a  rigid,  massive  cart  for  testing  in  the  SEF  as  shown  in  Figure  72.  An  adapter  plate 
surrounded  the  test  article  so  that  when  the  cart  was  rolled  into  place,  one  side  of  the  framed 
plate  and  the  adapter  plate  became  part  of  the  PWT  side  wall.  To  minimize  the  amount  of  noise 
transmitted  through  these  gaps,  a  compressible  gasket  was  used  to  seal  the  adapter  plate  into  the 
pennanent  PWT  sidewall.  Gaps  between  the  test  article  and  the  adapter  plate  were  sealed  with 
duct  tape.  Figure  72  shows  the  test  article/adapter  plate  arrangement  before  the  tape  was  applied. 


Figure  71.  The  Sub-Element  Acoustic  Test  Facility 


A  modal  test  was  performed  on  the  test  article  before  it  was  positioned  in  the  sidewall  of  the 
SEF.  The  modal  test  was  perfonned  before  the  duct  tape  was  added.  Resonant  frequencies, 
mode  shapes  and  modal  damping  ratios  were  identified  by  exciting  the  test  article  with  a  0-800 
Hz  low-level  random  acoustic  signal.  The  excitation  was  generated  by  an  acoustic  driver  with  a 
1 .5-inch  diameter  tubular  hom  aimed  at  the  back  of  the  test  article.  Displacements  of  the  plate 
were  measured  at  a  7  by  9  rectangular  grid  (covering  a  6-inch  by  8-inch  area)  using  a  Polytec 
laser  vibrometer.  Reflective  dots  on  the  plate  were  used  as  targets  for  the  laser  vibrometer. 

These  dots  can  be  seen  in  Figure  72.  The  temperature  of  the  plate  and  frame  were  measured  with 
thermocouples  and  were  continuously  monitored  during  the  modal  test.  The  temperature 
difference  between  the  plate  and  frame  ranged  from  0.0°F  to  0. 1°F  during  the  modal  test. 
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Facility  c£ 


A  small  acoustic 
horn  used  to 
perform 
the  modal  test 


Test  article 


Figure  72.  The  plate  test  article  mounted  on  a  rigid  cart  undergoing  a  modal  test. 

Frequency  response  functions  were  generated  from  the  input  signal  to  the  acoustic  driver  and  the 
measured  displacement  for  each  of  the  63  measurement  points.  Modal  parameters  were 
identified  from  the  FRF's  using  in-house  software  in  MATLAB.  The  identified  mode  shapes  and 
frequencies  are  shown  in  Figure  73.  X  and  Y  coordinate  directions  are  also  shown  in  the  figure 
for  reference.  Frequencies  and  damping  values  for  the  first  three  symmetric  modes  of  the  test 
article — modes  1,  4,  and  7 — are  given  in  Table  22.  These  three  modes  are  the  (1,1),  (3,1),  and 
(1,3)  modes  of  the  plate.  (The  modal  naming  convention  is  (m,n),  where  m  and  n  denote  the 
number  of  anti-nodes  in  the  X  and  Y-directions,  respectively.)  These  three  modes  were  the  only 
symmetric  modes  in  the  75-625  Hz  frequency  range  of  interest  and  thus  would  be  the  modes 
most  efficiently  excited  by  the  acoustic  loading.  As  shown  in  the  Figure  73,  however,  these 
modes  were  somewhat  distorted.  The  distortion  is  most  likely  due  to  residual  stress  that  occurred 
during  the  bonding  of  the  test  article.  After  the  modal  test  was  completed,  it  was  decided  to  add 
duct  tape  to  seal  the  gaps.  A  single  input/single  output  hammer  test  was  performed  after  the  duct 
tape  was  added  and  verified  that  the  tape  did  not  appreciably  change  the  damping  or  frequencies 
of  the  modes. 
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Table  22.  Natural  frequencies  and  modal  damping  ratios  for  the  target  modes 


Modal  Test  Nominal  Response  Peaks  FEM  with 

Results  FEM  at  122dB  Loading  Thermal  pre-stress 

Mode_ f  (Hz)  C, f  (Hz) f(Hz) f(Hz) 


(1,1) 

(3,1) 

(1,3) 


115 

0.0045 

113 

105 

106 

329 

0.0040 

332 

326 

320 

501 

0.0080 

499 

494 

490 

Mode  1-115.2  Hz 


o 


Mode  2  -  205.9  Hz 


Mode  3  -  276  Hz 


Mode  4  -  329.5  Hz  Mode  5  -  354.1  Hz  Mode  6  -  464.6  Hz 

ss  v.  m 


Mode  9  -  574  Hz 


Figure  73.  The  experimentally  measured  modes  of  the  test  article 
before  mounting  in  the  test  facility. 

After  the  modal  test,  the  test  article  was  mounted  in  the  sidewall  of  the  SEF  test  section  as  shown 
in  Figure  74.  Plane-wave  acoustic  loading  is  produced  in  the  SEF  test  section  by  compressed 
air  feeding  a  modified  Wyle  WAS  3000  air  modulator.  During  testing,  one  side  of  the  test  article 
was  subjected  to  a  controlled,  random,  acoustic  loading  traveling  in  the  test  article  X-direction 
with  grazing  incidence.  It  was  desired  to  have  acoustic  loading  levels  that  were  equivalent  to  the 
base  excitation  levels  used  in  the  shaker  tests  described  in  Section  4.4.2.  Tests  were  perfonned 
with  overall  sound  pressure  levels  (SPL)  of  121.4  dB,  127.6  dB,  133.5  dB,  and  139.5  dB.  The 
acoustic  load  levels  were  approximately  equivalent  to  root  mean  square  (RMS)  base  motion 
levels  of  1.8,  3.6,  7.2,  and  14.4  g’s  .  Acoustic  levels  equivalent  to  0.45  and  0.9  g’s  were  too  low 
to  be  generated  in  the  SEF. 
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Figure  74.  The  sub-element  facility  with  the  plate  test  article  in  place. 


The  acoustic  pressure  in  the  SEF  was  measured  with  Kulite  flatpack  pressure  transducers.  One 
pressure  transducer  was  mounted  on  the  center  of  the  floor  of  the  PWT  directly  in  front  of  the 
center  of  the  test  article.  The  signal  from  this  pressure  transducer  was  used  as  the  reference 
signal  in  a  closed-loop  control  system.  The  controller  modifies  the  amplitude  and  frequency 
content  of  the  random  signal  sent  to  the  air  modulator  to  achieve  a  flat  75-625  Hz  acoustic 
spectrum  shape  at  the  desired  levels.  Ideally,  the  acoustic  loading  is  a  plane  wave  in  the  SEF  test 
section.  So  the  acoustic  pressure  should  be  constant  in  the  cross  section.  Therefore,  the  acoustic 
pressure  at  the  center  of  the  test  article  was  the  same  as  the  controlled  acoustic  pressure.  Two 
additional  pressure  transducers  were  mounted  on  the  floor  of  the  test  section  18  inches  upstream 
and  1 8  inches  downstream  from  the  reference  transducer.  These  were  used  to  validate  that  the 
acoustic  pressure  was  a  traveling  wave  and  that  a  standing  wave  condition  did  not  exist.  A 
fourth  pressure  transducer  was  mounted  behind  the  test  article,  on  the  backing  plate. 


Displacement,  velocity,  and  strain  were  measured  at  the  center  of  the  plate  for  each  test. 
Displacement  and  velocity  were  measured  with  a  Polytec  Model  OVF-5 12  Fiber  Optic 
Vibrometer.  A  hole  in  the  backing  plate  was  used  to  access  the  back  of  the  test  article.  The  laser 
beam  was  aimed  at  a  small  retro-reflective  target  at  the  center  of  the  test  article.  Dynamic  strains 
were  measured  with  a  pair  of  small  resistive  strain  gages  bonded  to  the  plate  surface,  in  the 
center  of  the  test  article.  The  strain  gages  were  oriented  in  the  X  and  Y  directions.  The  strain 
gages  and  the  associated  wiring  are  visible  in  Figure  72.  Strains  were  not  measured  at  the  edges 
of  the  plate,  where  they  would  have  the  highest  magnitude,  because  the  strain  gradient  is  high 
near  the  edge  and  the  measurement  is  sensitive  to  location  of  the  gages.  Strains  at  the  center  of 
the  plate  were  much  less  sensitive  to  gage  placement.  The  temperature  of  the  plate  and  frame 
were  measured  with  thermocouples  and  were  continuously  monitored  during  testing.  The 
temperature  on  the  plate  was  0.3°F  to  0.4°F  higher  than  the  frame  for  all  the  acoustic  tests.  This 
was  due  to  the  fact  that  the  air  in  the  SEF  test  section  was  somewhat  warmer  than  the  ambient  air 
in  the  SEF  room.  Data  records  of  the  pressures,  displacement,  velocity,  and  strains  were 
digitally  sampled  and  stored  for  100  seconds  at  each  load  level.  The  data  were  sampled  at  50 
kHz  and  analyzed  in  MATLAB. 


A  detailed  FEM  of  the  test  article  was  developed  in  Abaqus.  The  model  explicitly  included  the 
plate,  frames,  adhesive,  and  flexures.  The  model  used  four-node  shell  elements  for  the  plate  and 
flexures  and  eight-node  solid  elements  for  the  frame  and  adhesive.  A  1/4-inch  by  1/4-inch  mesh 
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size  was  used  for  the  plate.  The  only  boundary  condition  imposed  on  the  model  was  to  fix  all 
degrees-of-freedom  (DOF)  at  the  ends  of  the  flexures  that  attached  to  the  mounting  plate.  The 
mass  of  the  strain  gages,  thermocouples,  reflective  dots,  and  wires  were  not  included  in  the  FEM. 
No  thermal  loads  were  applied  to  the  nominal  model.  The  total  number  of  elements  in  the  model 
was  6536.  The  7-inch  by  9-inch  plate  required  only  1008  of  those  elements.  Modeling  of  the 
plate  boundary  (the  frame,  adhesive,  etc.)  required  84.5%  of  the  total  number  of  elements. 

A  normal  modes  analysis  was  perfonned  on  the  nominal  model.  The  natural  frequencies  for 
(1,1),  (3,1),  and  (1,3)  modes  are  listed  in  Table  22.  The  frequencies  of  these  modes  differ  from 
the  experimental  modal  frequencies  by  less  than  2%.  During  the  acoustic  tests,  the  frequencies 
of  these  modes  dropped  due  to  the  temperature  difference  between  the  plate  and  frame.  The 
airflow  heated  the  thin  plate  to  a  slightly  higher  temperature  than  the  frame,  resulting  in  a 
compressive  stress  in  the  plate.  To  account  for  this  effect  in  the  FEM,  a  temperature  load  of  0.35 
°F  was  applied  to  the  plate  relative  to  the  frame.  A  normal  modes  analysis  of  this  FEM  produced 
modal  frequencies  slightly  lower  than  the  nominal  model.  These  frequencies  are  also  listed  in 
Table  22.  Since  a  modal  test  could  not  be  conducted  in  the  SEF,  the  response  peaks  at  the  lowest 
level  acoustic  test  are  used  as  approximate  modal  frequencies.  The  modal  frequencies  of  the 
thermally  loaded  FEM  differ  from  the  response  peak  frequencies  by  less  than  2%.  The  thermally 
loaded  model  was  used  to  compute  the  nonlinear  ROM,  and  will  be  referred  to  as  the  FEM  here. 

The  first  step  in  constructing  the  ROM’s  was  to  decide  on  the  modes  to  retain  in  the  model.  For 
the  present  study,  the  (1,1),  (3,1)  and  (1,3)  modes  were  retained.  These  are  the  symmetric  modes 
in  the  range  of  interest.  When  the  acoustic  pressure  is  uniform  and  in-phase  across  the  plate, 
these  are  the  only  modes  that  can  be  directly  excited.  Since  the  acoustic  excitation  was  a 
traveling  wave,  anti- symmetric  modes  could  also  be  directly  excited.  Of  primary  concern  was 
whether  to  include  the  (2,1)  mode  (mode  2  in  Figure  73).  This  mode  appears  at  approximately 
200  Hz.  Traveling  wave  conditions  existed  in  the  SEF,  but  the  length  of  the  test  article  was  a 
small  fraction  of  the  wave  length  of  sound  at  200  Hz.  Therefore,  traveling  waves  were 
approximately  in-phase  at  this  frequency  across  the  test  article,  and  direct  excitation  of  the  (2,1) 
mode  should  have  been  small.  Indirect  excitation  through  nonlinear  coupling  was  also  a 
possibility.  However,  for  a  perfectly  flat  plate,  coupling  between  symmetric  and  anti-symmetric 
modes  is  small.  For  these  reasons,  the  (2,1)  mode  was  not  included  in  the  ROM. 

Reduced-order  models  were  generated  from  the  finite-element  model  using  the  ICE  method 
implemented  in  MATLAB.  Abaqus  was  used  to  generate  the  static  nonlinear  finite  element 
results.  The  ROM  had  three  nonlinear  differential  equations,  one  for  each  of  the  three  modes  of 
interest.  There  were  nine  nonlinear  stiffness  terms  in  each  equation.  The  damping  tenns  in  the 
ROM  were  initially  set  to  the  measured  viscous  damping  values  listed  in  Table  22.  Time 
integration  was  perfonned  using  the  Newmark  beta  method.  Time  histories  were  generated  for 
each  of  the  acoustic  levels.  Each  time  history  was  a  digital  record  100  seconds  long  with  a  step 
size  of  0.00002  seconds.  Generation  of  each  time  history  required  approximately  10  minutes  of 
CPU  time  on  a  personal  computer  with  a  2.8  GHz  processor.  Physical  displacements  were 
recovered  using  the  expansion  procedure  described  in  Section  3.  Strains  were  computed  for  a 
single  plate  element  at  the  center  of  the  plate,  given  the  displacements  at  the  four  nodes  of  that 
element.  The  strain  recovery  was  implemented  in  MATLAB. 
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Test  results  are  presented  and  compared  with  predictions  in  the  following  paragraphs.  Some 
adjustments  were  made  to  the  ROM's  in  order  to  capture  the  physics  of  the  experimental  data. 
These  will  be  described  as  the  comparisons  are  made. 

The  first  set  of  predictions  used  the  three-mode  ROM  with  measured  modal  damping  values. 

The  input  to  the  model  was  a  numerically-generated  random  signal  with  the  same  flat  spectrum 
of  75-625  Hz  used  in  the  test.  This  signal  was  scaled  to  correspond  to  the  experimental  acoustic 
levels.  The  input  was  applied  to  the  model  assuming  an  in-phase  uniform  spatial  distribution. 
That  is,  the  traveling  wave  condition  was  not  applied  to  the  model.  The  prediction  of  center 
displacement  is  shown  in  comparison  to  the  experimental  results  in  Figure  75  for  the  133.5  dB 
level.  This  level  is  equivalent  to  the  7.2  g  case  reported  for  the  shaker  test  in  Section  4.4.2.  The 

(1.1)  mode  peak  in  Figure  75  is  much  broader  and  is  shifted  higher  in  frequency  than  the 
experimental  data.  This  type  of  behavior  usually  indicates  that  the  nonlinearity  in  the  model  is 
too  large.  Additionally,  the  experimental  data  has  a  second  peak  near  200  Hz  suggesting  that  the 

(2.1)  mode  may  be  responding.  But  the  (2,1)  mode  should  be  unobservable  in  the  center  of  the 
plate.  Several  modifications  were  made  to  the  ROM  to  capture  this  effect.  These  included 
adding  the  (2,1)  mode,  skewing  the  mode  shapes  by  adding  static  deformation  to  the  FEM,  using 
traveling  wave  excitation,  and  adding  quadratic  stiffness  terms  to  the  model.  None  of  these 
modifications  resulted  in  significant  response  of  the  (2,1)  mode  at  the  center  of  the  plate. 


Frequency,  Hz 

Figure  75.  Measured  center  displacement  PSD  (— )  compared  to  the  model  prediction  using  a  flat 

input  spectrum  (— ),  both  at  133.5  dB  SPL. 

Next,  the  measured  acoustic  pressure  behind  the  test  article  was  examined.  Figure  76  shows  the 
measured  pressure  in  front  of  and  behind  the  test  article  for  the  133.5  dB  case.  At  some 
frequencies,  the  spectrum  level  behind  the  test  article  is  actually  higher  than  in  front  of  the 
article!  Apparently,  the  acoustic  pressure  transmitted  by  the  vibrating  test  article  is  being 
reinforced.  (Note  that  a  hard  surface,  the  backing  plate,  is  three  inches  behind  the  test  article.) 

So  the  test  article  is  actually  subjected  to  an  acoustic  load  on  both  the  front  and  rear  surfaces.  As 
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a  result,  the  differential  pressure  was  calculated  for  each  loading  as  the  difference  between  the 
front  and  rear  pressure  time  histories.  The  PSD  of  the  differential  pressure  for  the  133.5  dB  case 
is  shown  in  Figure  77.  In  this  figure,  two  peaks  in  the  input  are  revealed  as  well  as  an  apparent 
zero  at  166  Hz. 


Figure  76.  The  measured  pressure  PSDs  in  front  of  the  test  article  (— )  and 
behind  the  test  article  ( — )  for  the  133.5  dB  SPL  test. 


Figure  77.  The  PSD  of  the  differential  pressure  for  the  133.5  dB  SPL  test. 
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In  the  next  set  of  predictions,  the  differential  acoustic  loading  was  applied  to  the  three-mode 
ROM  with  measured  modal  damping.  During  the  test,  the  pressure  in  front  of  the  test  article  was 
a  traveling  wave,  while  the  pressure  behind  the  test  article  was  not.  This  complicated  loading 
pattern  could  have  been  simulated  with  the  models,  but  a  uniform  in-phase  differential  pressure 
loading  was  used  instead  for  simplicity.  The  computed  differential  pressure  time  histories  were 
used  directly  as  the  loading  in  the  integration  of  the  model.  The  predictions  of  the  center 
displacement  for  the  121.7  dB  and  133.5  dB  cases  are  shown  in  Figure  78  in  comparison  to  test 
results.  The  prediction  at  121.7  dB  is  very  good  indicating  that  a  fourth  mode  was  not  needed  to 
capture  the  peak  around  200  Hz.  The  apparent  zero  in  the  input  PSD  causes  the  second  response 
peak.  It  also  keeps  the  first  mode  response  from  behaving  nonlinearly.  At  133.5  dB,  the 
prediction  is  also  much  improved.  The  nonlinearity  in  the  ROM  seems  to  overcome  the  influence 
of  the  zero  as  the  first  mode  peak  is  seen  to  shift  and  broaden  in  the  classic  nonlinear  fashion. 


Figure  78.  Measured  center  displacement  PSD(— )  compared  to  the  model  prediction  using  the 
measured  differential  pressure  and  nominal  viscous  damping 
for  the  121.7  and  133.5  dB  SPL  test  levels. 

In  an  attempt  to  further  improve  the  predictions,  the  damping  for  the  (1,1)  mode  was  increased 
while  still  using  the  differential  acoustic  pressure.  Figure  79  shows  the  predicted  center 
displacement  PSD  from  the  model  as  the  damping  in  the  first  mode  is  increased  to  4%  and  5%. 
The  predictions  are  for  the  139.5  dB  case  and  are  shown  in  comparison  to  the  test  results.  The 
model  with  5%  damping  shows  good  qualitative  agreement  with  the  PSD  of  the  test  data  at  the 
two  resonant  peaks.  Displacement  predictions  using  5%  damping  are  shown  in  Figure  80  for  the 
121.7  dB  and  the  133.5  dB  cases.  The  predictions  agree  very  well  with  the  experimental  data. 
Predictions  of  the  strains  in  the  X-direction  and  Y-direction  are  shown  in  Figures  81-82  in 
comparison  to  test  data.  The  good  agreement  with  the  strains  confirmed  that  the  membrane 
expansion/strain  recovery  part  of  the  ICE  method  worked  well. 
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Figure  79.  Measured  center  displacement  PSD  (— )  for  the  139.5  dB  SPL  test  level  compared  to 
the  model  prediction  using  the  measured  differential  pressure  and 
damping  values  of  ^i=0.04  (— ),  and  ^i=0.05  (  ). 


Figure  80.  Measured  center  displacement  PSD  (— )  compared  to  the  model  prediction  using  the 
measured  differential  pressure  and  i^i=0.05  (  ),  for  the  121.7  and  133.5  dB  SPL  test  levels. 
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Figure  8 1 .  Measured  strain  PSD  in  the  X-direction  at  the  center  (— )  compared  to  the  model 
prediction  using  the  measured  differential  pressure  and  <^i=0.05  (— ), 
for  the  121.7  and  133.5  dB  SPL  test  levels. 


Frequency,  Hz 

Figure  82.  Measured  strain  PSD  in  the  Y-direction  at  the  center  (— )  compared  to  the  model 
prediction  using  the  measured  differential  pressure  and  <^i=0.05  (— ), 
for  the  121.7  and  133.5  dB  SPL  test  levels. 
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The  next  set  of  predictions  evaluated  the  effect  of  nonlinear  damping  on  the  predicted  response. 
In  the  shaker  test  described  in  Section  4.4.2,  nonlinear  velocity  squared  damping  terms  were 
added  to  the  ROM  to  achieve  better  agreement  with  the  response  of  the  same  test  article  to  base 
excitation.  In  that  study,  a  single  viscous  damping  value  did  not  give  optimal  agreement  at  all 
the  test  levels.  To  evaluate  nonlinear  damping  in  the  present  study,  a  velocity  squared  damping 
tenn  was  added  to  the  first  mode  equation  in  the  model  in  addition  to  the  nominal  measured 
modal  damping.  Figure  83  shows  the  response  to  the  differential  input  for  the  139.5  dB  case  for 
values  of  the  nonlinear  damping  coefficient  of  100  and  200.  The  PSD  for  the  model  with  a 
coefficient  of  200  is  seen  to  agree  very  well  with  the  test  data,  except  in  the  valley  between  the 
lowest  two  peaks.  In  fact,  the  PSD  for  the  coefficient  of  200  is  nearly  identical  to  the  PSD  for 
the  model  with  5%  viscous  damping. 


Figure  83  Measured  center  displacement  PSD  (— )  compared  to  the  prediction  using  the 
differential  pressure  and  velocity  squared  damping  values  of  100  (— )  and  200  (— ) 
for  the  1st  mode,  for  the  139.5  dB  SPL  test  level. 

The  overall  effects  of  the  different  values  of  input  force  and  damping  are  shown  in  Figures  84-87 
for  input  levels  of  121.7,  127.4,  133.5  and  139.5  dB,  respectively.  If  the  acoustic  pressure 
behind  the  test  article  is  neglected  and  only  the  front  pressure  is  simulated,  the  predictions  do  not 
compare  well  with  the  test  data.  If  differential  pressure  is  used,  and  the  model  uses  nominal 
damping  values,  the  predicted  PSD  agrees  well  at  the  lowest  input  level  but  becomes 
progressively  worse  as  the  level  is  increased.  Eventually  at  139.5  dB,  the  nominally  damped 
model  gives  virtually  the  same  prediction  whether  the  pressure  behind  the  test  article  is  included 
or  is  neglected.  If  the  damping  is  significantly  increased,  either  by  linear  or  nonlinear  terms,  and 
differential  pressure  is  used,  the  model  predicts  the  experimental  response  very  well  at  the  lowest 
three  levels  and  reasonably  well  at  the  highest  level. 
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Figure  84.  Measured  center  displacement  PSD  at  121.7  dB  (— )  compared  to  the  prediction  using: 
a  flat  input  spectrum  and  nominal  damping  (— ),  differential  pressure  and  nominal  damping  , 
differential  pressure  and  (^1=0.05  (— ),  and  differential  pressure  and 


velocity  squared  damping  in  the  1st  mode  (— ). 


Frequency,  Hz 


Figure  85.  Measured  center  displacement  PSD  at  127.4  dB  (— )  compared  to  the  prediction  using: 
a  flat  input  spectrum  and  nominal  damping  (— ),  differential  pressure  and  nominal  damping  , 
differential  pressure  and  £i=0.05  (  ),  and  differential  pressure  and 
velocity  squared  damping  in  the  1st  mode  (  ). 
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Figure  86.  Measured  center  displacement  PSD  at  133.5  dB  (— )  compared  to  the  prediction  using: 
a  flat  input  spectrum  and  nominal  damping  (— ),  differential  pressure  and  nominal  damping  , 
differential  pressure  and  £i=0.05  (  ),  and  differential  pressure  and 
velocity  squared  damping  in  the  1st  mode  (  ). 


Frequency,  Hz 

Figure  87.  Measured  center  displacement  PSD  at  139.5  dB  (— )  compared  to  the  prediction  using: 
a  flat  input  spectrum  and  nominal  damping  (— ),  differential  pressure  and  nominal  damping  , 
differential  pressure  and  £i=0.05  (  ),  and  differential  pressure  and 
velocity  squared  damping  in  the  1st  mode  (  ). 
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The  ROM  accurately  predicted  the  test  article  response  if  two  adjustments  were  made.  First,  the 
acoustic  load  applied  to  the  model  had  to  include  the  pressure  behind  the  test  article.  A  pressure 
differential  was  calculated  from  the  measurements  and  used  as  the  input  to  the  model.  The 
second  adjustment  was  an  increase  in  the  damping  of  the  first  mode.  Predictions  using  the 
nominal  damping  were  inadequate  at  the  higher  acoustic  levels.  The  viscous  damping  in  the  first 
mode  was  increased  from  the  nominal  value  of  0.45%  to  5%  of  critical.  Models  with  the  higher 
damping  value  predicted  the  response  of  the  test  article  very  well  at  all  acoustic  levels.  Models 
with  a  nonlinear  velocity  squared  damping  tenn  in  the  first  mode  were  also  tried.  These  also 
provided  good  predictions  at  all  acoustic  levels. 

The  two  adjustments  were  necessary  to  capture  the  physics  of  the  experiments  and  did  not 
require  modification  of  the  ICE  method.  The  inclusion  of  the  pressure  behind  the  test  article  was 
an  adjustment  to  the  mechanical  force  applied  to  the  model.  In  sonic  fatigue  testing,  typically 
only  the  pressure  in  front  of  a  test  article  is  specified  and  controlled.  The  acoustic  pressure 
behind  the  test  article  is  typically  not  specified  or  measured.  Clearly,  for  the  tests  presented  here, 
the  pressure  behind  the  test  article  is  significant.  The  differential  pressure  concept  is  easily 
incorporated  into  the  model  if  the  pressures  are  measured.  Prediction  of  the  response  without 
knowledge  of  the  rear  pressure  is  more  problematic — potentially  requiring  a  coupled  structural- 
fluid  model.  The  presence  of  the  reflecting  surface  of  the  backing  plate  three  inches  behind  the 
test  plate  was  likely  a  contributing  factor  to  this  anomaly.  The  second  adjustment  was  a 
significant  increase  in  the  damping  of  the  first  mode.  Damping  is  a  convenient  way  to  model 
attenuation  by  some  mechanism.  The  apparent  attenuation  could  have  been  due  to  a  transfer  of 
energy  to  un-modeled  modes  due  to  nonlinearity.  The  presence  of  the  second  peak  in  the 
pressure  behind  the  test  article  may  be  evidence  of  energy  transfer  to  the  (2,1)  mode.  Energy 
could  have  been  transferred  and  not  observed  in  the  displacement  or  strain  measurements. 
Reduced-order  models  that  included  the  (2,1)  mode  were  investigated,  but  an  attenuation  in  the 
response  of  the  (1,1)  mode  could  not  be  duplicated.  Another  possibility  for  the  attenuation  could 
be  the  transfer  of  energy  to  acoustic  radiation.  However,  it  is  not  likely  that  acoustic  radiation 
produced  a  damping  value  of  5%.  More  study  on  this  issue  is  necessary. 

Another  possible  source  of  error  in  the  predictions  was  that  the  differential  acoustic  loading  was 
an  approximation.  The  acoustic  pressure  was  not  measured  directly  on  the  surface  on  either  side 
of  the  plate.  The  measurement  in  front  of  the  test  article  may  have  been  in  error  due  to  the 
radiation  of  sound  by  the  test  article  as  it  vibrated.  Sound  radiated  from  the  test  article 
propagates  in  a  direction  normal  to  the  direction  of  the  progressive  wave,  violating  the 
assumption  of  a  constant  pressure  in  the  cross  section  of  the  PWT.  The  measured  pressure 
would  not  be  the  same  as  the  pressure  directly  in  front  of  the  test  article.  The  acoustic  pressure 
could  have  also  varied  significantly  in  the  cavity  behind  the  article.  Even  if  both  measured 
pressures  were  valid,  one  acoustic  field  is  a  traveling  wave,  the  other  is  not.  The  use  of  a 
differential  pressure  is  only  an  approximation  of  these  loading  conditions. 

Finally,  the  relatively  light  damping  in  the  test  article  may  have  contributed  to  the  differences 
between  predicted  response  and  test  results.  The  first  mode  damping  ratio  of  0.0045  is  at  least  a 
factor  of  2  lower  than  damping  values  seen  in  typical  aircraft  structures.  The  low  damping  value 
resulted  in  higher  resonant  amplification  which  probably  contributed  to  the  high  acoustic  levels 
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measured  behind  the  test  article.  A  viscoelastic  constrained  layer  damping  treatment  could  be 
used  to  increase  the  plate  damping  values  into  a  more  typical  range,  as  was  done  in  Section  4.4.2 
for  the  shaker  test. 

4.4.6  Acoustic  Test  of  the  Clamped  Plate  with  an  Improved  Fixture 

This  section  describes  a  second  test  of  the  clamped  plate  test  article  in  the  acoustic  progressive 
wave  facility.  The  initial  acoustic  test,  as  described  in  Section  4.4.5  above,  resulted  in  only  fair 
agreement  of  a  nonlinear  ROM’s  with  test  results.  The  second  test  was  performed  with 
additional  instrumentation  and  an  improved  test  fixture  which  eliminated  an  enclosed  area 
behind  the  test  article.  This  work  was  originally  published  as  Reference  [18]. 

The  apparent  coupling  of  the  acoustic  field  with  the  response  of  the  structure  in  the  previous 
experiments  suggests  that  the  models  lacked  relevant  physics.  Specifically,  the  models  did  not 
model  the  air  surrounding  the  test  article.  That  is,  the  ROM’s  were  estimated  from  finite-element 
models  that  were  purely  structural.  Inclusion  of  the  acoustic  medium  in  the  physical  model  is  a 
computationally  expensive  proposition.  At  the  time,  the  authors  were  not  aware  of  any  studies  in 
which  a  ROM  incorporates  both  structural  nonlinearity  and  the  acoustic  medium.  In  this  paper, 
results  from  a  second  set  of  acoustic  experiments  are  presented  in  an  effort  to  answer  whether  the 
acoustic  medium  should  be  modeled. 

In  retrospect,  the  acoustic  test  and  ROM  reported  for  the  initial  acoustic  test  had  significant 
flaws.  First,  the  test  article  was  mounted  in  the  acoustic  progressive  wave  facility  in  such  a  way 
that  a  semi-enclosed  cavity  existed  behind  it.  This  cavity  resulted  in  an  acoustic  resonance  that 
appeared  as  a  resonant  peak  in  the  power  spectral  density  (PSD)  of  the  displacement  of  the  test 
article.  In  addition,  it  was  assumed  that  the  acoustic  pressures  in  the  facility  duct  would  not  be 
affected  by  the  test  article.  As  a  result,  pressure  measurements  were  taken  only  at  the  bottom  of 
the  duct  and  not  near  the  surface  of  the  test  article.  Finally,  modal  damping  values  used  in  the 
ROM  of  the  test  article  were  measured  before  the  test  article  was  installed  in  the  duct  rather  than 
after  it  was  installed.  The  study  presented  here  was  conducted  to  correct  these  flaws  and  provide 
a  more  valid  comparison  between  the  model  and  experimental  results. 

The  test  article  configuration  used  in  the  initial  acoustic  test  is  shown  in  Figures  43  and  72.  A 
thick  mounting  plate  was  located  directly  behind  the  test  article.  With  the  test  article  and 
mounting  plate  installed  in  the  test  facility,  a  semi-enclosed  cavity  was  formed  behind  the  test 
article.  This  created  a  Helmholtz  resonator  which  was  acoustically  coupled  to  the  test  article.  In 
the  current  experiment,  the  mounting  plate  was  redesigned  as  a  larger  plate  with  a  cut-out 
directly  behind  the  test  article.  This  configuration  is  shown  in  Figure  88.  The  test  article  was 
mounted  in  the  SEF  with  an  adapter  plate  similar  to  that  used  in  the  initial  test  (see  Figure  72). 
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Back  of  the 
test  article 


Bracing  for  the 
rear  microphone 


The  mounting  plate 


Figure  88.  The  test  article  on  a  facility  cart  using  a  mounting  plate  with  a  rectangular  cutout. 

A  modal  test  was  performed  on  the  test  article  before  it  was  installed  in  the  SEF.  Resonant 
frequencies,  mode  shapes  and  modal  damping  ratios  were  identified  by  exciting  the  test  article 
with  a  0-800  Hz  low-level  random  acoustic  signal.  The  excitation  was  generated  by  an  acoustic 
driver  with  a  1 .5-inch  diameter  tubular  hom  aimed  at  the  back  of  the  test  article.  Displacements 
of  the  plate  were  measured  on  a  7  by  9  rectangular  grid  (covering  a  6-inch  by  8-inch  area)  using 
a  Polytec  laser  vibrometer.  Retro-reflective  dots  were  used  as  targets  for  the  laser  vibrometer. 
The  temperature  of  the  plate  and  frame  were  measured  with  thermocouples  and  were 
continuously  monitored  during  the  modal  test.  The  temperature  difference  between  the  plate  and 
frame  ranged  from  0.0°F  to  0. 1°F  during  the  modal  test.  Frequency  response  functions  were 
generated  from  the  input  signal  to  the  acoustic  driver  and  the  measured  displacement  for  each  of 
the  measurement  points.  Modal  parameters  were  identified  from  the  FRF’s.  The  identified 
mode  shapes  are  shown  in  Figure  89.  The  coordinate  directions  are  also  shown  in  Figure  89  for 
reference.  The  naming  convention  for  the  mode  shapes  is  (m,n),  where  m  and  n  denote  the 
number  of  anti-nodes  in  the  x  and  v-directions,  respectively. 

There  were  three  symmetric  modes  in  the  75-625  Hz  frequency  range  of  interest.  These  were  the 
(1,1),  (3,1),  and  (1,3)  modes.  If  the  acoustic  loading  was  spatially  uniform  (i.e.  the  pressure  did 
not  vary  across  the  test  article),  only  these  three  modes  would  be  directly  excited.  Ideally,  the 
progressive-wave  facility  produces  planar  waves  that  have  a  grazing  incidence  with  the  test 
article.  Thus,  the  acoustic  loading  is  a  traveling  wave  in  the  x-direction.  The  (2,1),  (4,1),  and 
(2,3)  modes  should  be  excited  by  the  traveling  wave  along  with  the  three  symmetric  modes. 
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(1,1)  mode  (2,1)  mode  (1,2)  mode 


Figure  89.  Experimental  measured  mode  shapes  of  the  plate  area  of  the  test  article. 

When  installed  in  the  acoustic  facility,  the  surface  of  the  test  article  was  flush  with  the  sidewall 
of  the  progressive  wave  facility.  A  photograph  of  the  facility  with  the  test  article  installed  is 
shown  in  Figure  90.  The  configuration  of  the  SEF  was  the  same  as  that  used  in  the  initial  test.  A 
single-input  single-output  feedback  controller  was  used  with  a  reference  microphone  to  control 
the  input  to  the  modulator  to  produce  a  random,  normally  distributed,  spectrally  controlled, 
sound  pressure.  The  plate  was  excited  with  a  random  acoustic  signal  in  a  75-625  Hz  band  with 
overall  sound  pressure  levels  (SPL)  of  122,  128,  134,  and  140  dB  at  the  reference  microphone. 


Figure  90.  The  progressive-wave  facility  with  the  test  article  installed. 
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The  photograph  in  Figure  90  shows  the  rear  of  the  test  article.  The  wave  propagation  direction 
for  the  traveling  wave  is  from  right  to  left  in  the  photograph.  The  propagation  direction  for  the 
mode  shapes  shown  in  Figure  89  is  the  opposite,  from  left-to-right  (i.e.  the  positive  x-direction) 
since  these  mode  shapes  were  measured  on  the  front  of  the  test  article. 

Acoustic  pressure  was  measured  at  five  locations  in  this  series  of  tests.  Kulite  LQ-125-5SG 
pressure  transducers  (microphones)  were  used.  The  reference  microphone  was  centered  on  the 
floor  of  the  duct  located  directly  in  front  of  the  center  of  the  test  article.  This  microphone  was 
six  inches  below  and  six  inches  in  front  of  the  center  of  the  test  article.  A  second  microphone 
was  installed  on  the  floor  of  the  duct  18  inches  upstream  from  the  reference  microphone.  The 
third  microphone  was  installed  behind  the  test  article,  on  the  cutout  of  the  mounting  plate.  That 
microphone  was  3.5  inches  behind  the  test  article,  2.5  inches  downstream  from  the  center  of  the 
test  article.  Two  additional  microphones  were  used  in  this  study.  One  measured  the  pressure  0.5 
inches  in  front  of  the  center  of  the  test  article  and  another  measured  the  pressure  0.5  inches 
behind  it.  Ideally,  the  two  additional  microphones  could  have  been  located  on  the  test  article. 
However,  since  the  plate  vibrates  during  the  experiment  and  the  microphones  were  sensitive  to 
axial  vibration,  it  was  decided  to  mount  the  additional  microphones  on  added  bracing.  The 
bracing  on  each  side  consisted  of  two  aluminum  beams  bonded  together  with  ISD-1 12 
viscoelastic  adhesive.  The  viscoelastic  material  provided  damping  to  reduce  vibration  of  the 
bracing.  The  bracing  was  bonded  to  the  frame  of  the  test  article  with  epoxy.  The  bracing  for  the 
rear  microphone  is  shown  in  Figure  88.  The  microphones  were  mounted  on  bracing  so  that  they 
faced  toward  the  test  article.  The  bracing  for  the  microphones  was  installed  before  any  of  the 
modal  tests. 

Displacements,  velocities,  and  strains  at  selected  locations  on  the  test  article  were  measured  for 
all  tests.  Displacement  and  velocity  were  measured  at  a  point  near  the  center  of  the  plate  with  a 
Polytec  Model  PSV-400  Vibrometer.  The  point  was  centered  on  the  plate  in  the  y-direction  and 
was  a  quarter  of  an  inch  downstream  from  the  center.  Displacement  and  velocity  were  measured 
at  a  second  point  with  a  Polytec  Model  OVF-5 12  Fiber  Optic  Vibrometer.  This  point  was  2.25 
inches  downstream  from  the  upstream  edge  of  the  plate  area  and  1.5  inches  above  the  lower  edge 
of  the  plate  area.  Dynamic  strains  were  measured  with  a  pair  of  small  resistive  strain  gages 
bonded  to  the  center  of  the  test  article.  The  strain  gages  were  oriented  in  the  x  and  y-directions. 
The  temperature  of  the  plate  area  and  the  frame  were  measured  with  thermocouples  and  were 
continuously  monitored  during  testing.  The  temperature  of  the  plate  area  was  0.1°F  to  0.3°F 
higher  than  the  frame  for  all  the  acoustic  tests.  This  was  due  to  the  fact  that  the  air  in  the  test 
section  was  somewhat  warmer  than  the  ambient  air.  Data  records  of  the  pressures, 
displacements,  velocities,  and  strains  were  digitally  sampled  and  stored  for  100  seconds  at  each 
test  level.  The  data  were  sampled  at  50  kHz. 

Two  modal  tests  were  conducted  to  measure  the  influence  of  the  acoustic  characteristics  in  the 
duct  on  the  damping  of  the  test  article.  A  single-input  single-output  impact  hammer  modal  test 
was  conducted  immediately  before  the  test  article  was  installed  into  the  facility  sidewall.  A 
second  impact  hammer  modal  test  was  conducted  immediately  after  installation.  The  estimated 
frequency  and  damping  factors  for  the  two  tests  are  given  in  Table  23.  There  were  no  physical 
changes  in  the  mounting  of  the  test  article  between  the  un-installed  and  the  installed  tests.  The 
cart  was  simply  rolled  into  place.  The  only  difference  was  the  boundary  condition  due  to  the 
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acoustical  field  in  the  duct.  Installation  significantly  affected  the  damping  of  several  modes. 

The  most  significant  effect  occurred  for  the  (1,1)  mode,  where  the  damping  increased  from 
roughly  a  quarter  of  a  percent  to  almost  two  percent  of  critical!  This  large  a  change  in  modal 
damping  would  have  a  very  significant  effect  on  the  response.  The  effect  of  acoustic  baffling  on 
radiation  damping  was  one  likely  cause  of  the  observed  damping  increase.  The  influence  of  the 
duct  acoustics  also  reduced  the  frequency  of  the  (1,1)  mode  by  nearly  3  Hz  and  increased  the 
frequency  of  the  (3,1)  mode  by  2.5  Hz. 


Table  23.  Natural  frequencies  and  modal  damping  ratios. 


Un-installed 

Installed 

FEM 

Mode 

f  (Hz)  C 

f  (Hz)  C 

f  (Hz) 

(1,1) 

119.7 

0.0024 

117.0 

0.019 

113.4 

(2,1) 

199.7 

0.0024 

198.8 

0.0027 

195.7 

(1,2) 

286.5 

0.0032 

285.9 

0.0054 

264.5 

(3,1) 

322.6 

0.0061 

325.1 

0.011 

331.6 

(2,2) 

354.7 

0.0027 

354.2 

0.0027 

340.0 

(3,2) 

466.1 

0.0033 

465.4 

0.0030 

468.6 

(4,1) 

498.5 

0.0038 

497.3 

0.010 

519.2 

(1,3) 

512.5 

0.0075 

512.7 

0.0054 

498.6 

(2,3) 

581.1 

0.0067 

579.5 

0.0055 

571.0 

Two  nonlinear  ROM’s  of  the  plate  test  article  were  computed.  A  three-mode  model  was  built 
retaining  the  (1,1),  (3,1)  and  (1,3)  modes — the  three  lowest  symmetric  modes.  The  acoustic 
excitation  should  be  a  plane  wave  with  grazing  incidence.  The  pressure  appears  on  the  plate  as  a 
random  amplitude  wave  traveling  in  the  x-direction.  The  traveling  wave  can  directly  excite  the 
three  symmetric  modes.  In  addition  the  traveling  wave  can  directly  excite  modes  that  are  anti¬ 
symmetric  in  the  x-direction  and  symmetric  in  the  y-direction.  A  six-mode  model  was  built 
retaining  the  (2,1),  (4,1),  and  (2,3)  modes,  as  well  as,  the  (1,1),  (3,1),  and  (1,3)  modes.  The 
ROM’s  were  generated  from  the  finite-element  model  using  the  ICE  method  implemented  in 
MATLAB.  The  nonlinear  static  solutions,  used  to  construct  the  ROM's,  were  perfonned  in 
Abaqus.  The  three-mode  model  had  three  nonlinear  differential  equations.  There  were  nine 
nonlinear  stiffness  tenns  in  each  equation.  The  six-mode  model  had  six  equations  with  36 
nonlinear  stiffness  tenns  in  each  equation. 

The  experimentally  measured  frequencies  were  used  in  the  ROM's  as  opposed  to  the  FEM 
frequencies  that  were  used  in  the  initial  test.  The  change  of  frequencies  would  be  difficult  to  do 
in  a  full  FEM  but  was  easily  accomplished  in  the  ROM.  The  experimentally  measured  damping 
was  also  used  in  the  ROM’s.  This  model  updating  was  done  to  remove  minor  tuning  issues  from 
the  comparison,  so  that  the  major  issues  of  structural-acoustic  coupling  could  be  focused  on. 

Two  sets  of  measured  frequency  and  damping  were  recorded  (listed  in  Table  23)  both  sets  will 
be  explored  when  comparing  predictions  to  experimental  data. 
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The  next  consideration  is  the  modeling  of  the  excitation.  The  acoustic  excitation  enters  the 
model  only  as  an  acoustic  pressure  that  is  modeled  as  an  external  force.  The  excitation  can  be 
modeled  as  either  uniform  or  traveling.  The  uniform  pressure  is  often  considered  simply  because 
it  is  easier  to  model.  In  the  uniform  case,  the  loading  is  simulated  as  a  spatially  uniform 
pressure.  The  amplitude  of  the  pressure  varies  in  time.  The  grazing  incident  wave  in  the 
progressive  wave  tube  is  a  traveling  wave.  In  the  traveling  wave  case,  the  pressure  amplitude 
varies  in  time,  is  spatially  uniform  in  v-direction,  but  varies  in  x-direction  based  upon  the  speed 
of  the  traveling  wave.  The  scheme  for  simulating  the  traveling  wave  was  adopted  from 
Reference  [11].  The  measured  time  history  of  the  excitation  was  used  as  the  amplitude  of  either 
forcing  scheme  (more  on  this,  will  be  discussed  later).  Time  integration  was  perfonned  using  the 
Newmark  beta  method.  Time  histories  were  generated  for  each  of  the  acoustic  levels.  Each  time 
history  was  a  digital  record  100  seconds  long  with  a  step  size  of  0.00002  seconds. 

The  response  will  be  examined  using  the  displacement  at  the  two  measurement  points.  The  first 
measurement  point  was  0.25  inches  from  the  center  of  the  panel.  For  convenience,  the  point  will 
be  referred  to  as  the  center  location.  The  response  at  this  measurement  point  will  be  dominated 
by  the  three  symmetric  modes.  The  other  measurement  location  will  be  referred  to  as  the  off- 
center  location. 

Although  data  was  experimentally  acquired  for  four  sound  levels,  for  brevity  only  the  data  for 
the  highest  and  the  lowest  levels  will  be  presented.  The  lowest  level  at  122  dB  is  the  closest  to 
linear  response.  Predicted  response  at  this  level  should  be  dominated  by  linear  parameters  such 
as  the  natural  frequencies  and  the  damping  values.  The  highest  excitation  level  at  140  dB  is 
highly  nonlinear.  At  this  level,  the  nonlinear  stiffness  effects  should  dominate  the  response. 

The  first  response  prediction  case  is  the  three-mode  model  with  uniform  pressure.  The  measured 
reference  pressure  time  history  is  used  as  the  excitation  to  this  model.  The  un-installed 
frequency  and  damping  parameters  are  used  in  the  model.  Figures  91-92  show  predicted 
displacement  PSD’s  in  comparison  to  test  data  for  the  two  measurement  locations.  The 
predictions  exhibit  much  more  nonlinearity  than  the  experimental  data.  The  predicted  peaks 
show  too  much  nonlinear  broadening.  This  is  particularly  true  for  the  first  mode.  It  is  also 
evident  from  the  off-center  displacement  in  Figure  92  that  more  than  three  modes  are  excited. 

Three  changes  were  made  to  the  model  to  improve  the  prediction.  First,  the  six-mode  ROM  was 
used  instead  of  the  three-mode  ROM.  The  additional  three  modes  can  not  be  excited  by  the 
uniform  pressure.  Therefore,  the  second  change  is  that  the  excitation  is  modeled  as  a  traveling 
wave.  The  third  change  is  to  increase  the  damping  by  using  the  installed  damping  parameters. 
The  nonlinear  broadening  shown  in  the  previous  predictions  should  be  reduced  by  an  increase  in 
damping.  Installed  modal  frequencies  were  also  used.  Predicted  displacement  PSD’s  using  the 
six-mode  model  are  shown  in  Figures  93-94.  The  low  level  model  predictions  in  Figure  93 
confirm  that  the  installed  damping  values  are  now  more  reasonable.  Additional  resonant  peaks 
appear  in  the  low  level  predictions  in  Figure  94  indicative  of  the  higher  order  model. 

Specifically,  the  (2,1)  mode  appears  near  200  Hz  and  the  (2,3)  mode  is  evident  near  580  Hz.  The 
(4,1)  mode  should  appear  near  500  Hz,  but  is  apparently  masked  by  the  (1,3)  mode  near  510  Hz. 
The  high  level  predictions  exhibit  less  nonlinearity  than  the  previous  predictions,  but  the  first 
mode  still  exhibits  a  shift  in  natural  frequency  compared  to  the  experimental  data. 
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Figure  91.  Comparisons  for  the  center  location  from  a  three-mode  model  with  the  un-installed 
parameters  driven  by  a  random,  spatially  uniform  pressure. 


Figure  92.  Comparisons  for  the  off-center  location  from  a  three-mode  model  with  the  un¬ 
installed  parameters  driven  by  a  random,  spatially  uniform  pressure. 
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Figure  93.  Comparisons  for  the  center  location  from  a  6-mode  model  with  the  installed 
parameters  driven  by  a  random,  traveling  pressure  wave. 


Figure  94.  Comparisons  for  the  off-center  location  from  a  6-mode  model  with  the  installed 
parameters  driven  by  a  random,  traveling  pressure  wave. 
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The  apparent  excessive  nonlinearity  in  the  first  mode  peak  could  be  due  to  several  factors.  Since 
the  work  described  in  Section  4.4.3  shows  excellent  agreement  between  a  three-mode  model  and 
the  test  article  in  vacuum,  the  possibility  that  the  model’s  nonlinear  parameters  are  inaccurate 
and  provide  too  much  hardening  is  discounted.  A  second  factor  that  could  cause  the  apparent 
excessive  nonlinearity  is  a  deviation  of  the  acoustic  excitation  from  the  flat  spectrum  measured  at 
the  reference  microphone.  The  discrepancies  encountered  in  the  initial  acoustic  test  (Section 
4.4.5),  suggested  that  acoustic  pressure  at  the  plate  surface  may  be  different  from  the  reference 
pressure.  Figure  95  shows  the  measured  front,  rear  and  reference  pressures  for  the  low  level 
case.  The  feedback  controller  forces  the  reference  pressure  spectrum  to  be  flat.  However,  the 
pressure  in  front  of  the  plate  has  a  significant  peak  that  occurs  at  the  (1,1)  mode  frequency.  The 
pressure  behind  the  plate  also  has  this  same  peak.  Also  note  the  acoustic  cavity  resonance  that 
occurred  in  the  previous  experiment  is  gone.  Clearly,  there  are  structural-acoustic  coupling 
effects.  The  resulting  differential  pressure  (the  front  pressure  minus  the  back  pressure)  is  plotted 
in  Figure  96.  The  spectrum  level  of  the  differential  pressure  is  more  than  an  order  of  magnitude 
higher  than  the  reference  at  frequencies  near  the  first  structural  modal  frequency.  Figures  97-98 
show  the  pressures  for  the  140  dB  case.  The  difference  between  the  differential  and  the 
reference  spectrums  are  lower  for  this  case,  but  are  still  significant.  Note  that  for  both  test  levels, 
the  differential  pressure  exceeds  the  reference  pressure  near  the  first  resonance,  but  the  spectrum 
of  the  differential  is  lower  than  the  reference  immediately  after  the  resonance. 

To  further  improve  the  model,  the  excitation  time  history  was  changed  from  the  reference 
pressure  to  the  differential  pressure.  The  excitation  was  still  modeled  as  a  traveling  wave.  Note 
that  the  component  of  the  pressure  field  due  to  the  structural  response  was  probably  not  a 
traveling  wave.  However  the  traveling  and  stationary  components  could  not  be  separated  and  a 
traveling  wave  was  necessary  to  excite  all  the  modes.  The  predicted  displacement  PSD’s  for  the 
model  with  traveling  wave  differential  pressure  excitation  are  shown  in  Figures  99-100.  The 
predicted  response  for  the  center  location  agrees  very  well  with  the  experiment  for  both 
excitation  levels.  The  prediction  for  the  off-center  location  is  also  very  good  with  the  exception 
of  the  response  of  the  modes  not  included  in  the  model. 

The  predictions  from  the  nonlinear  ROM's  compared  well  to  the  data  only  when  the  increased 
damping  values  where  used  and  the  measured  differential  pressure  was  used  as  the  excitation 
force.  In  effect,  the  model  was  adjusted  to  compensate  for  the  structural-acoustic  interactions  by 
modifying  the  parameters  and  the  input  to  the  model.  The  results  show  that  structural-acoustic 
coupling  is  important.  The  model  could  predict  the  test  data,  if  measured  values  were  used. 
However,  the  model  could  not  predict  the  response  without  prior  knowledge  of  the  effects  of  the 
structural-acoustic  interaction.  Therefore,  ROM’s  built  from  structural  finite-element  models 
may  not  be  adequate  to  predict  the  acoustic  response  of  thin  panels.  Coupling  with  an  acoustic 
medium  may  need  to  be  included  in  the  model  A  caveat  to  these  observations  is  that  the  test 
article  used  in  this  study  was  extremely  thin  and  may  not  be  representative  of  typical  aircraft 
structures  with  thicker  skins. 
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Frequency,  Hz 

Figure  95.  Measured  pressure  spectra  for  the  122dB  test  level. 


Figure  96.  The  reference  and  the  differential  pressure  spectra  for  the  122dB  test  level. 
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Figure  97.  Measured  pressure  spectra  for  the  140dB  test  level. 


Figure  98.  The  reference  and  the  differential  pressure  spectra  for  the  140dB  test  level. 
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Figure  99.  Comparisons  for  the  center  location  from  a  6-mode  model  with  the  installed 
parameters  driven  by  a  traveling  differential  pressure. 


Figure  100.  Comparisons  for  the  off-center  location  from  a  6-mode  model  with  the  installed 
parameters  driven  by  a  traveling  differential  pressure. 
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4.4.7  Coupled  Models  of  the  Plate  Test  Article  in  SEF 


The  results  of  nonlinear  ROM  predictions  of  the  acoustic  test  of  the  clamped  plate  test  article, 
discussed  in  Sections  4.4.5  and  4.4.6,  motivated  a  study  of  the  incorporation  of  acoustic  coupling 
in  the  ROM's.  This  development  is  described  in  Section  3.  It  was  then  undertaken  to  apply  the 
coupled  ROM  approach  to  the  results  of  the  second  acoustic  test  of  the  plate.  This  section 
describes  that  comparison.  Nonlinear  coupled  ROM’s  were  computed  from  finite-element 
models  of  the  plate  and  the  acoustic  domain  inside  the  acoustic  test  facility.  Results  of  ROM 
predictions  are  then  compared  to  the  test  data.  This  work  was  originally  published  as  Reference 
[58]. 

In  the  coupled  ROM  approach,  an  uncoupled,  nonlinear,  structural  ROM  is  supplemented  with 
an  uncoupled  modal  model  of  the  acoustic  environment.  With  this  approach,  the  nonlinear 
structural  ROM  is  built  using  the  methods  documented  in  the  literature.  The  uncoupled  acoustic 
modes  are  obtained  considering  a  rigid  acoustic  boundary  where  the  structure  occurs.  Coupling 
tenns  are  added  to  both  models.  These  terms  can  be  determined  from  a  coupled  FEM.  The 
nonlinearity  is  contained  in  only  the  structural  portion  of  the  model.  Other  advantages  are  that 
the  uncoupled  modal  quantities  such  as  the  structural  frequencies,  the  structural  damping  factors, 
and  the  acoustic  frequencies  appear  in  the  coupled  model  as  uncoupled  quantities.  These 
quantities  can  be  independently  adjusted  to  match  test  values.  See  Section  3  for  details  on  the 
coupled  approach. 

The  nonlinear  structural  ROM  built  for  this  study  used  the  structural  modes  shown  in  Figure  101. 
The  ROM  is  identical  to  the  six  mode  model  that  was  used  in  Section  4.4.6.  Experimental  data 
from  the  initial  shaker  test  of  the  clamped  plate,  describe  in  Section  4.4.2,  was  used  to  verily  the 
accuracy  of  the  nonlinear  structural  ROM.  The  predictions  from  the  ROM,  shown  in  Figure  102, 
confirm  that  the  nonlinear  structural  model  is  accurate  when  modeling  primarily  an  uncoupled 
structural  response.  The  same  model  when  used  to  predict  the  response  due  to  acoustic  loading 
was  not  as  successful.  Figure  103  shows  the  predicted  response  in  comparison  to  test  data  from 
the  second  acoustic  test  of  the  plate  (Section  4.4.6).  The  response  is  for  a  point  0.25  inches 
downstream  from  the  center  of  the  panel.  The  prediction  was  obtained  using  nodal  forces 
equivalent  to  the  random  pressures  assuming  a  traveling  wave  propagation  of  the  acoustic 
pressure.  The  frequencies  and  modal  damping  factors  were  adjusted  in  the  model  to  the 
uninstalled  values  listed  in  Table  24.  These  are  frequencies  and  damping  factors  measured  before 
the  test  article  was  installed  in  the  acoustic  test  facility. 

The  nonlinear  structural  ROM  lacks  any  coupling  between  the  dynamics  of  the  acoustic  domain 
inside  the  test  duct  and  the  structure.  Presumably,  if  those  dynamics  could  be  added  to  the  model 
the  prediction  would  improve.  The  acoustic  test  facility,  shown  schematically  in  Figure  71,  is 
composed  of  three  major  sections — the  acoustic  source,  test  section  and  termination  section.  The 
acoustic  source  is  a  single  modified  Wyle  WAS  3000  air  modulator.  The  modulator  chops  the 
flow  of  high  pressure  air  to  generate  sound.  The  modulator  is  connected  by  a  transition  horn  to  a 
constant  cross  section  duct — the  test  section — that  is  six  feet  long  and  one  foot  square.  The  other 
end  of  the  duct  is  attached  to  an  expansion  horn  and  termination  section.  The  overall  length  of 
the  facility  is  approximately  40  feet.  The  end  wall  of  the  termination  section  is  covered  with 
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fiberglass  acoustic  wedges  to  reduce  reflection  of  the  acoustic  traveling  waves  propagating  down 
the  duct. 


Mode  1  - 113.3  Hz  Mode  2  - 195.7  Hz  Mode  3  -  331.6  Hz 


o 

•» 

Mil 

Mode  4  -  498.5  Hz 


Mode  5 -519.2  Hz 


Figure  101.  Finite  element  mode  shapes  for  the  clamped  plate  test  article 


Figure  102.  The  Power  spectral  density  (PSD)  of  the  center  displacement  when  the  test  article  is 

driven  by  a  shaker  at  7.2  g  rms. 
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Figure  103.  The  PSD  of  the  displacement  near  the  center  when  the  test  article  is  driven 

acoustically  at  140dB. 


Table  24.  Natural  frequencies  and  modal  damping  ratios  for  the  test  article 


Test  (Un-installed) 

FEM 

Mode 

f  (Hz)  C 

f  (Hz) 

(U) 

119.7 

0.0024 

113.3 

(2,1) 

199.7 

0.0024 

195.7 

(3,1) 

322.6 

0.0061 

331.6 

(4,1) 

498.5 

0.0038 

519.2 

(1,3) 

512.5 

0.0075 

498.5 

(2,3) 

581.1 

0.0067 

571.0 

A  finite-element  model  of  the  air  inside  the  SEF  was  constructed  in  Abaqus.  The  element  mesh 
is  shown  in  Figure  104.  A  cross  sectional  mesh  of  twelve  elements  by  twelve  elements  was  used 
for  most  of  the  model  except  the  test  section  adjacent  to  the  plate  mounting  area.  There,  a  finer 
mesh  was  used  to  provide  coincident  nodes  with  the  plate.  The  total  number  of  acoustic  elements 
used  in  the  model  was  approximately  46,000.  Standard  properties  for  air  were  used  in  the  model. 
Acoustic  damping  wedges  in  the  termination  section  of  the  facility  were  not  modeled  directly. 
The  acoustic  boundary  condition  on  all  surfaces  was  considered  rigid. 


140 

Approved  for  public  release;  distribution  unlimited. 


Figure  104.  The  acoustic  finite  element  mesh. 


All  modes  of  the  acoustic  model  in  the  0-600  Hz  range  were  computed  in  Abaqus.  Over  4300 
modes  were  computed,  most  of  which  were  higher  frequency  modes  of  the  termination  section. 
An  acoustic  mode  shape  with  a  frequency  occurring  near  the  first  structural  resonance  is  shown 
in  Figure  105.  The  area  where  the  test  article  attaches  to  the  test  section  is  shown  in  Figure  105 
for  reference. 


Figure  105.  An  acoustic  mode  near  the  first  structural  resonance. 


There  was  a  second  acoustic  domain  that  could  couple  with  the  test  article.  This  is  the  acoustic 
environment  behind  the  test  article  which  includes  the  room  dynamics  and  everything  in  the 
room  that  could  impact  those  dynamics.  As  one  can  see  in  Figure  90,  the  area  behind  test  article 
is  very  complicated.  Rather  than  modeling  all  the  details,  the  area  was  idealized  as  a 
hemispherical  domain  with  infinite  acoustic  elements  on  the  exterior  surface  of  the  hemisphere. 
The  position  of  the  hemispherical  model  in  relation  to  the  interior  acoustic  model  is  shown  in 
Figure  106.  The  hemispherical  model  is  an  approximation  of  an  infinite  acoustic  domain.  This 
idealization  assumes  that  any  acoustic  energy  generated  by  the  test  article  radiates  away  from  the 
test  article  and  does  not  return.  This  is  a  reasonable  assumption  given  the  fact  that  room  has 
acoustically  treated  walls.  The  hemispherical  model  was  built  in  an  in-house,  MATLAB  -based, 
finite  element  code.  The  first  thirty  normal  modes  of  the  exterior  acoustic  domain  were 
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computed  in  MATLAB.  Figure  107  shows  the  modes  of  the  model  that  were  included  in  the 
coupled  model.  In  the  figure,  an  outline  of  the  position  of  the  test  article  is  shown.  The  modal 
selection  process  will  be  discussed  in  the  next  paragraph. 


Figure  106.  The  interior  and  exterior  acoustic  meshes 


Mode  1  - 125.6  Hz 


Mode  2  -  248.5  Hz 


Mode  3  -  250.3  Hz 


Mode  4  -  361  Hz 


X-* 


Mode  5  -  378.6  Hz 


Mode  6  -  505.8  Hz 


Mode  7  -  505  Hz 


Mode  8  -  565.4  Hz 


Figure  107.  Modes  of  the  infinite  acoustic  domain  behind  the  test  article. 
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The  structural  ROM  is  coupled  to  the  two  acoustic  regions  using  Equations  80-8 1 .  (The  models 
for  the  two  acoustic  domains  can  be  grouped  together  into  a  single  uncoupled  modal  model  or 
treated  separately  which  requires  an  additional  set  of  modal  equations.)  The  modal  coupling 
coefficients  are  required  to  implement  the  equations.  The  modal  coupling  between  the  structure 
and  exterior  acoustic  domain  was  calculated  by  Equation  78  using  the  normal  modes  of  the 
infinite  domain  as  the  acoustic  modes.  The  physical  coupling  matrix,  S,  was  extracted  directly 
from  the  stiffness  matrix  of  a  coupled  FEM  of  the  infinite  domain  model  and  a  plate  with  the 
same  dimensions  and  nodal  spacing  as  the  plate  area  of  the  test  article  model.  The  dimensions  of 
the  resulting  modal  coupling  matrix  were  six  by  30.  Each  element  of  the  matrix  is  the  coupling 
coefficient  for  a  structural  mode  and  an  acoustic  mode  of  the  infinite  domain.  The  element  of  the 
matrix  with  the  maximum  absolute  value  was  determined.  Acoustic  modes  that  had  coupling 
coefficients  with  absolute  values  greater  than  one  percent  of  the  maximum  for  any  structural 
mode  were  retained. 

The  modal  coupling  matrix  for  the  modes  of  the  interior  acoustic  domain  was  also  calculated. 
This  acoustic  model  was  built  and  analyzed  in  Abaqus.  Extraction  of  the  physical  coupling 
matrix  from  Abaqus  is  cumbersome  [29].  The  matrix  is  easily  built  in  MATLAB  since  all  the 
structural  elements  are  equally  sized  and  the  acoustic  nodes  correspond  to  the  structural  nodes. 
The  modal  coupling  matrix  is  then  calculated  using  Equation  78.  A  similar  procedure  as  used 
earlier  was  used  to  reduce  the  number  of  acoustic  modes.  In  this  case,  the  threshold  for  modal 
retention  was  set  at  10  percent  of  the  maximum  coupling  value.  This  resulted  in  284  acoustic 
modes  retained  in  the  interior  model. 

The  modal  damping  for  the  exterior  acoustic  domain  was  detennined  directly  from  the  FEM.  The 
infinite  acoustic  elements  produce  a  damping  matrix.  The  other  acoustic  elements  provide  no 
damping.  The  physical  damping  matrix  was  assembled  and  transformed  to  the  modal  space  using 
the  modal  vectors.  The  damping  matrix  is  not  proportional,  and  is  thus  not  diagonal,  as  several  of 
the  off-diagonal  terms  in  the  modal  damping  matrix  are  populated.  Thus  the  modal  equations  for 
the  exterior  domain  are  not  only  coupled  to  the  structure,  but  are  coupled  to  each  other  through 
the  modal  damping  matrix. 

The  modal  damping  for  the  structural  portion  of  the  model  was  assumed  to  be  diagonal.  The 
uninstalled  values  of  modal  damping  were  used  to  construct  the  modal  damping  matrix.  The 
frequencies  of  the  structural  model  were  also  adjusted  to  the  uninstalled  values.  The  structural 
equations  are  coupled  to  the  two  acoustic  domains,  but  are  also  coupled  to  each  other  through  the 
nonlinear  terms. 

The  modal  damping  for  the  interior  acoustic  model  had  to  be  assumed.  The  acoustic  wedges  of 
the  facility  provide  the  majority  of  the  acoustic  damping  but  were  not  modeled.  Like  the  infinite 
acoustic  elements  in  the  infinite  domain,  the  wedges  should  couple  the  acoustic  modes  to  each 
other.  However,  the  damping  model  of  the  acoustic  facility  was  assumed  to  be  diagonal  for 
simplicity.  Measured  modal  damping  of  the  interior  domain  ranged  between  three  and  six 
percent  the  acoustic  modes  below  200  Hz.  For  the  model,  a  value  of  four  percent  was  assumed 
for  all  the  interior  modes. 
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The  coupled  model  consisted  of  six  structural  modes,  14  modes  of  an  infinite  domain  behind  the 
structure,  and  284  modes  of  the  interior  acoustic  domain.  The  modes  of  the  two  acoustic  domains 
were  selected  according  to  the  values  of  the  coupling  between  the  structural  modes  and  the 
individual  acoustic  modes.  The  frequency  and  damping  of  the  structural  model  corresponded  to 
values  from  a  modal  test  of  the  structure.  The  damping  of  the  infinite  domain  was  obtained  from 
a  FEM.  The  damping  for  all  the  acoustic  facility  modes  was  assigned  a  reasonable  single  value. 
Coupling  in  the  model  occurs  between  the  structural  modes  and  the  modes  of  each  of  the  two 
acoustic  domains.  The  only  nonlinearity  in  the  model  occurs  in  the  structural  equations.  This 
nonlinearity  couples  the  structural  modes  with  each  other.  The  damping  model  of  the  infinite 
domain  couples  the  modes  of  this  acoustic  domain  with  each  other. 

If  the  structure  is  coupled  to  two  acoustical  domains,  another  modal  equation  has  to  be  added  to 
the  set  of  coupled  equations  given  in  Equations  80-8 1 .  The  coupled  modal  equations  are 
modified  as 


cj  +  rsq  +  As  q  +  0(qL  q2,...,  qn)  =  DaT a  +  Dj  v  +  *FT fs(t), 

(121) 

a  +  ra  a  +  Aa  a  =  -pDa  q  +&T fa(t), 

(122) 

and 

v  +  rv  v  +  Av  v  =  -pDv  q  +XTf,(t), 

(123) 

where  v  is  the  modal  amplitude  vector  and  Xis  a  truncated  set  of  uncoupled,  mass  normalized, 
mode  shapes  for  the  exterior  acoustic  domain.  There  are  two  different  modal  coupling  matrices, 
one  for  each  acoustic  domain  as  denoted  by  their  subscripts. 

The  input  to  the  coupled  model  could  be  any  combination  of  the  three  external  force  vectors  in 
Equations  121-123.  Here,  only  the  external  structural  force  vector  was  used.  The  structural  force 
is  calculated  from  an  applied  pressure  field  acting  on  the  plate  area  of  the  test  article.  The  applied 
pressure  corresponds  to  a  140  dB,  random,  acoustic  pressure  with  a  flat  spectrum  between  75  and 
625  Hz.  The  pressure  propagates  as  a  traveling  wave  across  the  structure  in  the  negative  x- 
direction.  The  pressure  is  converted  to  a  mechanical  force  in  the  model.  The  pressure  field  of  the 
interior  domain  is  not  used  to  apply  the  force,  but  rather  to  model  the  dynamic  acoustic  response 
due  to  the  vibration  of  the  structure.  The  model  was  integrated  using  a  Newmark-beta  scheme. 
The  time  increment  used  in  the  integration  was  2.0  x  10"5  seconds.  The  time  length  of  each  of  the 
integrations  was  30  seconds. 

The  predicted  PSD  of  the  displacement  near  the  plate  center  from  the  coupled  model  is  shown  in 
comparison  with  the  experimental  results  in  Figure  108.  The  prediction  shows  a  marked 
improvement  over  the  structure-only  prediction  shown  in  Figure  103.  Some  discrepancies  remain 
between  the  coupled  prediction  and  the  experiment  results.  These  are  likely  to  be  due  to 
structural  and  acoustic  asymmetries  not  captured  in  either  model. 

The  damping  in  the  interior  acoustic  modes  was  a  major  assumption  in  the  coupled  model.  The 
damping  values  were  varied  from  the  original  4%  to  2%  and  1%.  The  predictions  for  these 
damping  values  are  shown  in  Figure  109.  The  overall  character  of  the  structural  response  does 
not  change  as  the  damping  varies.  The  results  show  that  the  structural  response  is  not  very 


144 

Approved  for  public  release;  distribution  unlimited. 


sensitive  to  the  damping  in  the  interior  inodes.  Thus  the  initial  damping  value  of  4%  appears  to 
be  reasonable. 


Figure  108.  Displacement  PSD  near  the  plate  center  for  the  140dB  loading  case. 


Figure  109.  The  displacement  near  the  plate  center  as  the  damping 
of  the  interior  acoustic  is  varied  from  1%  to  4%. 

Next,  the  model  of  the  interior  domain  was  replaced  with  a  simpler  physical  model.  The 
tennination  section  was  replaced  with  a  constant  cross  sectional  duct.  The  one  foot  by  one  foot 
cross  section  of  the  test  area  was  extended  so  that  the  model  had  the  same  overall  length  as  the 
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original  facility  model.  The  number  of  acoustic  modes  selected  for  the  coupled  model  was  62 
using  the  same  selection  process  as  earlier.  A  modal  damping  value  of  4%  was  selected  for  the 
acoustic  modes  of  the  new  duct  model.  The  prediction  of  plate  center  displacement  using  the 
simplified  coupled  model  is  shown  in  Figure  1 10.  The  prediction  is  nearly  identical  to  the 
prediction  using  the  original  facility  modes.  This  result  indicates  that  the  prediction  is  not 
sensitive  to  the  dynamics  of  the  termination  section  of  the  facility. 


Figure  110.  The  prediction  for  a  duct  with  a  constant  cross  section 
in  comparison  to  the  facility  model. 

The  method  to  produce  a  coupled,  nonlinear  structural-acoustic  ROM  was  successfully 
demonstrated  and  compared  against  experimental  data.  The  coupled  model  was  built  from  a 
nonlinear  structural  ROM  previously  used  in  the  literature  and  two  acoustic  modal  models.  A 
FEM  of  the  acoustic  facility  was  used  to  produce  one  of  the  acoustic  modal  models.  A  FEM  of  a 
hemisphere  with  infinite  acoustic  elements  approximated  the  open  exterior  environment  behind 
the  test  article  for  the  second  model.  The  three  models  were  coupled  using  an  approach 
documented  Section  3. 

The  coupled  model  was  integrated  in  time  to  predict  the  structural  response  of  the  test  article. 
The  predictions  were  able  to  capture  the  overall  features  of  the  response  and  showed  a  marked 
improvement  over  a  structure-only  prediction.  Some  discrepancies  remained  between  the 
coupled  prediction  and  the  experiment  results.  These  were  likely  due  to  structural  and  acoustic 
asymmetries  not  captured  in  the  models. 

4.4.8  Structural-Acoustic  Coupling  Sensitivity  Analysis 

Following  the  successful  comparison  of  coupled  nonlinear  ROM’s  results  to  the  acoustic  test  of 
the  clamped  plate  test  article,  a  question  lingered  as  to  the  necessity  of  coupled  ROM’s  for 
acoustically  excited  structures  in  general.  When  is  a  coupled  model  required?  What  are  the 
salient  parameters  of  the  structure  and  the  acoustic  environment  that  determine  the  need  for  a 
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coupled  model  in  a  progressive  wave  facility  versus  an  exterior  acoustic  domain?  To  help 
answer  these  questions,  a  parametric  study  was  undertaken  to  better  understand  the  need  for 
acoustic  coupling  of  plate-like  test  articles  in  the  SEF.  This  section  describes  a  study  in  which 
structural  parameters  of  a  flat  plate  in  a  progressive  wave  test  facility,  including  thickness  and 
modal  damping,  are  varied  to  explore  the  need  for  coupled  ROM's.  The  work  was  originally 
published  as  Reference  [59]. 

An  example  problem  is  used  here  to  compare  the  results  from  a  coupled  ROM  to  that  from  a 
structural  ROM  of  a  thin  plate  in  a  progressive  wave  acoustic  test  facility.  The  SEF  progressive 
wave  facility  discussed  in  Sections  4.4.5  to  4.4.7  was  idealized  in  this  example.  A  model  of  the 
facility  was  constructed  to  be  simple  yet  contain  all  the  relevant  features. 

The  coupled  ROM  results  presented  in  Section  4.4.7  were  not  sensitive  to  the  geometry  of  the 
termination  section  of  the  progressive  wave  facility.  An  acoustic  model  of  a  duct  with  a  constant 
cross  sectional  area  and  the  correct  overall  length  produced  coupled  results  very  similar  to  the 
more  detailed  acoustic  model  of  the  facility.  Thus,  the  progressive  wave  facility  for  this  example 
was  modeled  as  a  duct  with  a  constant  cross  sectional  area.  The  model  was  chosen  to  be  a  500"  x 
12"  x  12"  duct.  Figure  111  shows  the  duct  and  the  plate  for  the  example  problem.  The  plate  is 
shown  in  red.  The  test  article  was  chosen  to  be  an  18"  x  12"  aluminum  plate  with  clamped 
boundary  conditions.  The  size  of  the  test  article  is  different  from  that  in  the  previous  sections. 
The  new  dimensions  were  chosen  to  correspond  to  the  size  of  the  actual  opening  on  the  side  wall 
of  the  SEF.  The  plate  center  was  positioned  420  inches  from  the  termination  end  of  the  duct. 


Figure  ill.  The  configuration  of  the  example  problem. 


The  rectangular  duct  was  modeled  in  Abaqus  using  eight-node  acoustic  elements.  Over  26,000 
elements  were  used  in  the  model.  The  majority,  over  eighteen-thousand,  were  concentrated  in  the 
area  32"  x  12"  x  12"  near  the  plate.  The  first  few  acoustic  modes  of  the  duct  are  shown  in  Figure 
1 12.  The  first  longitudinal  acoustic  mode  occurs  at  13.5  Hz  and  the  higher  frequency  modes 
occur  at  integer  multiples  of  the  fundamental  frequency.  The  first  transverse  mode  appears  at  556 
Hz.  The  duct  model  had  a  total  of  121  modes  below  700  Hz. 

Acoustic  damping  in  the  model  of  the  SEF  is  mainly  a  result  of  the  wedges  in  the  termination 
section  (see  Figure  71).  The  coupled  ROM  results  in  Section  4.4.7  were  generally  insensitive  to 
the  damping  of  the  acoustic  modes.  The  damping  in  the  acoustic  modes  was  assumed  to  be  4%  of 
critical  for  each  for  this  study,  which  is  the  initial  value  used  in  Section  4.4.7  and  is 
approximately  equal  to  experimentally  measured  damping  in  the  real  facility. 


147 

Approved  for  public  release;  distribution  unlimited. 


Mode  2 -13.5  Hz  Mode  3 -27  Hz  Mode  4 -40.5  Hz 


Figure  1 12.  The  lowest  frequency  acoustic  modes  of  the  duct  model. 

The  plate  used  in  this  example  was  modeled  in  Abaqus  using  four-node  plate  elements.  A  regular 
grid  was  used  with  an  element  size  of  0.5"  x  0.5".  The  grid  was  constructed  so  that  the  structural 
nodes  were  coincident  with  a  subset  of  the  acoustic  nodes.  The  plate  thickness  was  a  variable  for 
the  study.  Uniform  thicknesses  of  0.02",  0.03",  0.04",  0.05",  0.06",  0.07",  0.08",  0.09",  and  0.1" 
were  used.  The  first  mode  shape  of  the  plate  is  shown  in  Figure  1 13,  the  frequency  of  which 
depends  linearly  on  the  thickness  of  the  plate.  The  first  mode  frequency  varied  between  35.95 
and  179.6  Hz  for  the  range  of  thicknesses  investigated. 


Figure  113.  The  first  mode  of  the  plate. 
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Only  the  first  mode  was  used  in  the  structural  ROM  of  the  plate.  This  is  the  simplest  model  that 
demonstrates  the  nonlinear  structural  phenomenon.  The  nonlinear  function  for  a  flat  plate  for  a 
single  mode  degenerates  to  a  single  cubic  tenn.  This  tenn  was  estimated  for  each  thickness. 

The  coupled  model  in  this  example  considered  only  one  acoustic  domain,  the  interior  of  the  duct. 
The  work  reported  in  Section  4.4.7  also  considered  the  domain  exterior  to  the  duct  behind  the 
test  article.  That  domain  was  neglected  here  because  coupling  with  it  was  assumed  to  be 
negligible.  The  coupled  model  is  comprised  of  the  nonlinear  structural  ROM,  the  linear  modal 
model  of  the  acoustics,  and  a  coupling  tenn  in  each  equation.  The  coupling  terms  depend  on  the 
modal  coupling  matrix,  D ,  which  can  be  determined  from  the  coupling  matrix,  S,  in  Equation  78, 
and  the  mode  shapes  of  the  structure  and  the  acoustic  domain.  The  coupled  model  in  this 
example  contains  one  nonlinear  structural  mode  and  121  linear  acoustic  modes. 

The  acoustic  domain  in  the  duct  is  comprised  of  two  components  of  acoustic  pressure — pressure 
resulting  from  vibration  of  the  plate  and  an  externally  generated  excitation  pressure.  The  acoustic 
excitation  pressure  is  not  explicitly  modeled  in  this  study,  i.e.,/«  in  Equation  8 1  is  set  to  zero. 
Rather,  the  applied  acoustic  pressure  is  converted  to  an  equivalent,  externally  applied,  structural 
force.  The  excitation  is  assumed  to  be  uniform  across  the  plate  with  time  varying  amplitude.  The 
amplitude  is  generated  as  a  zero  mean,  band  limited  (0-500Hz),  nonnal  random  variable. 

A  Newmark  scheme  written  in  MATLAB  is  used  to  integrate  the  model  in  the  time  domain.  The 
scheme  uses  the  average  acceleration  method  with  no  artificial  damping.  The  two  sets  of 
equations  for  the  coupled  ROM  are  integrated  simultaneously  to  provide  direct  coupling.  The 
sample  rate  of  the  integrator  is  20  kHz,  and  the  length  of  the  prediction  is  200  seconds.  The  time 
domain  predictions  are  processed  in  the  frequency  domain  to  obtain  PSD  plots.  The  RMS  values 
of  the  center  displacement  of  the  plate  are  also  calculated  directly  from  the  time  domain 
predictions. 

Predictions  from  the  coupled  model  and  the  structural  model  were  compared  to  detennine  the 
need  for  a  coupled  model.  Parameters  in  the  structural  model  were  varied,  including  the 
thickness,  modal  damping,  and  in-plane  preload  of  the  plate.  The  plate  thickness  affected  both 
the  linear  and  nonlinear  modal  stiffness.  The  damping  of  the  first  structural  mode  ranged  from 
0.001  to  0.05,  with  a  value  of  0.005  being  considered  nominal.  The  effect  of  the  preload  was 
studied  by  changing  the  natural  frequency  of  the  structure.  The  excitation  level  of  the  applied 
acoustic  pressure  was  also  varied  from  128dB  to  158dB  in  steps  of  6dB. 

First,  the  effect  of  plate  thickness  is  demonstrated  for  the  case  with  nominal  damping  of  0.005 
and  an  excitation  level  of  140dB.  The  PSD  of  the  center  displacement  of  the  structure  is  shown 
in  Figure  1 14  for  both  the  structural  ROM  and  the  coupled  ROM.  The  thickness  of  the  plate  is 
0.02  inches.  For  this  case,  the  coupled  model  prediction  is  significantly  different  than  the 
structural  prediction.  However  if  the  thickness  of  the  plate  is  increased  to  0.10  inches,  both 
models  predict  nearly  identical  results  as  shown  in  Figure  115. 


149 

Approved  for  public  release;  distribution  unlimited. 


Figure  1 14.  Response  for  the  0.02"thick  plate  with  £=0.005  for  140dB  OASPL. 


Figure  115.  Response  for  the  0.10"  thick  plate  with  £=0.005  for  140dB  OASPL. 

A  waterfall  plot  of  the  structural  model  response  and  the  coupled  response  is  shown  in  Figure 
1 16  as  the  thickness  varies.  The  plot  shows  that  as  the  thickness  decreases,  the  response  becomes 
more  nonlinear  (the  peak  broadens)  and  the  difference  between  the  two  models  increases.  The 
effect  can  be  seen  more  clearly  by  plotting  the  RMS  response  as  a  function  of  thickness  in  Figure 
117.  For  this  case,  thicknesses  less  than  0.06"  may  require  the  coupled  ROM  for  accurate 
predictions.  The  phenomena  can  be  explained  as  follows:  The  acoustic  modes  of  the  coupled 
model  have  to  be  excited  by  the  structure  to  affect  the  response.  The  acoustic  modes  are  at  set 
frequencies  (approximately  every  13.5  Hz).  When  the  response  is  broad  in  frequency,  the 


150 

Approved  for  public  release;  distribution  unlimited. 


structure  can  excite  the  acoustic  modes  and  coupling  with  the  acoustic  domain  can  affect  the 
structural  response. 


Figure  1 16.  Response  for  the  plate  (^=0.005,  140dB)  as  the  thickness  varies.  The  PSD  of  the 
structure  only  model  is  shown  in  blue,  the  coupled  response  in  red. 


Figure  117.  RMS  center  displacement  as  the  thicknesses  varies  (^=0.005,  140dB). 

Nonlinear  structural  response  does  not  necessarily  mean  that  acoustic  coupling  affects  the 
response  significantly.  Figures  118-119  show  the  response  of  a  0.06"  thick  structure  as  the 
excitation  is  increased  from  128dB  to  158dB  in  steps  of  6dB.  The  response  exhibits  nonlinearity 
as  the  excitation  is  increased,  yet  the  differences  between  the  coupled  and  structure-only  model 
are  insignificant. 
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Figure  118.  Response  for  the  0.06"  thick  plate  (<£=0.005)  as  the  excitation  varies.  The  structure 
only  model  is  shown  in  blue,  the  coupled  response  in  red. 


Figure  1 19.  RMS  center  displacement  for  0.06"  thick  plate  (^s=0.005)  as  the  excitation  varies. 

The  nonlinearity  has  to  occur  at  a  low  enough  excitation  level  for  the  acoustic  response  to  affect 
the  structure.  This  can  be  seen  more  readily  by  rewriting  the  right  hand  side  of  Equation  80  as 

Dr  a  +  *FT fs(t)=  *5  (Pacoustic  T  P  applied)  (124) 

where  pac0ustic  is  the  pressure  due  to  the  acoustic  response  and pappiied  is  the  applied  pressure. 
Equation  124  is  the  forcing  term  on  the  structural  part  of  the  coupled  equations.  If  the  acoustic 
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response  pressure  is  small  in  comparison  to  the  applied  pressure,  the  coupled  response  will  not 
be  significantly  different  from  the  structure  only  model.  That  is,  if  the  structural  nonlinearity 
does  not  excite  the  acoustic  response  at  a  low  enough  applied  pressure,  the  applied  pressure  will 
dominate  rendering  the  coupled  model  unnecessary. 

If  damping  is  used  to  suppress  the  nonlinear  structural  response,  the  coupled  model  is 
unnecessary  for  all  plate  thicknesses.  This  is  shown  in  Figure  120,  where  plate  response  is  shown 
with  damping  is  increased  to  0.05.  We  see  in  Figure  121,  that  the  response  goes  nonlinear  at  a 
relatively  low  excitation  level  for  a  plate  thickness  of  0.02"  but  that  the  structural  damping  is  so 
high  that  the  acoustic  coupling  has  negligible  effect. 


Figure  120.  RMS  of  the  center  displacement  as  the  thicknesses  varies  (£=0.05,  140dB). 

For  the  case  of  light  damping,  the  acoustic  coupling  affects  the  response  for  all  plate  thicknesses. 
The  case  where  the  damping  is  reduced  to  0.001  is  shown  in  Figure  122.  Lower  damping  equates 
to  more  nonlinear  vibration  at  lower  excitation  levels  and  more  chances  for  significant  coupled 
response. 

A  preload  that  stiffens  the  plate  will  reduce  the  nonlinear  effects.  A  more  interesting  and  more 
common  problem  occurs  when  a  preload  softens  the  plate.  In  this  example,  the  structure-only 
model  is  adequate  for  the  0.06"  thick  plate  with  0.005  damping.  However,  let's  assume  a  preload 
due  to  thennal  expansion  has  softened  the  plate  so  that  the  linear  frequency  is  now  a  third  of  the 
original  (equivalent  to  the  natural  frequency  of  a  0.02"  plate).  The  coupled  model  produces 
results  significantly  different  from  the  structural  model  as  shown  in  Figure  123. 
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Figure  121.  Response  for  the  0.02"  thick  plate  (4"s=0.05)  for  128-152dB.  The  structure  only 
model  is  shown  in  blue,  the  coupled  response  in  red. 


Figure  122.  RMS  of  the  center  displacement  as  the  thicknesses  varies  (^=0.00 1 ,  140dB). 
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OASPL,  dB 

Figure  123.  A  0.06"  thick  plate  (<£=0.005)  with  a  softened  stiffness. 

In  this  application  of  nonlinear  ROM’s,  the  progressive  wave  facility  was  modeled  as  a  long  duct 
with  a  constant,  square,  cross  section  and  the  test  plate  was  modeled  as  an  18"xl2"  aluminum 
plate  with  clamped  boundary  conditions.  The  thickness  and  damping  of  the  plate  were  varied  and 
response  was  predicted  for  a  range  of  acoustic  load  levels.  The  acoustic  coupling  effects  were 
found  to  be  significant  for  thin  plates,  lightly  damped  plates,  or  thicker  plates  softened  by  a 
preload.  The  trends  suggest  that  as  the  structural  response  becomes  nonlinear  at  lower  applied 
pressures,  the  effect  of  the  acoustic  coupling  becomes  more  important.  If  plate  response  is 
significantly  nonlinear  at  140dB  OASPL  and  has  modal  damping  less  than  1%,  the  acoustic 
effects  may  be  important. 

Conceptually  the  acoustic  domain  acts  as  multiple  damped  vibration  absorbers.  As  the  structural 
response  becomes  nonlinear,  the  frequency  response  of  the  structure  broadens.  As  the  response 
broadens,  it  is  able  to  excite  the  acoustic  modes.  The  acoustic  modes  interact  with  the  structural 
modes.  If  the  structural  damping  is  low,  some  of  the  damping  in  the  acoustic  modes  will  be 
shared.  If  such  is  the  case,  the  progressive  wave  facility  has  effectively  altered  the  dynamics  of 
the  test  article. 

4.5  The  Curved  Panel 

The  final  structural  application  of  nonlinear  ROM’s  investigated  in  this  project  was  a  curved, 
unstiffened  panel.  Nonlinear  ROM’s  were  applied  with  excellent  results  to  curved  beams  as 
discussed  in  Section  4.3.  Curvature  adds  the  effect  of  linear  coupling  between  normal  (bending) 
and  tangential  (membrane)  displacements  which  is  not  present  in  straight  beams  or  flat  plates.  A 
second  important  manifestation  of  curvature  is  the  potential  for  softening  nonlinearity.  In  flat 
structures,  the  nonlinearity  is  only  of  the  hardening  type  which  tends  to  limit  response  as 
excitation  levels  are  increased.  Softening  nonlinearity  can  lead  to  dynamic  response  that 
increases  more  quickly  with  increasing  excitation  than  linear  response.  A  third  effect  of 


155 

Approved  for  public  release;  distribution  unlimited. 


curvature  is  deformation  due  to  applied  temperature.  Thermal  expansion  in  a  curved  structure 
changes  the  geometry  and  therefore  the  static  stiffness.  Thus,  modal  frequencies  and  mode 
shapes  are  also  dependent  on  temperature. 

Curved  panels  (shells)  present  additional  challenges  to  the  application  of  ROM’s  compared  to 
straight  beams  or  flat  plates  due  to  the  two-dimensional  displacement  and  strain  fields  and  the 
higher  modal  density  compared  to  curved  beams.  A  few  investigations  of  ROM's  applied  to 
acoustically  excited  curved  panels  have  been  conducted  (for  example  Reference  [60]).  The 
ROM’s  employed  showed  the  nonlinear  softening  that  can  occur  as  a  result  of  curvature. 
Unfortunately,  the  accuracy  of  the  predicted  response  could  not  be  determined  since  the  results 
were  not  compared  to  analytical  or  full-order  numerical  solutions. 

The  curved  panel  application  presented  here  was  used  in  a  numerical  study  with  perfectly 
clamped  edges  to  better  understand  the  performance  of  nonlinear  ROM’s  applied  to  three- 
dimensional  structures  with  curvature  and  elevated  temperatures.  In  addition,  test  articles  were 
fabricated  and  tested  with  acoustic  loading  at  room  and  elevated  temperatures.  The  following 
sections  will  present  a  detailed  description  of  the  panel  configuration,  the  numerical  study  and 
the  acoustic  tests. 

4.5.1  Test  Article  Description 

The  example  structure  was  a  cylindrical  stainless  steel  panel  with  bolted  edges.  The  panel  had 
dimensions  of  9.75  in  by  15.75  in  (projected  length  in  the  curved  direction)  by  0.048  in  thick  and 
a  radius  of  curvature  of  100  in.  The  panel  material  had  an  elastic  modulus  of  2.85xl07  psi, 
Poisson's  ratio  of  0.3,  density  of  7.48xl0'4  lb-sec2/in4,  and  coefficient  of  thermal  expansion  of 
10.5xl0‘(1  in/in/°F.  The  panel  was  bolted  at  its  boundaries  to  a  1  in  thick  steel  frame  with  screws 
on  1  in  centers.  A  0.25  in  thick  steel  cap  strip  was  used  on  top  of  the  panel  edges  at  the  frame  to 
provide  a  more  rigid  clamp.  The  panel  test  article  and  frame  are  shown  in  Figure  124. 


Figure  124.  The  curved  panel  test  article. 
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A  FEM  of  the  test  article  and  frame  was  constructed  in  an  in-house  MATLAB  code.  The  plate 
and  frame  were  modeled  with  four-node  shell  elements  and  eight-node  solid  elements, 
respectively.  The  four  support  plates  used  to  attach  the  frame  to  the  support  cart  were  also 
modeled  with  solid  elements.  One  of  the  support  plates  can  be  seen  at  the  left  side  of  the  picture 
in  Figure  124.  Clamped  boundary  conditions  were  applied  at  the  nodes  where  the  support  plates 
attached  to  the  cart.  The  screws  and  clamping  strips  which  secured  the  panel  to  the  frame  were 
not  explicitly  modeled.  Instead,  the  panel  was  assumed  to  be  perfectly  bonded  to  the  frame 
mating  surface.  This  linear  modeling  approximation  was  taken  rather  than  trying  to  model  the 
very  complex  bolted  joint  with  nonlinear  contact.  The  finite  element  mesh  is  shown  in  Figure 


125. 


Figure  125.  Finite  element  mesh  of  the  curved  panel  test  article. 

4.5.2  Numerical  Study  of  the  Clamped  Panel 

The  panel  configuration  used  for  the  numerical  study  was  a  simplified  version  of  the  test  article 
model.  It  had  the  same  dimensions,  9.75  in  by  15.75  in,  and  material  properties  and  thickness. 
However,  the  boundary  conditions  of  the  support  frame  were  replaced  with  perfectly  clamped 
edges.  This  greatly  reduced  the  size  of  the  finite  element  which  enabled  full-order  nonlinear 
time  integration  to  be  performed.  This  configuration  will  be  referred  to  as  the  clamped  panel  in 
the  following  discussion.  This  work  was  originally  published  as  Reference  30. 

A  FEM  of  the  clamped  panel  without  the  frame  was  constructed  with  a  mesh  of  39  by  63  four- 
node  S4  shell  elements  in  Abaqus.  The  finite  element  mesh  is  shown  in  Figure  126.  Mass- 
proportional  damping  with  a=39.93  was  applied  to  yield  a  modal  damping  ratio  of  0.01  at  the 
first  symmetric  mode  frequency  of  271.5  Hz.  Full-order  simulations  of  5s  duration  were 
performed  at  overall  sound  pressure  levels  of  140,  150,  160,  and  170dB  and  uniform  applied 
temperatures  of  0,  20,  and  50°F  above  ambient.  The  acoustic  loading  was  a  uniform  fluctuating 
pressure  with  a  flat  spectral  content  in  the  0-500Hz  band.  The  numerical  simulation  was 
performed  in  Abaqus  with  implicit  integration  and  a  time  step  of  5x10  5  s.  A  simulation  was  also 
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performed  at  160  dB  and  20°F  with  a  uniform  static  pressure  of  -4  psi  applied  to  the  panel. 
Displacement  and  strain  at  a  few  locations  were  stored  for  each  Abaqus  time  simulation.  The  y- 
displacement  was  stored  for  a  node  that  was  0. 125  in  from  the  center  in  both  the  x  and  z- 
directions.  This  was  the  node  closest  to  the  center  and  its  displacement  will  be  referred  to  as  the 
center  displacement.  Strain  was  stored  for  the  center  element  along  a  long  edge  of  the  panel,  i.e. 
a  curved  edge.  The  strain  is  the  average  element  strain  in  the  z-direction  at  the  top  surface. 


Figure  126.  The  clamped  panel  finite  element  mesh 

Nonlinear  ROM’s  were  computed  from  the  FEM  using  the  constrained  IC  method  with  cold 
modes  and  hot  modes  at  the  two  elevated  temperatures.  Modal  damping  ratios  equivalent  to  the 
mass-proportional  damping  applied  to  the  full-order  model  were  used  in  the  ROM’s.  Numerical 
simulations  were  perfonned  for  20s  using  a  modified  Newmark  integration  scheme  and  a  2x1  O'5 
s  time  step  at  the  same  loading  conditions  applied  to  the  full-order  FEM.  The  smaller  time  step 
compared  to  the  full-order  simulation  was  necessary  to  improve  convergence. 

The  modal  time  history  was  stored  for  each  ROM  simulation.  The  displacements  were  recovered 
from  the  modal  expansion.  Membrane  contributions  to  the  displacements  were  added  using  the 
ICE  process.  Although,  the  displacements  for  any  node  and  the  strains  for  any  element  can  be 
recovered  from  the  modal  time  history,  only  the  "center  displacement"  and  strain  along  the  center 
of  the  long  edge  of  the  panel  were  compared  to  the  data  from  the  Abaqus  simulations. 

Simulations  with  cold  and  hot-modes  ROM’s  of  the  clamped  panel  were  computed  and  the 
results  compared  to  results  from  full-order  model  simulations.  First,  natural  frequencies  and 
mode  shapes  of  the  panel  for  the  three  applied  temperatures  (0,  20,  and  50°F  above  ambient)  are 
described  and  selection  of  modes  included  in  the  ROM’s  is  addressed.  The  random  response  of 
ROM’s  at  ambient  temperature  is  presented  next,  followed  by  quasi-static  response  to  the  applied 
temperature  cases.  Finally,  random  response  for  the  elevated  temperature  cases  is  discussed, 
including  a  special  case  at  20°F  with  a  -4  psi  uniform  pressure  on  the  panel.  Accuracy  of  the 
cold-modes  ROM’s  is  emphasized  in  the  work.  A  single  hot-modes  ROM  is  included  for 
comparison  at  each  elevated  temperature. 

The  first  20  mode  shapes  and  natural  frequencies  of  the  panel  at  ambient  temperature — the  cold 
modes — are  shown  in  Figure  127.  These  contour  plots,  as  well  as  all  other  contour  plots  in  this 
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section,  are  for  the  y-displacements  of  the  panel.  The  first  20  modes  at  20  and  50°F  above 
ambient  temperature — the  hot  modes — are  shown  in  Figures  128-129,  respectively.  Notice  from 
the  figures  that  even  with  a  relatively  small  temperature  change,  there  is  a  significant  change  in 
modal  frequencies  due  to  the  stiffening  effect  of  increased  temperature.  For  example,  when  the 
temperature  is  increased  by  20°F,  the  frequency  of  the  first  mode  increased  by  more  than  10% 
from  254.4  Hz  to  282. 1  Hz.  By  contrast,  the  first  mode  frequency  of  a  flat  rectangular  plate  will 
decrease  with  increasing  temperature.  Also  notice  that  modes  3  and  4  change  order  with  the 
application  of  temperature.  The  mode  shapes  for  the  50°F  case  in  Figure  129  are  significantly 
different  from  the  ambient  temperature  modes.  This  is  not  unexpected  since  the  geometry  of  the 
panel  has  changed  (the  panel  has  bowed)  and  it  has  significant  thermal  stress. 

Four  sets  of  modes  at  ambient  temperature  were  used  as  bases  for  cold-modes  ROM’s.  These 
ROM's  were  used  to  compute  panel  response  for  each  of  the  three  temperature  cases.  The  two¬ 
mode  ROM  included  modes  2  and  3 — the  symmetric  modes  in  the  excitation  bandwidth.  The 
five-mode  ROM  added  three  higher  frequency  (out-of-band)  symmetric  modes — 8,  10,  and  12. 
The  seven-mode  ROM  added  two  more  symmetric  modes,  18  and  20.  Notice  that  the  frequency 
of  mode  20  is  more  than  twice  the  upper  limit  of  the  excitation  spectrum.  The  fourth  basis  set 
added  the  lowest  two  (in-band)  anti-symmetric  modes  in  the  long  direction,  1  and  5,  resulting  in 
a  nine-mode  ROM.  Although  the  acoustic  loading  was  uniform  which  would  only  excite 
symmetric  modes  in  a  linear  problem,  the  results  of  curved  beam  studies  in  Reference  46  and 
Section  4.3  showed  that  anti-symmetric  modes  can  be  important  in  the  nonlinear  response  if 
auto-parametric  response  can  occur. 
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Figure  127.  Frequencies  and  mode  shapes  at  ambient  temperature 
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Model -282.1  Hz  Mode  2 -292.7  Hz  Mode  3 -359.9  Hz  Mode  4 -371.8  Hz  Mode  5 -379  Hz 


Mode  6 -434.2  Hz  Mode  7 -434.2  Hz  Mode  8 -544.5  Hz  Mode  9 -553.1  Hz  Mode  10 -591.6  Hz 


Mode  1 1  -  600.7  Hz  Mode  12  -  666.3  Hz  Mode  13  -  709.3  Hz  Mode  14-774  Hz  Mode  15  -  825.2  Hz 


Mode  16 -890.6  Hz  Mode  17 -914.6  Hz  Mode  18 -938  Hz  Mode  19 -946  Hz  Mode  20  - 1012.9  Hz 


Figure  128.  Frequencies  and  mode  shapes  at  20°F  above  ambient  temperature 
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Figure  129.  Frequencies  and  mode  shapes  at  50°F  above  ambient  temperature 
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A  hot-modes  ROM  comprised  of  the  seven  lowest  symmetric  modes  (modes  2,  4,  9,  11,  12,  19, 
and  21)  was  computed  for  the  +20°F  elevated  temperature  case.  These  modes,  except  for  mode 
21,  are  shown  in  Figure  128.  A  hot-modes  model  with  nine  modes  was  also  built  for  the  +20°F 
elevated  temperature  case.  This  model  contained  the  seven  symmetric  modes  and  two  (in-band) 
anti-symmetric  modes  in  the  long  direction  (modes  1  and  6  in  Figure  128).  An  8  hot-modes 
ROM  was  used  for  the  +50°F  case  using  modes  2,  5,  8,  10,  14,  17,  23,  and  26.  These  modes, 
except  for  modes  23  and  26,  are  shown  in  Figure  129.  All  eight  modes  are  symmetric. 

Ambient  temperature  dynamic  response  of  the  cold-modes  ROM’s  subjected  to  the  0-500  Hz 
acoustic  excitation  spectrum  is  shown  in  Figures  130-132.  Figure  130  shows  the  power  spectral 
density  (PSD)  of  normal  displacement  at  the  panel  center  for  the  2,  5,  and  7  cold-modes  models 
at  160  dB.  Full-order  Abaqus  simulation  results  are  plotted  for  comparison.  The  5  and  7  mode 
ROM's  agree  very  closely  with  the  Abaqus  results  up  to  750  Hz.  Even  the  2  mode  ROM  shows 
reasonable  agreement  at  the  dominant  first  peak.  Figure  131  shows  the  PSD  of  top  surface  strain 
for  the  element  nearest  the  center  of  the  long  edge  of  the  panel.  As  with  the  displacement  results, 
the  5  and  7  mode  ROM's  match  the  Abaqus  strain  PSD  very  closely  below  750Hz.  Although 
significant  peak  broadening  (a  classic  indication  of  nonlinear  response)  is  not  noticeable  in 
Figures  130-131,  nonlinearity  is  evident  in  the  displacement  and  strain  spectra.  Both  figures 
show  relatively  high  response  peaks  in  the  600-700  Hz  range  which  is  well  above  the  excitation 
bandwidth  of  0-500  Hz.  Strain  PSD's  from  the  seven  cold-modes  ROM  are  shown  in  Figure  132 
for  the  140,  150,  160,  and  170  dB  loading  cases  compared  to  Abaqus  results.  The  figure  shows 
the  excellent  agreement  of  the  seven-mode  ROM,  even  at  170  dB  where  the  response  is  highly 
nonlinear.  Results  from  the  nine -mode  ROM,  with  two  anti-symmetric  modes  added,  were  no 
better  than  the  seven-mode  ROM  and  thus  are  not  shown  in  the  figures.  Apparently,  the  anti¬ 
symmetric  modes  did  not  contribute  to  the  response  as  they  did  for  the  curved  beam. 


Figure  130.  PSD  of  displacement  at  the  center,  160dB,  ambient  temperature 
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Figure  131.  PSD  of  strain  at  the  center  of  the  long  edge,  160dB,  ambient  temperature 


Figure  132.  PSD  of  strain  at  the  center  of  the  long  edge,  140-170dB, 
ambient  temperature,  for  the  7-mode  model 


The  seven  cold-modes  ROM  was  used  to  compute  the  nonlinear  static  deformation  of  the 
example  panel  to  applied  temperature  fields  of  20  and  50°F  above  ambient.  The  nonlinear  modal 
equations  were  integrated  for  2  s  with  the  thermal  force  vector  (and  no  acoustic  loading).  Quasi¬ 
static  time  integration  was  used  because  static  solutions  of  the  thermally-loaded  modal  models 
were  unstable.  Contour  plots  of  the  static  deformation  are  shown  in  Figure  133  along  with  full- 
order  FEM  results  from  Abaqus.  The  deformed  shapes  and  maximum  displacements  from  the 
cold-modes  ROM’s  are  shown  to  agree  closely  with  the  Abaqus  results.  It  should  be  noted  here 
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that  a  cold-modes  ROM  must  be  able  to  accurately  approximate  the  static  thermal  deformation  in 
addition  to  nonlinear  dynamic  response. 


Figure  133.  Static  deformation  due  to  applied  temperature 


The  accuracy  of  the  cold-modes  ROM’s  in  predicting  quasi-static  buckling  of  the  thermally 
loaded  example  panel  under  pressure  loading  was  investigated.  A  +20°F  temperature  field  was 
applied  to  each  of  the  cold-modes  ROM’s  at  the  beginning  of  a  2  s  time  simulation.  During  the 
simulation,  a  uniform  static  pressure  was  ramped  linearly  from  0  to  -4  psi.  The  resulting 
displacement  at  the  center  of  the  panel  is  plotted  versus  time  for  each  of  the  cold-modes  models 
in  Figure  134.  The  full-order  Abaqus  solution  is  also  plotted  in  the  figure.  All  five  models  show 
a  nearly  linear  decrease  in  center  displacement  until  approximately  1 .2s  into  the  simulation.  At 
this  point  the  pressure  is  -2.4  psi.  Then,  the  displacement  begins  to  increase  followed  quickly  by 
a  buckling  event.  The  three  ROM’s  with  only  symmetric  modes  (2,  5,  and  7),  along  with  the 
Abaqus  solution,  experience  a  decaying  oscillation  about  the  new  equilibrium  position  and  then 
continue  to  decrease  in  amplitude.  The  9  cold-modes  ROM  buckles  to  a  much  different 
equilibrium  position  and  also  continues  to  decrease.  The  contour  plots  of  the  two  buckled 
deformed  states  are  shown  in  Figure  135.  The  5  and  7  mode  ROM  solutions  agree  closely  with 
the  Abaqus  result,  but  the  9  mode  ROM  solution  is  very  different.  Both  solutions  are  assumed  to 
be  valid,  but  it  is  unclear  why  the  9  mode  model  buckles  to  a  different  shape. 


163 

Approved  for  public  release;  distribution  unlimited. 


Figure  134.  Center  displacement  vs  time  for  ramped  static  pressure,  +20°F, 

using  the  cold-mode  models 


Figure  135.  Post-buckled  shapes  for  -4psi  static  pressure,  +20°F 


Simulations  with  random  acoustic  loading  were  performed  with  the  cold  and  hot-modes  ROM's 
at  20°F  above  ambient  temperature.  PSD's  of  top  surface  strain  at  the  center  of  the  long  edge  are 
shown  in  Figure  136  for  the  seven  cold-modes  model  and  the  seven  hot-modes  model  along  with 
the  Abaqus  result.  The  cold  and  hot-modes  ROM's  agree  closely  and  show  good  qualitative 
agreement  with  Abaqus,  but  the  ROM  predictions  are  somewhat  higher  than  Abaqus  at  the 
dominate  peak  near  670  Hz.  Adding  modes  to  the  cold  and  hot  bases  should  improve  the 
prediction,  but  was  not  investigated  in  this  effort.  Further  evidence  of  the  accuracy  of  the  cold- 
modes  ROM’s  is  shown  in  Figure  137.  Strain  PSD's  from  the  seven  cold-modes  ROM  are  shown 
for  sound  pressure  levels  of  140,  150,  160  and  170dB.  The  agreement  with  Abaqus  predictions  is 
very  good  over  the  range  of  excitation  amplitude  from  nearly  linear  at  140dB  to  highly  nonlinear 


at  170dB. 
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Figure  136.  PSD  of  strain  at  the  center  of  the  long  edge,  160dB,  +20°F,  for  7-mode  models 


Figure  137.  PSD  of  strain  at  the  center  of  the  long  edge,  140-170dB,  +20°F, 

for  the  7-mode  cold  model 


The  effects  of  nonlinearity  in  the  response  are  very  noticeable  in  the  strain  PSD's  of  Figures  136- 
137.  The  dominant  peak  in  the  strain  PSD's  shown  in  Figure  136  occurs  near  670  Hz, 
considerably  above  the  excitation  bandwidth.  The  amplitude  of  this  peak  is  nearly  an  order  of 
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magnitude  higher  than  the  highest  value  in-band.  Curiously,  the  sum  of  the  frequencies  of  hot 
mode  2  (292.7  Hz)  and  hot  mode  4  (371.8  Hz)  is  664.5  Hz;  which  is  close  to  the  frequency  of  hot 
mode  12  (666.3  Hz).  All  of  these  are  symmetric  modes.  Thus,  it  is  conceivable  that  the  peak  at 
670  Hz  may  be  due  to  the  quadratic  nonlinear  interactions  of  two  in-band  modes  driving  the 
resonance  of  an  out-of-band  mode.  The  hot-modes  model  contains  these  three  modes  and  is  able 
to  predict  the  response.  It  is  remarkable  that  the  cold-modes  model  does  not  contain  any  of  these 
three  modes;  yet  the  model  is  able  to  predict  this  nonlinear  behavior  using  a  completely  different 
basis. 

Another  manifestation  of  nonlinearity  is  shown  in  the  frequencies  of  peaks  in  the  strain  PSD 
versus  sound  pressure  level  in  Figure  137.  The  traces  for  140  dB  loading  have  response  peaks 
near  290  and  370  Hz  corresponding  to  linear  modes  2  and  4  in  Figure  128.  These  response  peaks 
broaden  and  move  to  lower  frequencies  at  the  150  and  160  dB  levels  indicative  of  nonlinear 
softening.  The  two  peaks  finally  coalesce  into  a  single  broad  response  near  280  Hz  at  170dB. 

The  amplitude  of  this  single  peak  at  170dB  is  also  significantly  higher  than  that  suggested  by  the 
trend  of  the  two  peaks  at  140,  150,  and  160dB.  The  ROM’s  are  shown  to  capture  this  rich 
nonlinear  response  very  accurately. 

Results  of  ROM  simulations  at  50°F  above  ambient  temperature  are  shown  in  Figures  138-139. 
Strain  PSD's  for  the  2,  5  and  7  cold-modes  ROM's  are  plotted  in  Figure  138  for  the  160dB 
loading  case.  The  qualitative  comparison  with  Abaqus  is  good,  just  like  the  +20°F  case,  but  the 
agreement  at  the  dominant  response  peak  could  be  better.  Strain  PSD's  from  the  7  cold-modes 
ROM  at  the  4  acoustic  load  levels  are  shown  in  Figure  139.  The  qualitative  agreement  with 
Abaqus  is  not  as  good  as  the  +20°F  case,  but  this  is  to  be  expected.  As  the  applied  temperature  is 
increased,  the  normal  modes  of  the  panel  become  less  and  less  similar  to  the  cold  modes.  So  a 
given  set  of  cold  modes  becomes  a  less  accurate  modal  basis  as  temperature  is  increased. 
Including  additional  modes  in  the  cold  ROM  basis  should  improve  the  accuracy,  but  was  not 
investigated  in  this  study.  Hot-modes  ROM  results  are  not  presented  here  for  the  +50°F  case  due 
to  convergence  problems  with  numerical  integration.  An  8  hot-modes  model  produced  good 
results  at  140  and  150dB,  but  would  not  reliably  converge  at  160  or  170dB.  The  source  of  the 
convergence  problems  could  not  be  determined. 

The  severely  nonlinear  character  of  the  response  for  the  +50°F  case  at  high  acoustic  pressures  is 
evident  in  the  strain  PSD's  in  Figure  139.  The  traces  for  the  170  dB  loading  case  in  the  figure 
show  a  nearly  flat  response  from  0-1000  Hz.  Compare  this  trace  to  the  corresponding  data  from 
the  ambient  temperature  and  +20°F  cases  shown  in  Figures  132  and  137,  respectively.  The 
modal  nature  of  the  response  seen  in  Figure  132  at  ambient  temperature  is  almost  completely 
gone  at  +50°F.  The  curvature  and  thermal  stress  induced  by  the  applied  temperature  cause 
significant  linear  and  nonlinear  stiffening  resulting  in  a  marked  change  in  the  response. 
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Figure  138.  PSD  of  strain  at  the  center  of  the  long  edge,  160dB,  +50°F,  for  cold-mode  models 


Figure  139.  PSD  of  strain  at  the  center  of  the  long  edge,  140-170dB,  +50°F, 

for  the  7-mode  cold  model 


The  final  numerical  test  of  reduced-order  models  applied  to  the  example  problem  was  a  160dB 
acoustic  load  combined  with  +20°F  applied  temperature  and  a  uniform  static  pressure  of  -4  psi. 
This  combined  loading  produced  quasi-static  buckling  of  the  panel  followed  by  dynamic  snap- 
though.  Simulations  were  perfonned  on  ROM's  with  9  cold  modes  and  9  hot  modes.  The  +20°F 
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uniform  temperature  field  was  applied  initially  along  with  a  uniform  static  pressure  decreasing 
linearly  for  0  to  -4  psi  in  2  sec.  These  conditions  are  identical  to  those  for  the  results  shown  in 
Figure  134.  The  temperature  and  static  pressure  were  then  held  steady,  and  the  160dB  fluctuating 
pressure  was  applied  for  an  additional  5  s.  The  resulting  displacement  at  the  panel  center  versus 
time  is  shown  in  Figure  140  along  with  Abaqus  full-order  data.  All  three  models  are  seen  to 
buckle  at  approximately  1.2  sec  into  the  simulations.  This  time  corresponds  to  a  static  pressure  of 
-2.4  psi.  The  hot-modes  ROM  and  the  full-order  model  buckle  to  one  equilibrium  position 
(shown  on  the  left  in  Figure  135)  while  the  cold-modes  model  buckles  to  a  second  equilibrium 
(shown  on  the  right  in  Figure  135).  Although  the  cold-modes  ROM  buckled  to  a  markedly 
different  deformed  shape  than  the  other  two  models,  the  random  response  of  the  three  models  is 
very  similar.  The  time  responses  in  Figure  140  show  predominant  oscillation  about  the  first 
equilibrium  with  some  large  negative  excursions.  Occasionally  the  response  will  oscillate  about 
the  second  equilibrium  and  then  snap  back.  The  PSD's  of  panel  center  displacement  for  the 
acoustic  loading  portion  of  the  simulations  are  shown  in  Figure  141.  Both  the  cold  and  hot- 
modes  ROM’s  accurately  capture  the  dominant  portion  of  the  response  spectrum.  Dynamic  snap- 
through  represents  large  stress  events  that  can  be  very  damaging  to  air  vehicle  panels.  The 
scenario  just  described  is  analogous  to  an  exterior  aircraft  panel  exposed  to  aerodynamic  heating, 
static  pressure,  and  broadband  acoustic  loading. 
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Figure  141.  PSD  of  center  displacement,  -4psi,  +20°F,  160dB,  for  9-mode  models 

This  section  has  demonstrated  the  successful  application  of  nonlinear  ROM’s  to  a  curved  panel 
with  clamped  edges  subjected  to  constant  temperature  fields  and  fluctuating  acoustic  pressures. 
The  curved  panel  example  problem  posed  significant  challenges  to  the  reduced-order  models 
including  static  deformation  and  stiffening  due  to  thermal  loads,  nonlinear  softening,  nonlinear 
modal  coupling,  quasi-static  buckling,  and  dynamic  snap-through.  The  example  problem  was  not 
ideal.  The  applied  differential  temperatures  in  the  example  were  modest  in  comparison  to  real 
conditions.  However  the  clamped  boundary  conditions  were  much  less  flexible  than  the 
boundary  conditions  in  real  aerospace  structures,  producing  strong  nonlinear  behavior. 

Several  cold-modes  ROM’s  were  computed  and  used  to  predict  response  to  random  acoustic 
loading  at  ambient  temperature.  Predicted  displacement  PSD's  at  the  panel  center  and  strain 
PSD's  at  the  center  of  the  long  edge  agreed  closely  with  results  from  full-order  Abaqus 
simulations.  A  cold-modes  ROM  was  shown  to  accurately  predict  the  static  thermal  deformation 
of  the  panel  subjected  to  applied  temperature  fields  of  20  and  50°F  above  ambient.  The  cold 
ROM's  were  also  shown  to  accurately  predict  quasi-static  bucking  of  the  panel  at  +20°F  due  to  a 
uniform  static  pressure. 

Both  cold  and  hot-modes  ROM's  were  used  to  predict  random  acoustic  response  at  the  two 
elevated  temperature  states.  Both  types  of  ROM’s  produced  good  qualitative  agreement  with  full- 
order  results  for  panel  edge  strain,  but  showed  some  error  at  dominant  peaks  in  the  response 
spectra.  The  error  was  more  pronounced  for  the  +50°F  case.  This  behavior  is  to  be  expected  from 
a  cold-modes  ROM,  since  the  modal  basis  becomes  less  accurate  as  the  temperature  is  increased. 
Adding  modes  to  the  cold  basis  should  improve  the  accuracy  of  the  response,  but  no  models 
incorporating  more  than  9  cold-modes  were  investigated.  Performance  of  the  hot-modes  ROM’s 
was  problematic.  A  hot-modes  ROM  should  be  more  accurate  than  a  cold  mode  ROM  with  the 
same  number  of  modes.  However,  this  was  not  the  case  in  this  study.  Furthermore,  the  hot- 
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modes  ROM’s  were  more  prone  to  convergence  problems  in  numerical  integration  than  the  cold 
ROM’s  due  to  thennal  expansion. 

The  quadratic  nonlinearity  associated  with  curvature  presented  an  interesting  behavior  for  the 
+20°F  case.  Two  in-band  modes  appeared  to  combine  to  excite  an  out-of-band  resonance.  This 
interesting  nonlinear  behavior  was  captured  by  both  the  hot  and  cold-modes  models.  Finally, 
post-buckled  response  of  the  panel  at  +20°F  and  -4  psi  uniform  pressure  included  snap-through 
response.  This  was  well  predicted  by  both  the  cold  and  hot-modes  models. 

A  potential  improvement  to  the  IC  method  for  computing  nonlinear  ROM  stiffness  coefficients 
was  developed.  The  new  approach,  dubbed  constrained  IC,  incorporates  the  inherent 
dependencies  among  the  nonlinear  coefficients  to  achieve  a  mathematically  consistent  solution. 
Anecdotal  evidence  suggested  that  constrained  IC  models  were  somewhat  more  stable  when 
integrated  at  very  high  sound  pressure  levels  compared  to  models  using  the  original  fonnulation, 
but  this  was  not  proven.  A  minor  drawback  to  the  constrained  IC  approach  is  the  increased  order 
of  the  identification  problem  to  be  solved  which  can  potentially  increase  the  error  in  the 
identified  coefficients. 

4.5.3  Initial  Acoustic  Test  of  the  Curved  Panel  Test  Article 

An  initial,  exploratory  acoustic  test  was  performed  on  the  curved  panel  test  article  in  the  SEF. 
The  test  was  performed  to  experimentally  evaluate  the  nonlinear  response  of  the  curved  panel  to 
provide  data  for  planning  a  more  thorough  set  of  tests  in  the  future.  All  testing  was  done  at  room 
temperature.  No  comparison  of  the  test  results  was  made  with  ROM  predictions. 

The  test  article  configuration  was  described  in  Section  4.5.1.  The  test  article  is  shown  in  Figure 
124  mounted  on  the  support  cart  prior  to  installation  in  the  SEF  sidewall.  Displacement  and 
velocity  were  measured  at  two  locations  on  the  panel  surface  during  testing — near  the  center  of 
the  panel  and  a  point  in  the  upper  left  quadrant  when  viewed  from  the  back.  Measurement  was 
performed  with  laser  vibrometers.  The  two  locations  allowed  measurement  of  dynamic  response 
due  to  both  symmetric  and  anti-symmetric  modes.  The  panel  was  excited  with  a  50-500  Hz 
random  spectrum  at  overall  sound  pressure  levels  of  140,  148,  152,  156,  160  and  164  dB.  This 
range  of  levels  was  intended  to  excite  panel  response  ranging  from  nearly  linear  to  highly 
nonlinear. 

A  modal  test  was  performed  on  the  panel  test  article  before  it  was  installed  in  the  facility. 
Identified  mode  shapes  and  frequencies  are  shown  in  Figure  142.  The  measured  resonant 
frequencies  shown  in  the  figure  are  considerably  lower  than  the  frequencies  from  the  FEM  of  the 
clamped  panel  shown  in  Figure  127.  This  difference  was  not  unexpected  since  the  model  had 
perfectly  clamped  edges  while  the  test  article  had  the  panel  bolted  to  the  frame. 
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Mode  1-213  Hz  Mode  2  -  238.4  Hz  Mode  3  -  287.5  Hz 
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Mode  7 -559.7  Hz  Mode  8  -  566.3  Hz  Mode  9  -  617.2  Hz 

of 


Figure  142.  Mode  shapes  and  frequencies  of  the  curved  panel  test  article 

The  PSD  of  velocity  near  the  panel  center  is  plotted  in  Figure  143  for  the  6  excitation  levels. 

The  140  dB  graph  in  the  figure  shows  resonant  response  peaks  near  three  frequencies — 240,  280 
and  400  Hz.  The  first  two  peaks  correspond  to  modes  2  and  3,  both  of  which  are  symmetric  and 
should  have  high  response  near  the  panel  center.  The  third  peak  near  400  Hz  should  also 
correspond  to  a  symmetric  mode,  but  the  two  modes  with  frequencies  near  400  Hz,  modes  4  and 
5,  are  both  anti-symmetric.  Anti-symmetric  modes  can  be  excited  by  the  traveling  wave  acoustic 
loading  but  should  not  be  observable  near  the  panel  center.  As  the  excitation  amplitude  is 
increased,  the  mode  2  response  peak  near  240  Hz  broadens  and  shifts  lower  in  frequency.  This 
behavior  is  indicative  of  nonlinear  softening,  a  behavior  seen  typically  in  curved  structures.  In 
contrast  to  the  mode  2  behavior,  the  mode  3  peak  near  380  Hz  broadens  and  shifts  to  higher 
frequencies — classic  nonlinear  hardening.  The  peak  near  400  Hz  also  exhibits  nonlinear 
hardening.  Another  interesting  observation  from  the  data  in  Figure  143  is  the  response  peak  near 
450  Hz.  This  peak  is  not  present  in  the  140  dB  trace,  but  appears  at  152  dB  and  then  shows 
softening  behavior  as  the  input  level  is  increased. 

The  off-center  PSD's  of  panel  velocity  are  shown  in  Figure  144.  Several  more  response  peaks 
are  present  in  these  data  compared  to  the  near-center  measurements.  The  most  noticeable 
difference  is  the  peak  near  210  Hz  in  the  140  dB  trace.  This  peak  corresponds  to  mode  1,  an 
anti-symmetric  mode.  This  peak  eventually  coalesces  with  the  mode  2  peak  at  164  dB.  Addition 
modes  can  be  seen  responding  in  the  400-500  Hz  range.  These  modes  are  most  likely  anti¬ 
symmetric. 
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Figure  143.  Velocity  near  the  panel  center  for  several  sound  pressure  levels 


Figure  144.  Velocity  at  a  point  in  the  upper  left  quadrant  of  the  panel 
for  several  sound  pressure  levels 

A  single  point  modal  impact  test  was  performed  after  the  acoustic  testing  to  verify  that  panel 
frequencies  had  not  changed  due  the  high-level  response.  The  tap  test  results  indicated  that  the 
first  mode  frequency  had  dropped  from  213  to  201  Hz  and  the  second  mode  dropped  from  238  to 
219  Hz.  When  the  panel  was  unbolted  from  the  frame  following  the  test,  it  was  found  that 
permanent  deformation  had  occurred  in  the  panel  at  the  edge  of  the  frame.  Subsequent 
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simulations  of  panel  response  suggested  that  dynamic  stresses  in  the  panel  at  164  dB  could  have 
exceeded  the  yield  strength  of  the  material.  As  a  result  of  this  finding,  subsequent  acoustic  tests 
were  limited  to  a  maximum  overall  sound  pressure  level  of  158  dB. 

4.5.4  Elevated  Temperature  Tests  of  the  Curved  Panel  Test  Article 

A  second  series  of  tests  was  performed  on  the  curved  panel  test  article  (with  a  new  skin  panel)  to 
generate  quantitative  acoustic  response  data  for  comparison  with  nonlinear  ROM  predictions. 

The  first  step  in  computing  nonlinear  ROM’s  of  the  panel  was  to  update  the  FEM  of  the  test 
article  to  better  match  measured  frequencies  from  the  initial  test  described  Section  4.5.3.  The 
lowest  12  resonant  frequencies  and  mode  shapes  of  the  original  FEM  are  shown  in  Figure  145. 
These  frequencies  are  15-20%  higher  than  the  measured  values  shown  in  Figure  142.  Several 
models  were  built  to  more  accurately  capture  the  stiffness  of  the  bolted  joint  between  the  panel 
and  frame  and  improve  the  frequency  agreement.  Flowever,  none  of  the  detailed  models  were 
able  to  produce  consistently  better  frequency  agreement  with  physically  realistic  parameters.  So, 
the  decision  was  made  to  use  the  original  model  with  a  perfectly  bonded  joint  between  the  panel 
and  frame.  Some  effort  was  made  to  generate  a  model  of  the  panel  skin  with  discrete  springs  at 
the  boundary  to  simulate  the  stiffness  of  the  frame.  This  approach  yielded  a  model  with  better 
frequency  agreement  than  the  model  with  the  frame,  but  again,  the  model  was  not  used  due  to 
uncertainty  regarding  physical  realism  of  the  boundary  conditions. 
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Figure  145.  Resonant  frequencies  and  mode  shapes  of  the  test  article  FEM 


Two  points  should  be  emphasized  regarding  the  "tuning"  of  the  FEM  of  the  test  article  to  match 
measured  data.  The  first  is  the  effect  of  in-plane  versus  rotational  stiffness  at  the  boundary  of  the 
panel.  The  rotational  stiffness  primarily  affects  the  linear  response  of  the  panel  since  it  resists 
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rotation  of  the  skin  due  to  bending.  Thus,  rotational  stiffness  directly  affects  linear  resonant 
frequencies.  The  in-plane  stiffness  primarily  affects  the  nonlinear  response  of  the  plate  since  it 
resists  the  membrane  stretching  induced  by  large  displacement  nonlinearity.  So,  in-plane 
stiffness  has  a  negligible  affect  on  frequencies.  Tuning  a  model  to  better  match  measured 
frequencies  will  therefore  improve  prediction  of  linear  response  but  not  necessarily  nonlinear 
response.  The  second  point  to  be  emphasized  is  that  a  nonlinear  ROM  can  be  no  more  accurate  at 
predicting  the  response  of  a  structure  that  the  FEM  on  which  it  is  based.  Therefore,  inaccuracies 
in  the  nonlinear  ROM's  of  the  plate  test  article  are  just  as  likely  to  come  from  an  inaccurate 
finite-element  model  as  an  inaccurate  ROM.  It  is  for  this  reason  that  the  simplified  clamped 
panel  described  in  Section  4.5.2  was  studied.  The  clamped  panel  ROM  results  were  compared 
with  full-order  model  results,  not  test  results. 

A  nonlinear  ROM  was  computed  from  the  test  article  finite  element  model  using  the  lowest  four 
symmetric  modes  (2,  3,  8,  and  10)  plus  the  lowest  two  anti- symmetric  modes  (1  and  4). 

Resonant  frequencies  identified  from  a  modal  test  perfonned  before  the  test  article  was  installed 
in  the  test  facility  were  used  in  the  ROM.  Modal  damping  ratios  of  1%  were  used  in  modes  2 
and  3  with  ratios  of  0.5%  in  the  other  modes.  The  ROM  was  used  to  predict  static  defonnation 
at  unifonn  applied  temperatures  of  50  and  1 10  °F  above  ambient.  The  ROM  was  also  used  to 
predict  acoustic  response  at  ambient  temperature  with  overall  sound  pressure  levels  of  140  and 
158  dB.  ROM  predictions  were  not  performed  at  the  elevated  temperatures.  The  simulations 
were  computed  with  traveling  wave  loading,  a  time  step  of  2e-5  s,  and  a  record  length  of  20  s. 

A  modal  test  was  performed  on  the  test  article  with  a  new  skin  panel  prior  to  installation  in  the 
test  facility.  The  resonant  frequencies  and  mode  shapes  are  plotted  in  Figure  146.  The 
frequencies  of  the  two  test  articles  are  compared  in  Table  25.  Most  of  the  frequencies  for  the 
second  test  article  are  higher  than  those  for  the  first  article.  The  exceptions  are  the  (4,1)  and 
(5,1)  modes.  The  (4,1)  mode  of  the  second  article  is  nearly  identical  to  that  of  the  first  article 
while  the  (5,1)  mode  of  the  second  article  is  lower.  Also  notice  that  modes  5  and  6  in  Figure  146 
both  appear  to  be  the  (2,2)  mode.  It  is  likely  that  one  of  the  modes  is  the  (1,2)  and  the  modal 
identification  was  not  able  to  cleanly  separate  the  two.  The  mode  shapes  of  the  second  test 
article  are  noticeably  less  symmetric  than  those  of  the  first  article.  The  differences  in  frequencies 
and  asymmetry  in  mode  shapes  is  likely  due  to  stresses  in  the  article  induced  by  clamping  forces 
or  thermal  gradients.  These  stresses  can  have  significant  effects  on  linear  frequencies. 

The  test  article  was  subjected  to  radiant  heating  in  the  acoustic  facility  using  a  bank  of  quartz 
lamps  mounted  on  the  wall  of  the  test  section  opposite  the  test  article.  The  goal  of  this  test  was 
to  measure  the  static  deflection  and  strain  of  the  article  at  unifonn  temperatures  of  50  and  1 10  °F 
above  ambient.  The  air  flow  used  to  power  the  facility  noise  generator  was  turned  on  during  the 
static  thennal  tests  to  be  consistent  with  a  later  test  in  which  the  same  thermal  loading  would  be 
applied  along  with  acoustic  loading.  The  temperature  distribution  on  the  back  of  the  test  article 
for  the  +50  °F  case  is  shown  in  Figure  147.  The  measurement  was  performed  with  a  calibrated 
thennal  imaging  system.  It  is  obvious  from  the  figure  that  the  actual  temperature  distribution 
was  far  from  the  unifonn  temperature  of  120  °F  (50  °F  above  ambient)  desired.  The  peak 
temperature  at  the  panel  center  exceeded  140  °F  while  the  temperature  near  the  one  comer  was 
approximately  1 10  °F.  The  primary  reason  for  the  non-uniformity  was  the  lack  of  a  high- 
emissivity  coating  which  is  usually  applied  to  the  front  surface  of  test  articles.  In  addition,  there 
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was  a  relatively  large  amount  of  silicone  sealant  applied  to  the  strain  gage  at  the  center  of  the 
panel  front  surface  which  acted  as  a  heat  sink. 


Mode  1  -  230.2  Hz 

•  • 


Mode  2 -254.8  Hz 


Mode  3  -  303.8  Hz 

31 


Mode  4  -  398  Hz 


Mode  5 -428.1  Hz 


Mode  6 -451 .3  Hz 


Mode  7  -  498.9  Hz 


Mode  8  -  550.4  Hz  Mode  9  -  587.4  Hz 

•  M 


Figure  146.  Resonant  frequencies  and  mode  shapes  of  the  second  curved  panel  test  article 


Table  25.  Resonant  frequencies  of  the  two  curved  panel  test  articles 


Mode 

(2,1) 

(1,1) 

(3,1) 

(4,1) 

(2,2) 

(3,2) 

(5,1) 

(4,2) 

(1,3) 

Test  article  1 

213 

238 

288 

399 

407 

461 

560 

566 

617 

Test  article  2 

230 

255 

304 

398 

? 

498 

550 

587 

— 

141.3 

133.2 

126.1 

118.7 

110.6 

101.3 

90.9 

75.1 


Figure  147.  Temperature  distribution  on  the  test  article  for  the  +50  °F  case 
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A  vector  of  nodal  temperatures  was  formed  to  approximate  the  measured  distribution.  The 
temperature  vector  was  applied  to  the  finite  element  model  and  nonlinear  ROM  to  compute  the 
resulting  static  deformation  and  strain.  The  applied  temperature  distribution  on  the  test  article  is 
shown  in  Figure  148.  The  finite-element  model  prediction  of  panel  displacements  due  to  the 
applied  temperature  is  shown  in  Figure  149.  Displacements  were  measured  at  five  points  on  the 
back  of  the  panel  while  it  was  being  heated.  Displacement  measurement  was  done  with  a  digital 
image  correlation  (DIC)  system.  The  DIC  targets  can  be  seen  in  Figure  147  as  the  darker  colored 
dots.  The  predicted  displacements  at  the  five  measurement  points  are  compared  to  the 
measurements  in  Table  26.  The  predicted  displacements  are  much  greater  than  the  measured 
values.  The  reason  for  the  over-prediction  was  most  likely  error  in  the  applied  temperature  field 
and  not  stiffness  or  boundary  conditions  of  the  model.  The  model  was  shown  to  be  too  stiff 
based  on  measured  resonant  frequencies,  so  it  should  have  under-predicted,  not  over-predicted 
displacements. 

Stains  were  also  measured  at  seven  locations  on  the  panel  with  resistive  strain  gages.  A  pair  of 
gages  was  located  the  center  of  the  short  edge  of  the  panel  (left  edge  when  viewed  from  the 
front),  one  gage  on  each  side  of  the  panel  surface,  oriented  normal  to  the  panel  edge.  This  back- 
to-back  arrangement  of  the  gages  allowed  independent  computation  of  bending  and  membrane 
strains.  A  similar  pair  of  gages  was  located  at  the  center  of  the  long  edge  of  the  panel  (lower 
edge  when  viewed  from  the  front)  also  normal  to  the  edge.  The  remaining  three  gages  were  a 
rosette  at  the  center  of  the  front  surface  of  the  panel.  The  measured  static  strains  for  the  two 
pairs  of  gages  are  listed  in  Table  27.  Predicted  values  from  the  FEM  are  shown  for  comparison. 
The  strain  values  from  the  rosettes  are  not  listed  because  the  local  heating  at  the  center  of  the 
panel  caused  large  strain  gradients  there.  The  FEM  over-predicted  the  strains  as  it  did  the 
displacements,  except  for  the  value  on  the  front  of  the  panel  at  the  center  of  the  left  edge.  Here 
the  predicted  strain  was  lower  than  the  measurement  by  roughly  one  third. 
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Figure  148.  Temperature  distribution  (°F)  for  the  FEM  and  ROM  for  the  +50  °F  case 
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Figure  149.  Predicted  displacements  (in)  of  the  FEM  for  the  +50  °F  case 


Table  26.  Predicted  vs  measured  panel  displacements  for  the  +50  °F  case 


upper  left 

Measurement  location: 

upper  right  center  lower  left 

lower  right 

Measured  (DIG) 
Predicted  (FEM) 

0.0175 

0.0354 

0.0117  0.0327 

0.0200  0.0484 

0.0132 

0.0257 

Table  27.  Predicted  vs  measured  panel  strain  (pin/in)  for  the  +50  °F  case 


Measurement  location: 

left  edge  left  edge  lower  edge  lower  edge 

front  surface  back  surface  front  surface  back  surface 


Measured  (strain  gage)  -210  122  -407  352 

Predicted  (FEM)  -133  206  -514  550 
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The  static  thermal  test  was  repeated  for  a  nominal  temperature  of  1 10  °F  above  ambient.  The 
measured  temperature  distribution  is  plotted  in  Figure  150.  The  distribution  at  +1 10  °F  is  very 
similar  in  shape  to  the  +50  °F  case.  A  vector  of  applied  temperatures  was  formed  for  the  +1 10°F 
case  and  is  shown  in  Figure  151.  The  finite-element  model  prediction  of  panel  displacements 
due  to  the  applied  temperature  is  shown  in  Figure  152.  Measured  and  predicted  displacements 
for  the  five  locations  are  listed  in  Table  28.  Again  the  panel  displacements  are  over-predicted. 
Measured  strains  are  listed  in  Table  29.  Again  the  strains  are  over-predicted  except  at  the  value 
at  the  front  of  the  panel  at  the  center  of  the  left  edge. 
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Figure  150.  Temperature  distribution  on  the  test  article  for  the  +1 10  °F  case 
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Figure  151.  Temperature  distribution  (°F)  for  the  FEM  and  ROM  for  the  +1 10  °F  case 
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Figure  152.  Predicted  displacements  (in)  of  the  FEM  for  the  +1 10  °F  case 


Case  1 


Table  28.  Predicted  vs  measured  panel  displacements  for  the  +1 10  °F  case 


upper  left 

Measurement  location: 

upper  right  center  lower  left 

lower  right 

Measured  (DIC) 
Predicted  (FEM) 

0.038 

0.0368 

0.039  0.064 

0.040  0.087 

0.0342 

0.050 

Table  29.  Predicted  vs  measured  panel  strain  (pin/in)  for  the  +1 10  °F  case 


Measurement  location: 

left  edge 

left  edge 

lower  edge 

lower  edge 

front  surface 

back  surface 

front  surface 

back  surface 

Measured  (strain  gage) 

-470 

243 

-833 

352 

Predicted  (FEM) 

-297 

439 

-948 

1141 

Ambient  temperature  acoustic  testing  was  performed  on  the  curved  panel  test  article.  Tests  were 
conducted  with  a  50-500  Hz  random  spectrum  at  overall  sound  pressure  levels  of  140,  146,  152, 
and  158  dB.  Sound  pressure  levels  were  limited  to  158  dB  due  to  the  suspected  overloading  of 
the  first  test  article  at  164  dB.  Velocities  and  displacements  were  measured  near  the  center  of  the 
plate  and  at  a  point  in  the  upper  left  quadrant  (as  viewed  from  the  back)  using  laser  vibrometers. 
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The  PSD  of  velocity  at  the  center  point  is  plotted  in  Figure  153  for  the  4  excitation  levels.  The 
traces  in  the  figure  look  very  similar  to  those  for  the  first  test  shown  in  Figure  143.  The  major 
differences  are  the  higher  resonant  frequencies  and  missing  peak  near  450  Hz  in  the  second  test 
data.  The  velocity  PSD's  for  the  corner  point  are  plotted  in  Figure  154.  There  are  noticeable 
differences  in  this  figure  compared  to  the  previous  test,  again  due  primarily  to  changes  in  panel 
frequencies. 


Figure  153.  Measured  PSD  of  panel  velocity  near  the  center 


Figure  154.  Measured  PSD  of  panel  velocity  at  the  comer  point 
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Predicted  PSD's  of  center  velocity  from  the  6-mode  nonlinear  ROM  are  plotted  in  Figure  155 
with  test  data  for  the  140  and  158  dB  cases.  The  results  for  the  corner  point  are  shown  in  Figure 
156.  The  agreement  at  both  locations  is  very  good.  It  should  be  noted  that  the  nonlinear  ROM 
used  measured  frequencies  from  the  modal  test. 


Figure  155.  Panel  center  velocity  from  test  and  IC  ROM  at  ambient  temperature 


Figure  156.  Panel  corner  velocity  from  test  and  IC  ROM  at  ambient  temperature 


Elevated  temperature  acoustic  testing  was  performed  on  the  curved  panel  test  article.  Tests  were 
conducted  with  a  50-500  Hz  random  spectrum  at  overall  sound  pressure  levels  of  140,  146,  152, 
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and  158  dB  for  both  temperature  cases.  Velocities  and  displacements  were  measured  near  the 
center  of  the  plate  and  at  a  point  in  the  upper  left  quadrant  (as  viewed  from  the  back)  using  laser 
vibrometers.  The  PSD's  of  velocity  at  the  center  point  are  plotted  in  Figures  157  for  the  +50  °F 
case.  The  PSD's  at  +1 10  °F  are  plotted  in  Figure  158. 


Figure  157.  Measured  PSD  of  panel  velocity  near  the  center  for  the  +50  °F  case. 


Figure  158.  Measured  PSD  of  panel  velocity  near  the  center  for  the  +50  °F  case. 


The  normal  modes  of  the  FEM  with  the  +50  °F  and  +1 10  °F  applied  temperature  distributions 
shown  in  Figure  151-152  were  computed.  The  modes  are  shown  in  Figures  159-160.  The 
applied  temperatures  both  increased  the  resonant  frequencies  and  introduced  asymmetry  into  the 
mode  shapes. 
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Mode  5 -  437  1  Hz 


Mode  6 -  455.6  Hz 


Mode  7  -  466  Hz 


Mode  8  -  568.6  Hz 


Mode  9 -580.6  Hz 


Mode  10-668.3  Hz  Mode  11  -  678.7  Hz 


Mode  12-717.8  Hz 


Figure  159.  Natural  frequencies  and  mode  shapes  of  the  FEM 
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Figure  160.  Natural  frequencies  and  mode  shapes  of  the  FEM  for  the  +1 10  °F  case. 
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Nonlinear  ROM’s  were  computed  based  on  the  hot  modes  for  both  elevated  temperature  cases. 
However,  agreement  with  measured  data  was  poor.  The  poor  agreement  was  attributed  to 
inaccuracies  in  the  FEM  and  the  applied  temperature  fields,  not  the  ICE  procedure  used  to 
compute  the  ROM's.  At  ambient  temperature,  the  ROM,  and  therefore  the  FEM,  produced  very 
good  agreement  with  measured  data  using  measured  frequencies  (which  corrected  the  linear 
portion  of  the  model).  So  the  nonlinear  portion  of  the  FEM  was  assumed  to  be  reasonably 
accurate  too.  The  major  remaining  uncertainty  was  the  actual  temperature  distribution  in  the  test 
article.  Although  an  applied  temperature  vector  was  synthesized  to  match  the  measured 
distribution,  it  was  apparently  still  a  poor  approximation  of  the  actual  distribution. 

4.6  Coupled  Structural-Acoustic  Examples 

Two  simple  coupled  structural-acoustic  example  problems  were  studied  to  develop  and 
demonstrate  approaches  to  building  nonlinear  ROM's  for  this  class  of  problems.  The  first 
problem  was  a  clamped-clamped  beam  in  a  two-dimensional  infinite  baffle.  This  problem  was 
used  to  develop  the  complex  modes  approach  to  building  coupled  ROM’s.  The  second  example 
was  a  clamped-clamped  beam  coupled  to  a  two-dimensional  acoustic  duct.  This  example 
explored  the  uncoupled  modes  approach  for  generating  nonlinear  ROM's.  The  examples  are 
described  in  the  following  two  sections. 

Structural-acoustic  problems  can  occur  in  both  interior  and  exterior  acoustic  domains.  One 
exterior  problem  of  interest  to  the  Air  Force  is  the  response  of  a  stiffened  skin  panel  to 
propulsion  or  aerodynamic  noise.  In  the  interior  problem,  resonant  modes  of  the  enclosed  cavity 
of  air  couple  with  modes  of  the  structure.  A  heavily  damped  acoustic  mode  can  couple  with  a 
lightly  damped  structural  mode  resulting  in  two  coupled  modes  with  moderate  damping.  This 
mechanism  is  believed  to  have  contributed  to  the  increased  damping  measured  in  the  test  article 
of  Sections  4.4.5  and  4.4.6.  This  type  of  behavior  does  not  occur  in  exterior  problems.  The 
unbounded  physical  acoustic  domain  does  not  possess  resonant  acoustic  modes.  Modes  of  the 
coupled  physical  system  consist  of  structural  modes  with  associated  pressure  fields  that  capture 
the  acoustic  radiation  from  the  structure. 

4.6.1  2-D  Beam  in  an  Exterior  Acoustic  Domain  using  Complex  Reduced-Order  Models 

The  complex  modes  approach  to  computing  nonlinear  ROM's  was  applied  to  a  two-dimensional 
example  problem  to  evaluate  its  accuracy.  This  section  describes  implementation  of  the 
approach  and  compares  predicted  results  to  results  from  a  full-order  simulation.  This  work  was 
originally  documented  in  Reference  [28]. 

The  ability  to  reduce  the  coupled  exterior  problem  with  nonlinear  structural  response  to  low 
order,  as  has  been  demonstrated  with  the  uncoupled  structural  problem,  would  be  a  significant 
advancement  which  would  allow  very  efficient  time  simulation.  This  section  describes  such  an 
approach  using  complex  modes  of  the  coupled  system.  A  state  space  formulation  was  used  which 
uncouples  the  linear  equations  of  the  non-proportionally  damped,  unsymmetric  system.  The 
formulation  of  the  complex  ROM  (CROM)  is  discussed  in  Section  3.  An  example  problem 
consisting  of  a  beam  with  clamped  ends  in  a  baffled,  two-dimensional,  unbounded  acoustic 
domain  was  analyzed. 
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The  problem  consisted  of  a  thin  beam  with  clamped  ends  in  an  infinite  baffle  at  the  center  of  an 
infinite  circular  acoustic  domain.  The  example  problem  is  shown  schematically  in  Figure  161.  A 
monopole  source  was  located  on  the  baffle  to  the  right  of  the  beam  in  the  upper  half  of  the 
domain.  The  source  was  driven  by  a  random  acoustic  force  time  history  with  a  shaped  frequency 
spectrum.  The  source  generated  a  circular  acoustic  wave  which  propagated  along  the  beam.  This 
source  configuration  was  used  to  approximate  a  plane  acoustic  wave  propagating  along  the  upper 
surface  of  the  beam.  The  monopole  was  used  in  the  example  because  it  was  much  easier  to 
implement  in  the  FEM  than  a  plane  wave.  The  primary  difference  between  the  monopole  source 
and  a  plane  wave  is  that  the  circular  wave  from  the  monopole  attenuates  inversely  proportional 
to  the  square  root  of  the  distance  from  the  source  while  the  plane  wave  does  not  attenuate. 
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Figure  161.  The  example  problem 


The  beam  in  the  example  problem  was  identical  to  that  used  in  Section  4. 1  except  for  its  width. 
The  primary  design  criteria  for  the  beam  were  that  it  had  multiple  bending  modes  in  the  0-500 
Hz  frequency  range  and  modal  damping  ratios  less  than  0.02.  These  values  are  typical  of 
stiffened  aircraft  skins  which  can  experience  sonic  fatigue.  The  beam  was  9.0  in  long,  1.0  in 
wide  and  0.031  in  thick.  The  beam  material  was  steel  with  an  elastic  modulus  of  29.7X106  lb/in2, 
shear  modulus  of  1 1 .6X 106  lb/in2,  and  density  of  7.36x  10"4  lb-s2/in4.  The  properties  of  air  were: 
bulk  modulus  of  20.5  lb/in2,  density  of  1 . 14x  10  7  lb-s2/in4,  and  speed  of  sound  of  1.34x104  in/s. 
The  acoustic  source  point  was  located  22.5  in  from  the  end  of  the  beam. 

The  desired  acoustic  loading  on  the  beam  was  a  grazing-incidence  acoustic  wave  with  a  random 
time  history,  a  flat  frequency  spectrum  from  20-600  Hz,  and  overall  sound  pressure  levels 
(OASPL)  of  122,  140,  and  152dB.  This  frequency  range  was  specified  to  excite  the  first  three 
bending  modes  of  the  beam  at  approximately  79,  218  and  427  Hz.  The  three  input  levels  resulted 
in  nearly  linear,  moderately  nonlinear,  and  highly  nonlinear  response  of  the  beam,  respectively. 
The  frequency  spectrum  of  acoustic  pressure  at  the  source  point  had  to  be  “shaped”  to  achieve 
the  desired  flat  spectrum  at  the  beam,  due  to  the  dynamic  characteristics  of  the  acoustic  domain. 
This  spectrum  “shaping”  process  was  done  with  a  full-order  linear  model  with  the  beam 
uncoupled  from  the  air  to  avoid  having  sound  re-radiated  from  the  beam  affect  the  acoustic 
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loading.  The  power  spectral  densities  of  acoustic  pressure  at  the  source  and  the  surface  of  the 
beam  center  for  the  122dB  case  are  shown  in  Figure  162.  The  magnitude  of  the  acoustic  pressure 
was  not  constant  along  the  surface  of  the  beam,  as  mentioned  earlier,  due  to  circular  spreading. 
However,  the  difference  in  pressure  between  the  ends  of  the  beam  was  approximately  15%, 
which  was  deemed  acceptable. 


Figure  162.  Acoustic  pressure  PSD  at  source  and  beam  center  at  122  dB 

A  finite-element  model  of  the  example  problem  was  constructed  using  36  two-node  nonlinear 
beam  elements  for  the  structure  and  2148  four-node  linear  acoustic  elements  for  the  air.  The 
finite  acoustic  domain  had  a  radius  of  54  in.  The  finite  element  mesh  is  shown  in  Figure  163.  The 
largest  dimension  for  any  of  the  air  elements  was  2.25  in  which  yielded  approximately  14 
elements  per  wavelength  at  427  Hz,  the  frequency  of  the  3rd  beam  mode.  The  structural  and 
acoustic  meshes  were  coupled  at  coincident  nodes.  The  acoustic  mesh  was  refined  near  the 
surface  of  the  beam  to  allow  coincident  nodes  with  relatively  fine  nodal  spacing  of  the  beam. 

The  outer  boundary  of  the  acoustic  mesh  was  modeled  with  infinite  acoustic  elements  employing 
the  wave  envelope  fonnulation  of  Astley  [57].  The  model  had  105  structural  and  2478  acoustic 
DOF.  A  coupled  structural/acoustic  finite  element  code  written  in  MATLAB  was  used  for  the 
analyses.  Selected  analyses  were  also  run  in  Abaqus  to  verify  accuracy.  Results  from  the  two 
codes  agreed  closely. 

Modal  damping  is  an  important  factor  in  the  acoustic  response  problem.  Therefore,  it  was 
important  that  the  example  beam  have  modal  damping  ratios  typical  of  real  structures,  i.e.,  less 
that  0.02.  There  are  two  primary  sources  of  modal  damping  in  a  coupled  computational  model — 
structural  and  acoustic  radiation.  In  the  experiments  of  Section  4.1,  the  modal  damping  ratios  in 
the  first  three  modes  of  the  beam  were  in  the  range  of  0.001-0.003.  The  coupled  FEM  of  the 
example  problem  here  produced  damping  ratios  from  acoustic  radiation  alone  of  0.015,  0.0003 
and  0.0022.  The  damping  ratio  for  the  1st  mode  of  the  model  was  much  larger  than  the 
experiment  due  to  the  2-D  acoustic  domain  in  the  example  compared  to  the  3-D  radiation  in  the 
experiment.  Conversely,  the  damping  in  the  2nd  mode — an  anti-symmetric  mode  that  should  have 
very  low  radiation  damping — was  much  lower  than  the  experimental  value.  The  primary  source 
of  damping  in  the  experiment  was  most  likely  structural.  Thus,  proportional  damping  was  added 
to  the  structural  model  to  increase  the  2nd  mode  damping  ratio  to  a  more  typical  value  while 


186 

Approved  for  public  release;  distribution  unlimited. 


adding  minimal  amounts  to  the  1st  and  3ld  modes.  The  final  damping  ratios  for  the  three  modes 
were  0.017,  0.002  and  0.004. 


Figure  163.  Example  problem  finite  element  mesh 


The  coupled  FEM  was  used  to  perform  three  types  of  analysis;  complex  eigensolution,  nonlinear 
static  analysis  and  direct  time  integration.  A  complex  eigensolution  was  performed  to  compute 
eigenvalues  and  right  and  left  eigenvectors  of  the  model.  The  eigenvalues  and  vectors  were  then 
used  to  form  ROM’s.  The  complex  eigenvalues  also  yielded  the  acoustic  radiation  damping  for 
the  structure-dominated  modes.  Nonlinear  static  solutions  were  performed  on  the  structural 
portion  of  the  model  to  compute  the  nonlinear  modal  stiffness  coefficients  for  the  CROM’s. 
Direct  time  integration  of  the  full  coupled  model  was  performed  to  compute  displacements  of  the 
beam  and  pressures  at  selected  points  in  the  acoustic  domain.  A  time  step  of  le-5  s  was  used  for 
the  full-order  integration.  The  full-order  results  were  used  for  comparison  with  reduced-order 
model  results. 


Linear  simulation  of  three  CROM’s  was  performed.  The  first  model  used  only  the  complex  mode 
pairs  of  the  lowest  three  structure-dominated  modes.  This  model  will  be  referred  to  as  the  three¬ 
mode  model.  The  second  model  used  the  three  structural  modes  plus  10  acoustic-dominated 
modes  to  better  capture  the  acoustic  excitation  from  the  source.  This  is  the  13-mode  model.  The 
10  acoustic  modes  were  modes  1-6  and  9-12  which  were  all  critically  damped.  The  third  model 
used  all  the  modes  up  to  470  Hz  which  included  the  three  structural  modes  and  will  be  referred  to 
as  the  120-mode  model.  Nonlinear  simulations  were  performed  on  the  three-mode  CROM  and  a 
second  model  consisting  of  the  three  structural  modes  plus  eight  acoustic  modes.  Acoustic  modes 
were  selected  using  a  trial  and  error  process  and  the  acoustic  mode  equations  did  not  contain  any 
nonlinear  terms.  However,  nonlinear  terms  coupling  the  acoustic  modes  and  the  structural  modes 
were  included.  Quadratic  nonlinear  terms  were  neglected  for  all  ROM's  since  they  are  negligible 
for  a  straight  beam.  The  simulations  were  performed  in  MATLAB  with  a  trapezoidal  rule 
integrator  for  the  first-order  complex  modal  equations.  Numerical  integration  was  performed 
with  a  time  step  of  5e-5  s.  Note  that  both  conjugate  equations  were  integrated  for  each  mode  that 
was  not  critically  damped. 
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Simulations  were  performed  with  two  forms  of  acoustic  loading.  The  first  form  was  the  shaped 
random  signal  applied  at  the  source  point  as  described  above.  In  addition,  forces  equivalent  to 
the  time  history  of  the  acoustic  loading  at  the  surface  of  a  rigid  beam  were  applied  directly  to  the 
beam.  This  direct  loading  simplifies  the  CROM  since  a  set  of  acoustic  modes  was  not  needed  to 
model  the  acoustic  propagation  from  the  source.  These  two  fonns  of  loading  will  be  referred  to 
as  acoustic  loading  and  direct  loading,  respectively. 

A  nonlinear  ROM  of  the  beam  without  the  acoustic  domain  was  constructed  for  comparison  to 
the  coupled  models.  Modal  damping  ratios  from  the  full  coupled  model  with  added  structural 
damping  were  used.  This  ensured  that  all  ROM's  used  the  same  damping  ratios.  The  simulations 
were  perfonned  with  the  direct  loading  used  for  the  CROM’s. 

Results  of  modal  analysis  and  time  simulations  of  the  example  problem  will  be  presented  next. 
First,  the  resonant  frequencies,  modal  damping  ratios  and  mode  shapes  will  be  discussed.  Next, 
results  of  nonlinear  simulations  of  a  full-order  model  will  be  presented  followed  by  comparison 
with  an  uncoupled  beam  model.  Finally,  linear  and  nonlinear  simulation  results  for  the  CROM’s 
will  be  compared  to  full-order  coupled  model  simulations.  Displacement  PSD's  at  the  center  of 
the  beam  are  used  to  display  the  results  of  all  models  in  the  following  discussion.  No  predictions 
of  acoustic  pressures  are  presented.  It  should  be  noted,  however,  that  the  acoustic  pressures  in  the 
lower  half  of  the  acoustic  domain  were  accurately  predicted  for  each  case  in  which  the  beam 
displacements  were  accurate  predicted.  Acoustic  radiation  from  the  beam  was  the  only  source  of 
sound  in  the  lower  domain.  Acoustic  pressures  in  the  upper  half  domain  were  not  accurately 
predicted,  in  general.  This  was  due  to  an  insufficient  modal  basis  to  capture  the  sound  radiation 
from  the  source. 

Resonant  frequencies  and  modal  damping  ratios  for  the  first  20  eigenvalues  plus  the  2nd  and  3rd 
structure-dominated  modes  of  the  example  problem  are  shown  in  Table  30.  Note  that  the 
structural  modes  are  lightly  damped  and  the  acoustic  modes  are  heavily  damped.  It  is  also 
interesting  that  only  6  modes  (3  conjugate  pairs)  out  of  the  first  120  modes  are  structural  modes. 
All  the  other  modes  are  acoustic  in  nature.  As  discussed  above,  these  modes  are  computational 
artifacts  of  the  infinite  acoustic  domain  and  are  not  physical  in  nature.  This  presents  a  problem, 
in  general,  in  performing  an  eigensolution  of  a  coupled  model.  Typically  only  a  few  structural 
modes  are  sought,  but  many  modes  may  need  to  be  computed  to  find  the  desired  structural 
modes.  The  first  three  resonant  frequencies  of  an  uncoupled  beam  model  are  included  in  Table 
30  for  comparison.  A  small  mass-loading  effect  is  evident  when  comparing  the  coupled  and 
uncoupled  beam  frequencies.  Mode  shapes  of  the  first  three  structure-dominated  modes  are 
shown  in  Figure  164.  The  magnitude  of  the  complex-valued  pressure  field  is  shown  in  the  figure 
with  a  relative  scale  to  the  right  of  each  plot.  The  beam  displacements  and  acoustic  pressures  are 
arbitrarily  scaled.  Notice  that  the  pressure  decreases  as  the  distance  from  the  beam  increases, 
indicating  acoustic  radiation  from  the  beam. 

Power  spectral  densities  of  beam  center  displacement  estimated  from  linear  and  nonlinear 
simulations  of  the  full-order  model  with  acoustic  loading  are  shown  in  Figure  165  for  an 
excitation  level  of  152  dB.  The  linear  curve  shows  distinct  resonant  peaks  for  the  1st  and  3rd 
structural  modes.  The  second  structural  mode  does  not  appear  since  it  is  an  anti- symmetric  mode 
with  a  node  at  the  beam  center.  The  nonlinear  PSD  in  the  figure  is  very  different  from  the  linear 
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response.  The  first  mode  resonant  peak  is  much  broader  and  shifted  to  the  right — a  classic 
indication  of  cubic  nonlinearity.  The  nonlinear  response  also  has  a  much  lower  peak  amplitude. 
The  same  characteristics  are  evident  for  the  third  structural  mode  near  420  Hz  in  the  linear 
response.  The  root  mean  square  (RMS)  displacement  of  the  linear  response  is  0.066  in  compared 
to  0.03 1  in  for  the  nonlinear  curve. 


Table  30.  Modal  Frequencies  and  Damping  Ratios  for  the  Example  Problem 


Coupled  Model 

Mode  No.  Description  Freq.  (Hz) 


Uncoupled  Beam 

Damping  Ratio  Freq.  (Hz) 


1 

Al* 

2 

A2 

3 

A3 

4 

A4 

5 

A5 

6 

A6 

7/8 

Bl** 

9 

Al 

10 

A8 

11 

A9 

12 

A10 

13 

All 

14 

A12 

15/16 

A13 

17/18 

A14 

19/20 

A15 

35/36 

B2 

101/102 

B3 

4.2 

1.00 

4.2 

1.00 

24.8 

1.00 

24.8 

1.00 

29.2 

1.00 

29.3 

1.00 

76.6 

0.0173 

81.3 

1.00 

81.3 

1.00 

100.9 

1.00 

100.9 

1.00 

102.9 

1.00 

104.3 

1.00 

188.5 

0.952 

188.5 

0.952 

190.2 

0.789 

215.7 

0.0019 

424.4 

0.0042 

79.0 


217.7 

426.7 


Acoustic  mode,  *  Beam  mode 


Beam  mode  1 , 76.6  Hz 


Beam  mode  2,  215.7  Hz 


Beam  mode  3,  424.4  Hz 


Figure  164.  The  magnitude  of  the  first  three  complex  structural  modes  of  the  coupled  model 
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Figure  165.  Beam  center  displacement  PSD  from  linear  and  nonlinear  simulation  with  acoustic 

loading  of  the  full-order  model  at  152dB 

The  nonlinear  response  of  the  full-order  model  with  acoustic  loading  from  the  source  is 
compared  to  that  with  direct  loading  in  Figure  166  at  the  152dB  input  level.  The  PSD's  of  beam 
center  displacement  for  the  two  loading  cases  are  virtually  identical.  This  result  means  that  the 
loading  can  be  uncoupled  from  the  beam  response.  This  is  advantageous  in  that  the  modal  basis 
for  the  CROM  need  only  reproduce  beam  response.  It  will  be  shown  below  that  several  acoustic- 
dominated  modes  are  needed  in  the  basis  to  adequately  model  the  acoustic  radiation  from  the 
source.  Thus,  if  direct  loading  can  be  used,  only  structure-dominated  modes  are  needed  in  the 
CROM. 


Figure  166.  Beam  center  displacement  PSD  from  nonlinear  simulation  of  the  full-order  model 

with  acoustic  loading  and  direct  loading 

The  work  presented  in  Section  4.4  showed  that  neglecting  acoustic  coupling  can  result  in 
significant  errors  in  predicted  nonlinear  response  of  thin  plates.  Figure  167  shows  the  nonlinear 
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response  of  the  beam  in  the  example  problem  uncoupled  from  the  air.  PSD's  of  beam  center 
displacement  are  shown  for  the  122  and  152dB  cases.  Results  from  full-order  simulations  of  the 
coupled  model  are  shown  in  the  figure  for  comparison.  The  beam-only  model  used  modal 
damping  ratios  from  the  full-order  model.  The  first  impression  from  the  figure  is  that  the  beam- 
only  model  agrees  very  well  with  the  full  model  at  the  lower  excitation  level  where  the  response 
is  nearly  linear.  However,  at  the  higher  excitation  level,  the  beam-only  model  is  too  nonlinear. 
The  resonant  peaks  are  broader  and  shifted  to  the  right.  The  RMS  displacements  are  0.037  in  and 
0.03 1  in,  respectively,  for  the  beam-only  and  full  models  at  152dB.  The  error  in  the  beam-only 
model  is  due  to  lack  of  coupling  with  the  air.  In  a  coupled  model,  the  beam  can  re-radiate  sound 
into  the  air,  effectively  reducing  the  excitation  level.  This  effect  would  be  more  pronounced  if 
the  beam  had  lower  modal  damping  ratios. 


Figure  167.  Beam  center  displacement  PSD  from  nonlinear  simulation  of  the  structure-only 
ROM  with  direct  loading  and  the  full-order  model  with  acoustic  loading  at  122  and  152dB 

Two  CROM's  were  used  to  predict  linear  response  of  the  example  problem  with  acoustic 
excitation  at  the  120  dB  excitation  level.  PSD's  of  beam  center  displacement  for  the  three-mode 
and  120-mode  linear  CROM’s  are  plotted  in  Figure  168  with  the  full-order  model  displacement 
for  comparison.  Both  CROM’s  predicted  the  response  near  the  beam  resonances  reasonably  well, 
although  the  three-mode  model  slightly  over-predicts  the  3ld  mode  peak  amplitude.  However,  the 
three-mode  CROM  did  not  predict  the  center  displacements  accurately  at  frequencies  away  from 
the  beam  resonant  peaks.  This  disagreement  is  not  quantitatively  significant,  but  still  indicates  a 
deficiency  in  the  model.  The  off-resonance  agreement  is  seen  to  improve  greatly  with  the  120- 
mode  model.  This  lack  of  accuracy  of  the  three-mode  model  is  due  to  the  fact  that  the  3 
structure-dominated  modes  did  not  accurately  capture  the  spatial  distribution  of  acoustic  pressure 
from  the  source.  The  120-mode  model,  which  had  many  acoustic  dominated  modes  in  its  basis, 
accurately  predicted  the  off-resonant  response  up  to  450  Hz.  Using  a  set  of  synthesized  vectors 
analogous  to  Ritz  vectors,  as  are  used  in  conventional  structural  analysis,  might  improve  the 
prediction.  However,  re-orthogonalization  of  these  vectors  in  the  complex  state  space  form  is 
problematic. 
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Figure  168.  Beam  center  displacement  PSD  from  linear  simulation  with  acoustic  loading  of 
three-mode  and  120-mode  CROM’s  and  full-order  model  at  122dB 

The  predicted  response  at  the  beam  center  improves  dramatically  when  direct  excitation  is  used 
in  a  linear  simulation.  Figure  169  shows  the  PSD  of  beam  center  displacement  for  the  three¬ 
mode  linear  CROM  with  direct  excitation  compared  to  full-order  model  results.  The  two  curves 
in  the  figure  are  now  identical  except  near  the  anti-resonance  at  500  Hz.  It  is  obvious  that  the 
model  with  only  structure-dominated  modes  is  an  accurate  representation  of  the  full-order  model 
if  the  acoustic  propagation  from  the  source  does  not  need  to  be  modeled. 


Figure  169.  Beam  center  displacement  PSD  from  linear  simulation  with  direct  loading  of  a 
three-mode  CROM  and  the  full  coupled  model  at  122  dB 

Nonlinear  response  simulations  were  performed  with  two  CROM’s.  The  first  model  was  the 
three-mode  model  from  the  linear  simulations  with  nonlinear  stiffness  terms  added.  The  second 
model  used  the  three  structure-dominated  modes  and  eight  acoustic-dominated  modes.  The 
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acoustic  modes  were  chosen  using  a  trial  and  error  process.  It  is  important  to  note  that  no 
nonlinear  stiffness  terms  were  included  in  the  acoustic  mode  equations,  but  nonlinear  terms 
which  coupled  the  structural  and  acoustic  equations  were  added  to  the  structural  mode  equations. 
Beam  center  displacement  PSD’s  from  nonlinear  simulations  with  acoustic  excitation  are  shown 
in  Figure  170  for  the  CROM’s  and  the  full-order  model.  The  three-mode  model  response  shows 
very  poor  agreement  with  the  full  model.  The  response  is  much  too  nonlinear.  In  contrast,  the  11- 
mode  model  agrees  very  well  with  the  full  model.  As  in  the  linear  simulations,  the  addition  of 
acoustic-dominated  modes  improves  the  accuracy  of  the  results.  However,  in  the  nonlinear  case, 
the  acoustic-dominated  modes  also  add  nonlinear  coupling  among  the  structure-dominated 
modes.  The  PSD  of  beam  center  displacement  from  the  nonlinear  simulation  of  the  three-mode 
CROM  with  direct  excitation  is  shown  in  Figure  171.  As  with  the  linear  simulations,  the  three¬ 
mode  model  agrees  very  closely  with  the  full-order  results.  The  PSD  from  a  three-mode, 
uncoupled  beam  ROM  is  also  included  in  the  figure.  The  CROM  produced  a  much  better 
prediction  of  the  dynamic  response  of  the  beam  than  the  ROM. 

Results  of  linear  and  nonlinear  ROM  simulations  with  shaped  random  acoustic  excitation  and 
equivalent  direct  excitation  were  compared  to  full-order  simulations.  The  simulation  results  with 
acoustic  excitation  agree  well  with  full-order  results  if  the  CROM  used  a  set  of  acoustic- 
dominated  modes  in  addition  to  the  structure-dominated  modes  in  the  excitation  frequency  range. 
The  results  with  direct  excitation  showed  very  good  agreement  using  only  the  structure- 
dominated  modes.  The  method  is  somewhat  more  complicated  to  implement  than  the  reduced- 
order  methods  developed  for  uncoupled  structural  models  in  that  the  modal  equations  occur  in 
complex  conjugate  pairs.  Further  investigation  is  needed  in  simplifying  the  complex  modal  form 
and  applying  the  method  to  more  realistic  3-D  problems. 


Figure  170.  Beam  center  displacement  PSD  from  nonlinear  simulation  with  acoustic  loading  of 
three-mode  and  1 1-mode  CROM’s  and  the  full-order  model  at  152dB 
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Frequency  (Hz) 

Figure  171.  Beam  center  displacement  PSD  from  nonlinear  simulation  with  direct  loading  of  a 
three-mode  CROM,  the  full-order  model,  and  a  three-mode  ROM  at  152dB 


4.6.2  2D  Beam  Coupled  Structural-Acoustic  Examples  using  the  Uncoupled  Modes  Method 

The  structural-acoustic  response  of  a  clamped-clamped  beam  coupled  to  interior  and  exterior 
acoustic  domains  was  investigated  using  nonlinear  ROM's  computed  from  modes  of  the 
uncoupled  structure  and  acoustic  domains.  Three  examples  were  studied;  a  clamped  beam  at  the 
end  of  a  long  cavity,  a  clamped  beam  on  the  side  of  a  long  cavity,  and  a  clamped  beam  in  a 
baffled  exterior  domain.  All  three  examples  were  two-dimensional.  Coupled  nonlinear  ROM's 
were  computed  from  the  modes  of  the  uncoupled  domains  and  simulation  results  are  compared  to 
full-order  finite  element  results.  This  work  was  originally  published  as  Reference  [29]. 

In  the  first  example,  a  two-dimensional  rectangular  cavity  is  filled  with  air.  Three  sides  of  the 
cavity  are  rigid.  The  fourth  side  (the  top  side)  is  a  flexible  beam.  The  dimensions  of  the  cavity 
were  adjusted  so  that  the  natural  frequency  of  an  acoustic  mode  was  close  to  the  natural 
frequency  of  a  structural  mode.  Damping  was  added  to  the  acoustic  cavity.  The  beam  was  loaded 
mechanically,  so  that  results  from  a  structural  ROM  can  be  compared  to  those  from  a  coupled 
ROM. 

A  clamped-clamped  beam  was  selected  as  the  flexible  structure  in  this  example.  The  beam  was 
9.0  inches  in  length,  and  was  perfectly  clamped  at  its  two  ends.  The  beam  had  a  thickness  of 
0.03 1  inch  and  a  width  of  1  inch.  The  beam  was  made  from  high-carbon  steel  with  a  Young’s 
modulus  of  29.7  Mpsi,  a  shear  modulus  of  1 1 .6  Mpsi,  and  a  mass  density  of  7.36- 10‘4  lb-s2/in4. 
The  beam  is  identical  to  that  used  in  Section  4.1,  except  here  a  unit  width  is  used  so  that  a  2D 
model  can  be  used  for  the  associated  acoustics.  The  beam  was  modeled  with  36  two-node  beam 
elements  (B21  elements  in  Abaqus).  The  beam  was  loaded  transversely  by  a  dynamic  force  at  the 
center  of  the  beam.  The  amplitude  of  the  force  was  a  band-limited  normal  random  variable  (1- 
500  Hz)  with  an  RMS  value  of  0.2  lb. 
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The  IC  method  was  used  to  construct  a  structural  ROM.  Two  structural  modes  were  retained. 
These  are  the  first  two  symmetric  bending  modes.  The  natural  frequencies  of  these  modes  were 
79.1  and  427.6  Hz.  The  parameters  for  the  model  were  identified  and  compared  to  those  in 
reported  in  Section  4. 1 . 

The  cavity  below  the  beam  was  9  inches  by  85  inches  and  filled  with  air  at  standard  temperature. 
The  density  of  the  air  was  1.13  x  10'7  lbf-s2/in4.  The  bulk  modulus  was  20.6  psi.  The  cavity  was 
modeled  in  Abaqus  using  AC2D4  elements.  The  mesh  on  the  cavity  was  36  x  85  with  an  element 
size  of  0.25  inches  by  1  inch.  The  nodes  of  the  beam  elements  coincided  with  the  acoustic  nodes 
at  the  top  of  the  cavity. 

The  acoustic  modes  were  obtained  from  the  coupled  FEM  with  the  beam  DOF  constrained.  The 
first  nine  acoustic  modes  were  retained.  The  first  mode  has  zero  frequency  and  a  constant 
pressure.  The  other  eight  modes  are  shown  in  Figure  172,  where  red  indicates  a  maximum 
pressure  and  blue  indicates  a  minimum  pressure.  All  eight  modes  are  axial  modes  with  anti¬ 
nodes  occurring  at  the  top  and  bottom  of  the  cavity.  The  second  mode  has  one  nodal  line;  the 
third  mode  has  two  nodal  lines,  and  so  on.  The  frequencies  of  the  modes  occur  approximately 
every  79  Hz.  The  primary  acoustic  mode  of  interest  is  the  second  mode,  with  a  natural  frequency 
of  79.4  Hz.  This  frequency  is  very  close  to  the  first  structural  frequency  of  79.1  Hz.  The  natural 
frequencies  of  the  eighth  and  ninth  acoustic  modes  were  554  and  633  Hz.  These  modes  are 
outside  the  frequency  range  of  interest,  but  were  included  to  provide  a  more  complete  modal 
basis. 
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Figure  172.  The  uncoupled  acoustic  modes  of  a  rectangular  cavity. 

Mass  proportional  damping  was  added  to  the  structure.  The  first  structural  mode  had  damping 
equivalent  to  1%  of  critical.  Mass  proportional  damping  was  also  used  in  the  acoustic  portion  of 
the  model,  this  value  was  chosen  so  that  the  second  acoustic  mode  had  damping  equivalent  to 
5%  of  critical.  (Mass  proportional  damping  is  applied  to  acoustic  elements  in  Abaqus  using 
volumetric  drag.)  The  modal  coupling  matrix  for  the  coupled  ROM  was  determined  using  the 
scheme  presented  in  Section  3.6.  The  acoustic  modal  damping  was  determined  from  the  mass 
proportional  damping  constant. 
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The  example  problem  was  first  run  using  linear  models.  Figure  173  shows  the  PSD  of  the 
transverse  displacement  at  the  beam  center  from  a  linear  structural  ROM  (i.e.  the  nonlinear  terms 
of  nonlinear  ROM  set  to  zero),  a  linear  coupled  ROM,  and  the  results  using  a  frequency  domain, 
linear,  harmonic  solution  in  Abaqus.  The  solution  for  the  structural  ROM  and  the  coupled  ROM 
used  time  domain  integration.  A  Newmark-Beta  scheme  written  in  MATLAB  was  used  to 
integrate  the  models.  The  scheme  used  the  average  acceleration  method  with  no  artificial 
damping.  The  two  equations  for  the  coupled  ROM  were  integrated  simultaneously  to  provide 
direct  coupling.  The  results  show  that  the  effect  of  adding  the  acoustics  to  the  model  is  similar  to 
effects  of  a  damped  mechanical  vibration  absorber.  The  results  also  show  good  agreement 
between  the  coupled  ROM  and  the  Abaqus  results. 


Frequency,  Hz 

Figure  173.  The  displacement  PSD  of  the  beam  center  using  linear  models. 

Next,  the  example  problem  was  run  using  nonlinear  models.  Figure  174  shows  the  PSD  of  the 
response  using  the  nonlinear  structural  ROM,  a  nonlinear  coupled  ROM,  and  the  results  using  an 
Abaqus  implicit  integration.  Again,  the  Newmark-Beta  scheme  was  used  to  integrate  the  ROMs. 
The  integration  scheme  used  the  average  acceleration  method  with  a  time  increment  of  2e-5  sec. 
The  Abaqus  implicit  integration  used  the  same  time  increment.  The  Abaqus  results  are  for  10 
seconds  of  response  compared  to  60  seconds  for  both  ROMs.  The  results  also  show  good 
agreement  between  the  coupled  ROM  and  the  Abaqus  results.  The  results  also  show  a  marked 
reduction  in  the  width  of  the  resonant  peak  when  the  acoustic  coupling  is  added  to  the  model. 

The  second  example  used  the  same  beam,  but  the  dimensions  of  the  acoustic  cavity  were 
increased  to  9  inches  by  480  inches  and  the  beam  was  relocated  along  one  of  the  long  sides  of 
the  cavity.  The  ends  of  the  beam  are  located  160  and  169  inches  from  one  end  of  the  cavity.  The 
boundary  along  the  acoustic  cavity  is  rigid  except  for  the  beam.  The  finite-element  model  and  the 
corresponding  ROM  of  the  beam  remains  the  same  as  the  previous  example.  The  acoustic  cavity 
is  meshed  with  AC2D4  elements.  The  elements  are  0.25  inch  by  1  inch  in  the  region  near  the 
beam  (150  inches  to  180  inches  along  the  length  of  the  cavity)  and  are  1  inch  by  1  inch  in  the 
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remainder  of  the  model.  A  total  of  5 130  elements  are  used  in  the  acoustic  model.  Again,  the 
beam  nodes  coincided  with  a  set  of  acoustic  nodes. 


Frequency,  Hz 

Figure  174.  The  displacement  PSD  of  the  beam  center  using  nonlinear  models. 

The  acoustic  modes  were  obtained  using  Abaqus.  The  frequency  spacing  of  the  modes  was 
approximately  every  14  Hz.  In  this  configuration,  the  first  beam  frequency  was  between  the  sixth 
and  seventh  acoustic  modes  at  70.3  and  84.4  Hz,  respectively.  All  the  acoustic  modes  with 
frequencies  under  500  Hz  were  kept  (36  modes)  in  the  acoustic  modal  model.  All  the  modes 
were  axial  acoustic  modes.  The  modes  were  similar  to  the  acoustic  modes  in  the  previous 
example  with  the  second  mode  containing  one  nodal  line,  the  third  mode  containing  two  nodal 
lines,  etc.  Since  the  beam  is  located  on  the  long  side  the  cavity,  the  nodal  line  locations  are 
important.  If  the  beam  straddles  a  nodal  line,  the  coupling  coefficient  for  that  acoustic  mode  will 
be  small.  The  nodal  line  closest  to  the  beam  was  120  inches  from  the  end  of  the  cavity  for  the 
sixth  acoustic  mode  and  144  inches  from  the  end  for  the  seventh  acoustic  mode.  With  the  beam 
center  164.5  inches  from  the  end  of  the  cavity,  the  two  acoustic  modes  should  couple  well  with 
the  structure. 

Again,  the  beam  was  loaded  mechanically,  so  that  results  from  a  structural  ROM  could  be 
compared  to  those  from  a  coupled  ROM.  The  forcing  location  and  statistics  remained  the  same 
as  the  previous  example.  Damping  for  the  structure  also  remained  the  same  as  the  previous 
example.  The  same  mass  proportional  damping  constant  for  the  acoustic  elements  was  used, 
resulting  in  5.6%  damping  for  the  sixth  acoustic  mode  and  4.7%  damping  for  the  seventh 
acoustic  mode.  The  acoustic  modal  damping  was  determined  from  the  mass  proportional 
damping  constant. 

This  example  problem  was  run  using  nonlinear  models.  Figure  175  shows  the  PSD  of  the 
response  using  the  nonlinear  structural  ROM,  a  nonlinear  coupled  ROM,  and  the  results  using  an 
Abaqus  implicit  integration  of  the  coupled  FEM.  All  three  time  integrations  were  performed  with 
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time  increments  of  2e-5  seconds.  The  results  also  show  good  agreement  between  the  coupled 
ROM  and  the  Abaqus  results.  The  results  also  show  a  reduction  in  the  response  due  to  the 
acoustic  coupling. 


Figure  175.  The  displacement  PSD  of  the  beam  center  using  nonlinear  models. 

In  this  example,  it  is  shown  that  the  acoustic  modes  are  capable  of  reducing  structural  vibration 
despite  the  fact  that  they  are  not  closely  tuned  to  the  resonant  structural  frequency.  The  acoustic 
modes  are  heavily  damped  which  makes  the  vibration  absorber  effect  more  tolerant  of  mistuning. 
The  acoustic  modes  also  appear  every  14  Hz  which  in  effect  establish  vibration  absorbers  at 
regular  frequency  intervals. 

The  final  example  is  a  beam  in  an  infinite  baffle  at  the  center  of  an  infinite  circular  acoustic 
domain.  This  is  the  same  configuration  presented  in  Section  4.6.1.  A  monopole  source  is  located 
on  the  baffle  to  the  right  of  the  beam  in  the  upper  half  of  the  domain.  The  source  is  driven  by  a 
random  acoustic  force  time  history  with  a  shaped  frequency  spectrum.  The  source  generates  a 
circular  acoustic  wave  which  propagates  along  the  beam.  This  source  configuration  is  used  to 
approximate  a  plane  acoustic  wave  propagating  along  the  upper  surface  of  the  beam.  The 
acoustic  source  point  is  located  22.5  in  from  the  end  of  the  beam.  The  problem  is  shown 
schematically  in  Figure  161. 

A  finite-element  model  of  the  acoustic  domain  was  constructed  using  2148  four-node  linear 
acoustic  elements  for  the  air.  The  finite  acoustic  domain  had  a  radius  of  54  in.  The  finite  element 
mesh  is  shown  in  Figure  163.  The  structural  and  acoustic  meshes  were  coupled  at  coincident 
nodes.  The  acoustic  mesh  was  refined  near  the  surface  of  the  beam  to  allow  coincident  nodes 
with  relatively  fine  nodal  spacing  of  the  beam.  The  outer  boundary  of  the  acoustic  mesh  was 
modeled  with  infinite  acoustic  elements  employing  the  wave  envelope  formulation  of  Astley[57]. 
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The  coupled  model  had  105  structural  and  2478  acoustic  DOF.  A  coupled  structural/acoustic 
finite  element  code  written  in  MATLAB  was  used  for  full-order  analyses. 

The  full-order  mass,  stiffness,  and  damping  matrices  were  available  from  the  MATLAB  finite- 
element  model.  It  was  a  simple  matter  to  partition  the  matrices  and  extract  the  acoustic  mass, 
stiffness,  and  damping  matrices.  An  eigensolution  produced  the  uncoupled,  undamped,  acoustic 
modes  and  frequencies.  The  acoustic  modal  damping  matrix  was  obtained  by  transformation  of 
the  physical  acoustic  damping  matrix  using  the  acoustic  mode  shapes.  The  acoustic  damping  is 
due  to  the  infinite  acoustic  elements  and  is  not  proportional.  Therefore  the  acoustic  modal  matrix 
is  not  diagonal. 

The  structural  ROM  was  the  same  as  previously  used  except  for  the  modal  damping.  In  this 
example,  proportional  mass  damping  was  added  to  the  structural  model  to  obtain  damping  ratios 
of  0.017  and  0.004,  respectively  for  the  two  retained  structural  modes.  This  was  done  to  match 
the  results  in  Section  4.6.1.  The  coupling  matrix  in  physical  coordinates  was  obtained  from 
partitioning  the  full-order  stiffness  matrix  and  then  transforming  to  produce  the  modal  coupling 
matrix.  The  first  100  modes  of  the  acoustic  model  were  retained  in  this  example.  The  frequencies 
of  the  acoustic  modes  range  from  27  to  781  Hz.  In  contrast  to  the  complex  acoustic  modes  used 
in  Section  4.6.1,  all  the  acoustic  modes  used  here  were  real.  The  acoustic  modes  do  not  represent 
any  resonant  acoustic  behavior.  The  modes  are  a  set  of  mathematical  basis  vectors.  Pressure 
contours  for  the  first  twelve  acoustic  modes  are  shown  in  Figure  176.  Note  that  because  of  the 
infinite  baffle  between  the  two  hemispheres,  the  mode  shapes  appear  in  pairs. 
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Figure  176.  The  first  twelve  acoustic  mode  shapes  for  the  exterior  example. 


The  desired  acoustic  loading  at  the  center  of  the  beam  was  a  grazing-incidence  acoustic  wave 
with  a  random  time  history,  a  flat  frequency  spectrum  from  20-600  Hz,  and  overall  sound 
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pressure  levels  (OASPL)  of  152dB.  The  frequency  spectrum  of  acoustic  pressure  at  the  source 
point  had  to  be  “shaped”  to  achieve  the  desired  flat  spectrum  at  the  beam,  due  to  the  dynamic 
characteristics  of  the  acoustic  domain.  The  shaping  is  achieved  through  simulation  results  with 
an  acoustic  only  model.  The  input  frequency  spectrum  at  the  source  was  adjusted  to  obtain  a  flat 
spectrum  at  the  beam  center.  This  process  was  done  in  Section  4.6.1  using  the  full-order  model, 
ft  is  accomplished  here  using  the  acoustic  modal  model. 

The  coupled  ROM  was  integrated  using  the  Newmark-Beta  scheme  with  a  time  increment  of 
2.5e-5  seconds.  A  time  record  of  60  seconds  was  obtained.  Full-order  results  were  obtained  from 
the  results  in  Section  4.6.1.  The  full-order  results  are  shown  in  comparison  to  the  coupled  ROM 
results  in  Figure  177.  Again  good  agreement  is  achieved.  Despite  the  fact  that  100  acoustic 
modes  were  retained,  the  computational  time  for  integration  was  not  markedly  increased  as 
compared  to  the  other  two  examples.  This  is  due  to  the  fact  that  the  acoustic  modal  equations  are 
all  linear. 


Frequency  (Hz) 

Figure  177.  The  displacement  PSD  at  the  center  of  the  beam  for  the  exterior  example  problem. 

The  examples  presented  above  contained  both  interior  and  exterior  acoustic  behavior.  The 
interior  acoustic  examples  showed  that  acoustic  modes  can  interact  with  structural  modes  in 
much  the  same  way  as  mechanical  absorbers.  In  the  first  example,  this  absorber  behavior  was 
demonstrated  for  a  cavity  tuned  near  a  structural  resonance.  Linear  results  showed  the  absorber 
behavior  clearly.  Nonlinear  results  showed  the  acoustic  resonance  still  reduces  the  structural 
vibration.  Although  multiple  acoustic  modes  were  included,  this  example  was  primarily  a  single 
structural  resonance  interacting  with  a  single  acoustic  resonance. 

The  second  example  was  a  larger  acoustic  cavity  that  had  multiple  acoustic  resonances.  If  these 
acoustic  resonances  are  damped,  they  can  interact  with  the  structural  resonance  even  if 
considerable  mistuning  between  the  structural  and  acoustic  resonances  is  present.  These  multiple 
acoustic  resonances  were  regularly  spaced  in  frequency.  In  this  example,  the  primary  structural 
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resonance  frequency  fell  between  two  acoustic  resonances.  The  method  successfully  predicted 
the  results  for  this  multiple  acoustic  mode  interaction  problem. 

The  third  example  was  an  exterior  acoustic  example.  In  this  example,  there  were  no  resonant 
acoustic  modes  to  act  like  mechanical  absorbers.  Instead,  the  acoustic  modes  provided  a 
mathematical  basis  to  capture  the  acoustic  radiation  from  the  structure.  This  example  shows  that 
the  coupled  ROMs  can  successfully  predict  the  structural  response  when  the  acoustic 
environment  is  non-resonant,  highly  damped,  and  is  non-proportionally  damped. 
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5.  CONCLUSIONS 


This  report  has  presented  a  summary  of  the  evaluation,  improvement,  and  application  of 
nonlinear  ROM’s  for  predicting  the  response  of  aircraft  panels  subjected  to  high  intensity 
acoustic  loading.  In  the  past  decade,  reduced-order  modeling  techniques  have  been  developed  to 
dramatically  decrease  the  huge  computational  cost  of  nonlinear,  random  response  prediction 
using  finite  element  models.  The  product  of  these  techniques,  the  nonlinear  ROM,  captures  the 
geometric  nonlinearity  in  a  compact  formulation  that  can  be  efficiently  evaluated  with  time 
integration. 

Several  groups  have  studied  the  formulation  and  use  of  nonlinear  ROM's.  All  of  these  works 
have  been  analytical  or  numerical  studies.  A  major  goal  of  this  project  was  to  provide  a 
comparison  of  predictions  from  nonlinear  ROM’s  with  data  from  experiments.  The  primary 
method  used  was  the  method  of  McEwan  [8,  9],  also  called  the  IC  method.  The  attractive 
features  of  the  IC  method  are  twofold.  First,  the  method  can  be  implemented  using  existing 
commercial  finite-element  codes.  Nonlinear  ROMs  are  built  by  applying  static  loads  to  a  FEM, 
reading  the  results  into  a  separate  computational  code,  and  then  estimating  nonlinear  parameters 
from  the  results.  Second,  the  IC  method  produces  a  ROM  without  explicitly  including  a 
membrane  basis.  This  has  significant  advantages.  It  reduces  the  number  of  equations  in  the 
ROM  and  the  number  of  nonlinear  terms  to  be  evaluated.  And  it  eliminates  the  need  to  identify 
which  and  how  many  membrane  modes  to  include. 

The  major  contribution  of  this  project  has  been  the  demonstration  of  nonlinear  ROM’s  using 
many  example  applications,  both  numerical  and  experimental.  The  set  of  experiments  ranged 
from  the  simplest  structure  that  exhibited  geometric  nonlinearity  due  to  membrane  stretching — a 
clamped-clamped  beam — to  one  that  demonstrated  the  complexities  of  curvature  and  combined 
loading.  Numerical  studies  of  similar  configurations  were  conducted  in  parallel  with  the 
experimental  studies.  Experimental  studies  began  with  a  clamped  beam  subjected  to  base  motion 
on  a  large  shaker.  The  majority  of  the  experiments  were  conducted  with  a  framed,  flat  plate. 

The  framed  plate  was  subjected  to  base  motion  on  a  shaker,  base  motion  while  in  a  vacuum,  and 
acoustic  loading  in  a  progressive  wave  tube.  The  final  set  of  experiments  occurred  with  a 
curved  panel  subjected  to  acoustic  loading  in  a  progressive  wave  tube.  The  curved  panel  was 
tested  at  room  and  elevated  temperatures. 

In  the  process  of  understanding  the  experimental  and  numerical  studies,  several  refinements  and 
analytical  improvements  to  the  nonlinear  ROM  approaches  were  developed.  The  first  analytical 
development  was  the  introduction  of  the  companion  mode  concept.  The  companion  mode  is  an 
estimated  mode  that  is  used  as  a  membrane  basis  in  the  construction  of  a  nonlinear  ROM.  A 
similar  concept  has  been  developed  as  the  dual  mode  concept  by  Mignolet's  group  [19,  20].  The 
companion  mode  concept  was  abandoned  in  this  project  because  the  IC  method  did  not  require  a 
membrane  basis  in  the  estimation  of  the  ROM.  However,  the  companion  mode  concept 
eventually  led  to  the  ICE  method.  In  the  ICE  method,  an  estimated  membrane  basis  is  used  in  a 
post-simulation  step  to  synthesize  membrane  displacements  and  enable  accurate  calculation  of 
stresses  and  strains.  The  ICE  method  is  the  major  analytical  contribution  of  this  project. 
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The  predictions  from  the  ICE  method  agreed  very  closely  with  full-order  simulations  for  all  the 
numerical  examples  and  the  experimental  in-vacuo  plate  tests.  Comparisons  with  experimental 
data  from  the  shaker  test  of  the  plate  test  article  in  air  as  well  as  all  the  acoustic  tests  suggested 
that  there  was  coupling  between  the  structure  and  the  acoustic  environment.  As  a  structure 
vibrates,  it  radiates  sound  that  provides  damping  and  interacts  with  the  acoustic  loading, 
effectively  changing  the  dynamics  of  the  problem.  Another  contribution  from  this  project  was 
the  development  of  a  modeling  approach  for  the  coupled  behavior.  This  modeling  approach 
incorporated  the  earlier  work  on  nonlinear  ROM’s  to  build  a  coupled  structural-acoustic  ROM. 
The  coupled  ROM  was  successfully  demonstrated  with  numerical  and  experimental  data. 

Experiments  with  a  heated  curved  panel  prompted  developments  in  the  cold-modes  approach  for 
modeling  temperature  effects.  This  contribution  extended  the  ICE  method  to  combined 
environment  problems.  The  effects  of  curvature  required  more  modes  and  triple  cubic  terms  in 
the  ROM  which  resulted  in  additional  static  load  cases.  The  need  for  additional  load  cases 
prompted  the  development  of  the  constrained  identification  approach.  The  constrained  approach 
utilizes  mathematical  dependencies  among  nonlinear  coefficients  in  the  modal  equations  to 
reduce  the  number  of  coefficients  to  be  identified.  The  dependencies  allow  the  identification  to 
be  performed  with  a  much  smaller  set  of  load  cases. 

There  were  difficulties  encountered  with  the  nonlinear  ROM’s  and  the  IC  or  ICE  methods.  Basis 
selection  became  more  difficult  as  the  structures  became  more  complicated.  This  was 
demonstrated  with  the  curved  panel  examples.  Stronger  coupling  exists  between  symmetric, 
anti- symmetric,  and  out-of-band  modes  for  non-planar  structures.  The  size  of  a  nonlinear  ROM 
was  not  a  problem  with  time  integration,  but  was  with  model  identification.  As  the  number  of 
modes  grows,  the  number  of  static  cases  grows  geometrically.  The  IC  method  is  particularly 
vulnerable  because  it  uses  applied  loads  and  parameter  estimation.  As  the  number  of  static  cases 
grows,  the  possibility  of  diverging  FEM  solutions  from  the  applied  load  problem  grows.  The 
selection  of  load  amplitudes  becomes  more  complicated  and  time  consuming  for  the  analyst. 

The  possibility  of  ill-conditioning  also  grows  in  the  estimation  routine  as  the  number  of 
nonlinear  parameters  grows. 

Stability  issues  surfaced  with  the  models  for  curved  structures.  The  time  integration  could  be 
stable  for  modest  acoustic  loading,  but  might  diverge  for  higher  loading.  In  most  cases,  the 
stability  problems  were  solved  by  re-estimating  the  ROM  with  more  data.  The  stability 
problems  increased  with  cold-modes  models  for  curved  structures  and  combined  loading,  but 
given  a  good  set  of  load  cases,  the  cold-mode  models  worked.  However,  stability  problems  with 
hot-modes  models  for  curved  structures  were  not  resolved. 

The  prime  difficulty  in  the  prediction  of  experimental  data  is  the  construction  of  an  accurate 
FEM.  Modeling  of  in-plane  boundary  conditions  for  bolted  or  riveted  structures  is  a  primary 
source  of  error  since  nonlinear  response  involves  membrane  stretching.  Another  source  is  the 
preload  that  exists  from  assembly  of  the  panel.  It  typically  is  very  difficult  to  quantify  this 
preload,  yet  it  can  have  great  effect  on  the  natural  frequencies.  Care  must  be  taken  to  determine 
whether  error  in  a  ROM  prediction  is  due  to  error  in  the  ROM  formulation  or  error  in  the  FEM 
on  which  the  ROM  is  based.  After  all,  the  ROM  is  only  an  approximation  of  the  FEM  and 
cannot  reproduce  any  physics  not  included  in  the  FEM. 
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Another  source  of  error  is  the  modeling  of  the  acoustic  environment.  For  thin  or  lightly  damped 
structures,  the  dynamics  of  the  acoustic  environment  can  couple  with  the  structure.  The  acoustic 
environment  is  geometrically  complicated  and  the  absorption/reflection  properties  of  the 
surroundings  are  generally  unknown.  Two  methods  for  building  coupled  ROM's  were 
investigated.  The  first  method,  based  on  a  fully  coupled  FEM,  produced  good  results  but  was 
impractical  to  implement  due  the  need  for  complex  modal  vectors.  The  second  method,  based  on 
uncoupled  models  of  the  structure  and  acoustic  domain,  was  accurate  and  relatively  simple  to 
implement.  Regardless  of  the  method  used,  it  can  be  difficult  to  determine  whether  the  acoustic 
coupling  is  important  enough  to  warrant  a  coupled  model  for  a  particular  problem. 

More  technical  work  on  the  IC  method  is  recommended.  The  sizing  of  applied  loads  is  too 
dependent  on  user  intuition  in  the  current  approach.  A  systematic  approach  for  selecting  modes 
to  be  included  in  the  ROM  is  also  needed.  The  current  approach  is  based  on  linear  analysis 
supplemented  with  engineering  judgment.  The  approach  proposed  in  [21-22]  is  promising,  but 
requires  integration  of  the  full-model  (which  the  ROM  is  supposed  to  eliminate).  The  method 
would  benefit  from  more  study  of  constrained  identification.  Constrained  identification  has  the 
potential  to  dramatically  lower  the  number  of  static  load  cases.  It  also  produces  a 
mathematically  consistent  model  which  anecdotal  evidence  suggests  provide  a  more  stable  time 
integration.  More  investigation  into  hot-modes  and  cold-modes  modeling  is  also  warranted. 
Other  technical  hurdles  include  incorporation  of  temperature  dependent  material  properties. 

More  work  on  the  implementation  of  the  IC  method  is  also  recommended.  In  this  project,  the 
method  was  implemented  in  a  computing  environment  external  to  commercial  finite-element 
codes.  The  ability  to  implement  the  method  in  a  computing  environment  separate  from  the  finite 
element  code  was  a  central  motivation  in  pursuing  the  method.  However,  transfer  of  data 
between  the  finite-element  code  and  the  computation  environment  can  be  awkward  and  time 
consuming.  The  modular  nature  of  the  ROM  building  process  should  make  it  relatively  straight 
forward  for  the  end  user  to  develop  an  integrated  tool,  possibly  all  within  a  commercial  FEM 
code. 

In  summary,  the  primary  conclusion  of  this  study  is  that  a  nonlinear  ROM  with  fewer  than  10 
equations  can  replace  a  FEM  with  thousands  of  DOF  with  little  loss  of  accuracy.  The  nonlinear 
ROM  can  thus  achieve  orders-of-magnitude  savings  in  computational  cost.  The  reduction  in  cost 
will  allow  the  ROM's  to  be  used  in  design  trade  studies,  something  that  is  currently  prohibitive 
with  a  full-order  model. 
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